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Why TMDs ?

k

P

∼ xP
kT fj/h

(
x,kT;µ,

√
ζ
)

Hadronic structure
(nonperturbative effects)

Predictions 
(evolution & universality)
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d2k1Td

2k2Tfj/p
(
x,k1T;µ,

√
ζ
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Dh/j

(
z, zk2T;µ,

√
ζ
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δ(2) (qT + k1T − k2T)

FOSIDIS −ASYSIDIS

FO collinear
factorization
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Conventional approach :

H

∫
d2k1Td

2k2Tfj/p
(
x,k1T;µ,

√
ζ
)
Dh/j

(
z, zk2T;µ,

√
ζ
)
δ(2) (qT + k1T − k2T)

H

∫
d2bT
(2π)2

e−ibT·qT f̃j/p
(
x, bT;µ,

√
ζ
)
D̃h/j

(
z, bT;µ,

√
ζ
)

Fourier Transform
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Solve evolution equations 
relating input scale with SIDIS scale

∂ ln f̃j/p
(
x, bT;µ,

√
ζ
)

∂ ln
√
ζ

= K̃ (bT;µ)
d ln f̃j/p

(
x, bT;µ,

√
ζ
)

d lnµ
= γ

(
αS(µ);µ/

√
ζ
)

dK̃ (bT;µ)

d lnµ
= −γK (αS(µ))

f̃j/p
(
x, bT;µ,

√
ζ
)
= f̃j/p

(
x, bT;µ0,

√
ζ0
)
×

× exp

{∫ µ

µ0

dµ′

µ′

[
γ (αS(µ

′); 1)− ln

(√
ζ

µ′

)
γK (αS(µ

′))

]
+ ln

( √
ζ√
ζ0

K̃ (bT;µ0)

)}

µ =
√
ζ

µ0 =
√
ζ0

Same for FF
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Separate bT < bmax & bT > bmax regions 
with a b* prescription

f̃j/p (x; bT;µQ, Q) = f̃j/p (x; b∗;µQ, Q)
f̃j/p (x; bT;µQ, Q)

f̃j/p (x; b∗;µQ, Q)
︸ ︷︷ ︸
exp{−gj/p(x,bT)}

gK(bT) ≡ K̃ (b∗;µ)− K̃ (bT;µ)

Nonperturbative
Perturbatively 
calculable with fixed 
order collinear 
factorization

Same for FF
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gj/p (x, bT) =
1

4
M2

F b
2
T

Choose ansatzes for g functions

gh/j (z, bT) =
1

4z2
M2

Db2T

gK (bT) =
g2

2M2
K

ln
(
1 +M2

Kb2T
)

gK (bT) =
1

2
M2

Kb2T
7



Relate       with input scale      and 
get OPE expansion     
f̃j/p (x; bT;µQ, Q) = f̃OPE

j/p (x; b∗;µb∗ , µb∗)×

× exp

{∫ µQ

µb∗

dµ′

µ′

[
γ (αS(µ

′); 1)− ln

(
Q

µ′

)
γK (αS(µ

′))

]
+ ln

(
Q

µb∗

)
K̃ (b∗;µb∗)

}

× exp

{
−gj/p (x, bT)− gK (bT) ln

(
Q

Q0

)}

Q0µb∗

Same for FF

f̃OPE
j/p (x, b∗;µb∗ , µb∗) = C̃j/j′ (x/ξ, b∗;µb∗ , µb∗)⊗ f̃j′/p (ξ;µb∗) +O

(
m2b2max

)

Nonperturbative
Perturbatively 

calculable

Fixed order collinear factorization

Drop this

µb∗ ≡ 2e−γE

bT
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Conventional approach results for SIDIS
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Conventional approach results for SIDIS

Matching region ???
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(Other) Issues with conventional approach
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Hadron Structure Oriented approach (HSO)
• Fixes TMDs parametrization at input scale 

• Uses uniquely determined TMDs for all transverse momenta

• Interpolates perturbative (large kT) and nonperturbative (small kT) TM regions

• Can swap NP models easily

• Explicit (approximate) probability interpretation

No need for b* prescription !

Q0
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fj/p
(
x,kT;µQ0 , Q

2
0

)
=

1

2π

1

k2T +m2
fj/p

[
Af

j/p(x;µQ) +Bf
j/p(x;µQ) ln

(
Q2

0

k2T +m2
fj/p

)]
+

1

2π

Af,g
j/p(x;µQ)

k2T +m2
fg/p

+ Cf
j/pfcore,j,p

(
x,kT;Q

2
0

)

TMD PDF & FF HSO parametrization at input scale
Fixed order collinear factorization

NP parametersSmall kT model

f c
j/p (x;µQ) ≡ 2π

∫ kc

0
dkT kTfj/p

(
x,kT;µQ,

√
ζ
)

= fj/p (x;µQ) +∆j/p (x;µQ, kc) + p.s.

Such that

O (αS)
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TMD PDF & FF HSO parametrization at input scale
Fixed order collinear factorization

NP parameters

Dh/j

(
z, zkT;µQ0 , Q

2
0

)
=

1

2πz2
1

k2T +m2
Dh/j

[
AD

h/j(z;µQ) +BD
h/j(z;µQ) ln

(
Q2

0

k2T +m2
Dh/j

)]
+

1

2πz2
AD,g

h/g(z;µQ)

k2T +m2
Dh/g

+ CD
h/jDcore,h/j

(
z, zkT;Q

2
0

)

Small kT model

dch/j (z;µQ) ≡ 2πz2
∫ kc

0
dkT kTDh/j

(
z, zkT;µQ,

√
ζ
)

= dh/j (z;µQ) +∆h/j (z;µQ, kc) + p.s.

Such that

O (αS)
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From          to Cutoff schemesMS
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Choose “core” models (examples)

DGauss
core,h/j

(
z, zkT;Q

2
0

)
=

e−z2k2
T/M2

D

πM2
D

DSpect
core,h/j

(
z, zkT;Q

2
0

)
=

2M4
0D

π (M2
D +M2

0D)

M2
D + z2k2T

(M2
0D + z2k2T)

3

fGauss
core,i/p

(
x,kT;Q

2
0

)
=

e−k2
T/M2

F

πM2
F

fSpect
core,j/p

(
x,kT;Q

2
0

)
=

6M6
0F

π (2M2
F +M2

0F )

M2
F + k2T

(M2
0F + k2T)

4

}
{

Gaussian “core” models

Spectator-like “core” models
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Asymptotic term

ASYHSO = lim
qT
Q →∼1,m

2

Q2 →0
WHSO ASYST = lim

qT
Q →0,m

2

Q2 →0
FOST

[f,D]ASY = Dpert
(
z, zqT;µQ, Q

2
)
f c (x;µQ) +

1

z2
fpert

(
x,−qT;µQ, Q

2
)
dc (z;µQ)

+

∫
d2kT

{
fpert

(
x,kT − qT/2;µQ, Q

2
)
Dpert

(
z, z (kT + qT/2) ;µQ, Q

2
)

−Dpert
(
z, zqT;µQ, Q

2
)
fpert

(
x,kT − qT/2;µQ, Q

2
)
Θ (µQ − |kT − qT/2|)

−Dpert
(
z, z (kT + qT/2) ;µQ, Q

2
)
fpert

(
x,−qT;µQ, Q

2
)
Θ (µQ − |kT + qT/2|)

}

ConventionalHSO
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Conventional vs HSO - SIDIS cross section
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Summary
• Consistent TMD parametrization for large TM at input scale

• No need of bmax

• Improved TM behavior in matching region

NEXT:
o Check with data (SIDIS, DY, DIA, …)
o Add higher orders
o Incorporate NP calculations (lattice, EFT, …)

Many thanks for the support of
The Gordon and Betty Moore Foundation and the American Physical Society 22



Thank you
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Backup slides
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Coefficients (TMD pdf)
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Coefficients (TMD ff)
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bT space TMD distributions at input scale
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bT – space RG improvement
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bT – space RG improvement (an example)
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Collins-Soper kernel

<latexit sha1_base64="blUyCjdQFs6B/jbQHxivqYNgub0="></latexit>

eK (bT;µQ0) =
2↵s(µQ0

)CF

⇡

"
K0 (bTmK) + ln

 
mK

µQ0

!#
�
Z µQ0

µQ0

dµ0

µ0 �K (↵s(µ
0))

<latexit sha1_base64="ubm9B9hcUB3Q1M58+Vx51QvcQrk="></latexit>

K(1)
inpt (bT;µQ0) =

2↵s(µQ0
)CF

⇡
K0 (bTmK) + CK

<latexit sha1_base64="QiiU78Scbc3//i6ISXCyRAD1NgY="></latexit>

K(1)
inpt (kT;µQ0) =

↵s(µQ0
)CF

⇡2

1

k2T +m2
K

+ CK�(2)(kT)

30


