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Quark Potential Models

One-gluon exchange at short 
range

Linear confinement at long range

Accurate for calculating ground 
state properties

Easy to visualize energy 
distribution
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Relativistic Corrections

Spin-Spin: 
8𝛼𝑠

9𝑚2𝑟2 𝑺1 ⋅ 𝑺2 𝛿 𝑟

Spin-Orbit: 
2𝛼𝑠

𝑚2𝑟3 −
𝜎

2𝑚2𝑟
𝑳 ⋅ 𝑺

Tensor: 
𝛼𝑠

3𝑚2𝑟3 𝑆12

Dynamical: 𝑝2 + 𝑚2
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Foldy-Wouthuysen (FW) Transform

𝐻𝐷 = 𝛽𝑚 + ℰ + 𝒪 → 𝛽 𝑚2 + 𝒪2 = 𝐻𝐹𝑊

𝐻𝐹𝑊 is energy-separating

FW variables satisfy Poincaré algebra ( ∙,∙ → −𝑖[  ∙,  ∙ ])

Necessary to write relativistic quantum wave theory in FW 
representation before taking Schrödinger approximation to maintain 
probabilistic interpretation of the wave function



Foldy-Wouthuysen Smearing

𝜓𝐹𝑊 𝒓 =  𝑑3𝑟′ 𝐾 𝒓, 𝒓′ 𝜓𝐷 𝒓′

𝐾 𝒓, 𝒓′ ≠ 𝛿 𝒓 − 𝒓′

• Point-like objects smeared over 
a radius ~1/𝑚

• May be significant overlap 
between smeared distributions!

fm−3



Δ-Model Parameters

With Smearing Without Smearing

𝑚 0.265 GeV 0.230 GeV

𝜅 0.42 0.10

𝜎 0.208 GeV2 0.069 GeV2

𝑉0 1.2 GeV 0.5 GeV

Constrained wave function without smearing too extended, 
inconsistent with standard model parameters,

charge radius fixed at 0.84 fm



Δ-Model Quark-Distributed Offset

Mass Radius
0.47 fm



Δ-Model Gaussian Offset

Width

Mass Radius
0.47 fm
1.05 fm
0.97 fm
0.87 fm
0.73 fm
0.53 fm



𝑌-Model Parameters

With Smearing Without Smearing

𝑚 0.265 GeV 0.230 GeV

𝜅 0.42 0.10

𝜎 0.180 GeV2 0.060 GeV2

𝑉0 1.2 GeV 0.5 GeV

Charge radius fixed at 0.84 fm



𝑌-Model Quark-Distributed Offset

Mass Radius
0.39 fm



𝑌-Model Gaussian Offset

Width

Mass Radius
0.39 fm
1.00 fm
0.92 fm
0.82 fm
0.68 fm
0.46 fm



Summary

• Proton mass radius is poorly understood

• Ground state properties of proton well-described by Schrödinger 
potential model

• Charge radius used to constrain Hamiltonian parameters

• Foldy-Wouthuysen smearing crucial for fixing realistic light quark 
parameters

• Ambiguity remains in how offset energy is distributed
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