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``The anomalous magnetic moment of the muon in the SM”: 
1st White Paper published in 2020 (132 authors, 82 institutions) [T. Aoyama et al, arXiv:2006.04822, Phys. 
Repts. 887 (2020) 1-166.] 

``Prospects for precise predictions of  in the SM”: 2022 Snowmass Summer Study, arXiv:2203.15810 

 Summary statement on the status of Muon g-2 Theory in the SM: https://muon-gm2-theory.illinois.edu
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Anomalous magnetic moment
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Quantum effects (loops):

Note:                    and g = 2 + 2F2(0)F1(0) = 1

Anomalous magnetic moment: a ⌘ g � 2

2
= F2(0)



Spin 2023, 24-29 Sep 2023A. El-Khadra

Anomalous magnetic moment

3

= (�i e) ū(p0)
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Fermilab muon g-2 experiment

4

The Fermilab experiment released the measurement result from their run 2&3 data on 10 Aug 2023.  
[D. Aguillard et al, 2308.06230] 
Run 6 completed summer 2023. 

+ CMD-3 ? 
??? 

adapted from J. Mott @ Scientific Seminar, 10 Aug 2023

https://arxiv.org/abs/2308.06230
https://indico.fnal.gov/event/60738/
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Muon g-2: SM contributions

5

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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Muon g-2: hadronic corrections
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Hadronic contributions are obtained by integrating over all possible virtual photon momenta,  
integral is weighted towards low .  

Cannot use perturbation theory to reliably compute the hadronic bubbles 

Two-point & four-point functions: 
        HVP:            HLbL:            

q2

⟨0 |T{jμ jν} |0⟩ ⟨0 |T{jμ jν jρ jσ} |0⟩

Two independent approaches  
1. Dispersive, data-driven 
2. Lattice QCD      
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hadrons
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      Hadronic Corrections
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Two independent approaches:  
  

 For HVP: use dispersion relations to rewrite integral in terms of hadronic cross section:   
 
 
  

Many experiments (over 20+ years) have measured the cross sections for the different 
channels over the needed energy range with increasing precision.  
For HLbL: new dispersive approach

e+e−

➠Im[ ] ∼ | |2
hadrons



Spin 2023, 24-29 Sep 2023A. El-Khadra

hadrons

e+

e−

      Hadronic Corrections

7

Two independent approaches:  
  

 For HVP: use dispersion relations to rewrite integral in terms of hadronic cross section:   
 
 
  

Many experiments (over 20+ years) have measured the cross sections for the different 
channels over the needed energy range with increasing precision.  
For HLbL: new dispersive approach

e+e−

➠Im[ ] ∼ | |2
hadrons aHVP,LO

µ =
⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)aHVP,LO
µ =

m2
µ

12⇡3

Z
ds

K̂(s)

s
�exp(s)



Spin 2023, 24-29 Sep 2023A. El-Khadra

hadrons

e+

e−

      Hadronic Corrections

7

Two independent approaches:  
  

 For HVP: use dispersion relations to rewrite integral in terms of hadronic cross section:   
 
 
  

Many experiments (over 20+ years) have measured the cross sections for the different 
channels over the needed energy range with increasing precision.  
For HLbL: new dispersive approach

e+e−

➠Im[ ] ∼ | |2
hadrons

 Direct calculation using Euclidean Lattice QCD 

                                      

  
 ab-initio method to quantify QCD effects 
 already used for simple hadronic quantities with high precision 
 requires large-scale computational resources 
 allows for entirely SM theory based evaluations

L 

a 

x 

Approximations:  
  discrete space-time (spacing a) 
  finite spatial volume (L), and time extent (T)  
  …

Integrals are evaluated 
numerically using 
Monte Carlo methods. 

aHVP,LO
µ =

⇣↵
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Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the hadronic 
corrections 

summarize the theory status and assess reliability of uncertainty estimates 

organize workshops to bring the different communities together: 
First plenary workshop @ Fermilab: 3-6 June 2017 
HVP workshop @ KEK: 12-14 February 2018 
HLbL workshop @ U Connecticut: 12-14 March 2018 
Second plenary workshop @ HIM (Mainz): 18-22 June 2018 
Third plenary workshop @ INT (Seattle): 9-13 September 2019 
Lattice HVP at high precision workshop (virtual): 16-20 November 2020 
Fourth plenary workshop @ KEK (virtual): 28 June - 02 July 2021 
Fifth plenary workshop @ Higgs Centre (Edinburgh): 5-9 September 2022 
Sixth plenary workshop @ University of Bern: 4-8 September 2023 
Seventh plenary workshop @ KEK (Japan): June 2024 
Eight plenary workshop: 2025 in the US — seeking proposals

Muon g-2 Theory Initiative

Gilberto Colangelo (Bern) 
Michel Davier (Orsay) co-chair 
Aida El-Khadra (UIUC & Fermilab) chair 
Martin Hoferichter (Bern) 
Christoph Lehner (Regensburg 
University) co-chair 
Laurent Lellouch (Marseille) 
Tsutomu Mibe (KEK)   
J-PARC Muon g-2/EDM experiment 
Lee Roberts (Boston)    
Fermilab Muon g-2 experiment 
Thomas Teubner (Liverpool) 
Hartmut Wittig (Mainz)

8

Steering Committee 

https://muon-gm2-theory.illinois.edu

https://indico.fnal.gov/event/13795/
http://www-conf.kek.jp/muonHVPws/index.html
https://indico.phys.uconn.edu/event/1/
http://www.apple.com
https://sites.google.com/uw.edu/int/programs/upcoming-programs
https://indico.cern.ch/event/956699/
https://www-conf.kek.jp/muong-2theory/
https://indico.ph.ed.ac.uk/event/112/
https://indico.cern.ch/event/1258310/
https://muon-gm2-theory.illinois.edu
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Hadronic Corrections: Comparisons
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HVP: data-driven
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[A. Keshavarzi et al, arXiv:1802.02995] 

(a) Fractional contributions to ahad,LOVP

µ .

(b) Fractional contributions to �↵(5)

had
(M2

Z)

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad,LOVP
µ (upper panel) and �↵(5)

had
(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad,LOVP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵(5)

had
(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min
/d.o.f. inflation. The fractional contribution to the (error)2 from

the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad,LOVP

µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10

= (693.26± 2.46tot)⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad,LOVP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad,NLOVP

µ = (�9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr)⇥ 10�10

= (�9.82± 0.04tot)⇥ 10�10 . (3.29)
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(a) Fractional contributions to ahad,LOVP

µ .

(b) Fractional contributions to �↵(5)

had
(M2

Z)

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad,LOVP
µ (upper panel) and �↵(5)

had
(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad,LOVP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵(5)

had
(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min
/d.o.f. inflation. The fractional contribution to the (error)2 from

the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad,LOVP

µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10

= (693.26± 2.46tot)⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad,LOVP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad,NLOVP

µ = (�9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr)⇥ 10�10

= (�9.82± 0.04tot)⇥ 10�10 . (3.29)
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Tensions between BaBar and KLOE data sets: 

Cross checks using analyticity and unitarity 
relating pion form factor to  scattering  
Combinations of data sets affected by tensions 
➠ conservative merging procedure

ππ

Zhiqing Zhang (LAL, Orsay) /15+12The muon g-2 theory initiatives, Seattle, Sept 9-13, 2019
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Summary

!15

❒ A few new measurements/updates included 

❒ The fit based on analyticity and unitarity improves the precision by ~50%  
    for energy range below 0.6 GeV 

❒ The large discrepancy between BABAR and KLOE in the π+π- channel is 
not covered by the usual uncertainty estimation (even when local error 
inflation is applied), we quote this discrepancy as an additional 
(dominant) uncertainty in our new evaluation 

❒ We need more precise and                                                          
independent measurements                                                                    
to resolve the discrepancy
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[M. Davier et al, arXiv:1908.00921]  

 defined to include real & virtual photons 
direct integration method: no modelling of  , 
summing up contributions from all hadronic channels 
total hadronic cross section  from > 100 data sets 
in more than 35 channels summed up to  

: inclusive data + pQCD + narrow resonances 
two independent compilations (DHMZ, KNT) using the 
direct integration method

σhad (s)
σhad (s)

σhad (s)
s ∼ 2 GeV

s > 2 GeV

http://arxiv.org/abs/arXiv:1802.02995
http://arxiv.org/abs/arXiv:1908.00921
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Conservative merging procedure to obtain a realistic assessment of the underlying uncertainties: 
• account for tensions between data sets 
• account for differences in methodologies for compilation of experimental inputs and treatment 

of correlations between systematic errors 
• include results using constraints from unitarity & analyticity in  and  channels 

[Colangelo et al, 2018;  Anantharayan et al, 2018; Davier et al, 2019; Hoferichter et al, 2019] 

• Full NLO radiative corrections  [Campanario et al, 2019]

ππ πππ

HVP: data-driven
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aHVP,LO
μ = 693.1 (2.8)exp (0.7)DV+pQCD (2.8)BaBar−KLOE × 10−10

= 693.1 (4.0) × 10−10

360 365 370 375 380 385 390 395 400 405
a⇡⇡,LO

µ
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376.7 ± 2.7

366.9 ± 2.1

368.2 ± 2.5 ± 3.3

368.2 ± 1.5 ± 3.3

Figure 3: (Color online) Comparison of the updated calculation of the leading-order (LO) hadronic vacuum polarization
contribution to (g � 2)µ due to ⇡+⇡� in the energy range 600 - 900 MeV from BESIII and the corresponding results from
CMD-2 [13, 14], SND [15], BaBar [11], BESIII 16 [1],CLEO [16], and KLOE [17]. The respective values are taken from the
white paper of the Muon g-2 Theory Initiative [2, 3, 18, 19, 20, 21, 22]. The yellow band indicates the 1� range of the updated
BESIII result.

Wallenberg Foundation (Sweden) under Contract No. 2016.0157; The Royal Society, UK under Contracts
Nos. DH140054, DH160214; The Swedish Research Council; U. S. Department of Energy under Contracts
Nos. DE-FG02-05ER41374, DE-SC-0012069.
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HVP: New/updated data sets since KNT19

• pi+pi-pi0, BESIII (2019), arXiv:1912.11208
• pi+pi- [covariance matrix erratum], BESIII (2020), Phys.Leu.B 812 (2021) 135982 (erratum)
• K+K-pi0, SND (2020), Eur.Phys.J.C 80 (2020) 12, 1139
• etapi0gamma (res. only), SND (2020), Eur.Phys.J.C 80 (2020) 11, 1008
• pi+pi-, SND (2020), JHEP 01 (2021) 113
• etaomega➝ pi0gamma, SND (2020), Eur.Phys.J.C 80 (2020) 11, 1008
• pi+pi-pi0, SND (2020), Eur.Phys.J.C 80 (2020) 10, 993
• pi+pi-pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112003
• pi+pi-2pi0omega, BaBar (2021), Phys. Rev. D 103, 092001
• etaetagamma, SND (2021), Eur.Phys.J.C 82 (2022) 2, 168
• etaomega, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi0eta, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• omegaetapi0, BaBar (2021), Phys. Rev. D 103, 092001
• pi+pi-4pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi0pi0eta, BaBar (2021), Phys.Rev.D 103 (2021) 9, 092001
• pi+pi-3pi0eta, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• 2pi+2pi-3pi0, BaBar (2021), Phys. Rev. D 103, 092001
• omega3pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi+pi-eta, BaBar (2021), Phys. Rev. D 103, 092001
• inclusive, BESIII (2021), Phys.Rev.Leu. 128 (2022) 6, 062004
• … 25

New results for :σhad (s)
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New: from CMD-3 [F. Ignatov et al, arXiv:2302.08834]

A new puzzle! 
• discrepancies between experiments now   

need to be understood/resolved  

• (virtual) scientific seminar + discussion panel on CMD-3 measurement 
March 27 (8:00 –11:00 am US CDT)  
Discussions are continuing…. 

• 6th Muon g-2 Theory Initiative workshop (4-8 Sep 2023, Bern)

≳ (3 − 5) σ

T. Teubner @ Zurich workshop

https://arxiv.org/abs/2302.08834
https://indico.fnal.gov/event/59052/
https://indico.cern.ch/event/1258310/
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Ongoing work on experimental inputs: 
• BaBar: new analysis of large data set in  channel, also , other channels 
• KLOE: new analysis of large data set in  channel, other channels 
• SND: new results for  channel, other channels in progress 
• BESIII: new results in 2021 for  channel, continued analysis also for , other channels 
• Belle II: arXiv:2207.06307 (Snowmass WP) 

Better ultimate statistics than BaBar or KLOE; similar or better systematics for low-energy cross sections 

ππ πππ
ππ

ππ
ππ πππ

Ongoing work on theoretical aspects: 
• better treatment of structure dependent radiative corrections (NLO) in  and  channels 

so far: FsQED (scalar QED + pion form factor)  
tests of radiative corrections using exp. measurement of charge asymmetry [Ignatov + Lee, arXiv:2204.12235] 

new dispersive treatment [Colangelo at al, arXiv2207.03495] 

• Developing NNLO Monte Carlo generators (STRONG 2020 workshop https://agenda.infn.it/event/28089/)  
   

• including  decay data: requires nonperturbative evaluation of IB correction  [M. Bruno et al, arXiv:1811.00508]

ππ πππ

τ

https://arxiv.org/abs/2207.06307
https://agenda.infn.it/event/28089/
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The State of the Art

Lattice QCD calculations of simple quantities (with at most one stable meson in initial/final state) that 
quantitatively account for all systematic  effects (discretization, finite volume, renormalization,…) in 
some cases with  

•sub percent precision.   
• total errors that are commensurate (or smaller) than corresponding experimental uncertainties. 

  

Progress due to a virtuous cycle of theoretical developments, improved algorithms/methods and 
increases in computational resources (``Moore’s law”)

L 

a 

x Lattice QCD Introduction

Scope of LQCD calculations is increasing due to continual development of new methods:  
•nucleon matrix elements    

•nonleptonic kaon decays ( , ,…) 

• resonances, scattering ( ,…) 

• long-distance effects ( , …)

K → ππ ϵ′ 

ππ → ρ
ΔMK

•QED corrections  
• radiative decay rates 
•structure: PDFs, GPDs, TMDs, … 

• inclusive decay rates ( ,…) 
•…

B → Xcℓν
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2013 ➠ present
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https://www.usqcd.org/documents/13flavor.pdf  and [J. Butler et al, arXiv:1311.1076]
Report of the Lattice QCD Task Force 33

Quantity CKM Present 2007 forecast Present 2018

element expt. error lattice error lattice error lattice error

fK/f⇡ |Vus| 0.2% 0.5% 0.4% 0.15%

f
K⇡

+ (0) |Vus| 0.2% – 0.4% 0.2%

fD |Vcd| 4.3% 5% 2% < 1%

fDs |Vcs| 2.1% 5% 2% < 1%

D ! ⇡`⌫ |Vcd| 2.6% – 4.4% 2%

D ! K`⌫ |Vcs| 1.1% – 2.5% 1%

B ! D
⇤
`⌫ |Vcb| 1.3% – 1.8% < 1%

B ! ⇡`⌫ |Vub| 4.1% – 8.7% 2%

fB |Vub| 9% – 2.5% < 1%

⇠ |Vts/Vtd| 0.4% 2–4% 4% < 1%

�ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2
td
) 0.5% 3.5–6% 1.3% < 1%

Table 6. History, status and future of selected lattice-QCD calculations needed for the determination

of CKM matrix elements. 2007 forecasts are from Ref. [112]. Most present lattice results are taken from

latticeaverages.org [113]. The quantity ⇠ is fBs

p
BBs/(fB

p
BB).

written [112]), only fK/f⇡ was fully controlled. A sample of present errors is collected in Table 6. For K

mesons, errors are at or below the percent level, while for D and B mesons errors range from few to ⇠10%.

The lattice community is embarking on a three-pronged program of future calculations: (i) steady but
significant improvements in “standard” matrix elements of the type just described, leading to much improved
results for CKM parameters (e.g., Vcb); (ii) results for many additional matrix elements relevant for searches
for new physics and (iii) the extension of lattice methods to more challenging matrix elements which can
both make use of old results and provide important information for upcoming experiments.

Reducing errors in the standard matrix elements has been a major focus of the lattice community over the last
five years, and the improved results illustrated in Table 6 now play an important role in the determination
of the CKM parameters in the “unitarity triangle fit.” Lattice-QCD calculations involve various sources
of systematic error (the need for extrapolations to zero lattice spacing, infinite volume and the physical
light-quark masses, as well as fitting and operator normalization) and thus it is important to cross-check
results using multiple discretizations of the continuum QCD action. (It is also important to check that
results for the hadron spectrum agree with experiment. Examples of these checks are shown in the 2013
whitepaper [111].) This has been done for almost all the quantities noted above. This situation has spawned
two lattice averaging e↵orts, latticeaverages.org [113] and FLAG-1 [114], which have recently joined
forces and expanded to form a worldwide Flavor Lattice Averaging Group (FLAG-2), with first publication
expected in mid-2013.

The ultimate aim of lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error. As can be seen from
Table 6, several kaon matrix elements are approaching this level, while lattice errors remain dominant in
most quantities involving heavy quarks. Thus the most straightforward contribution of lattice QCD to the
future intensity frontier program will be the reduction in errors for such quantities. Forecasts for the expected
reductions by 2018 are shown in the table. These are based on a Moore’s law increase in computing power,

Community Planning Study: Snowmass 2013

2021 FLAG 
Average

0.18 %
0.18 %
0.3  %
0.2  %
4.4  %
0.6  %
~1.5 %   [from 2105.14019, 2304.03137]
~3 %
0.7  %   (0.6 % for )fBs

1.3  %
4.5  %
1.3 %

QED threshold: 
QED corrections important/
dominant source of theory 
error in SM predictions 

0.7 % [from 2212.12648]

2013 2013 forecast

https://www.usqcd.org/documents/13flavor.pdf
https://arxiv.org/abs/1311.1076
https://arxiv.org/abs/2105.14019
https://arxiv.org/abs/2304.03137
https://arxiv.org/abs/2212.12648
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Calculate  in Lattice QCD:  

• Separate into connected for each quark flavor + disconnected contributions 
 (gluon and sea-quark background not shown in diagrams) 
 Note: almost always     
 
 
 
 
    
 
   

• need to add QED and strong isospin breaking  
(  ) corrections: 

aHVP
μ

mu = md

∼ mu − md

Lattice HVP: Introduction

16

+ …
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f f’

f= ud, s, c, b

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 1 / 6
light-quark connected contribution: 

 ~90% of total 
s,c,b-quark contributions  

 ~8%, 2%, 0.05% of total 
  

disconnected contribution:  
  ~2% of total 

  

Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

{

aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ
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Calculate  in Lattice QCD:  aHVP
μ

Lattice HVP: challenges

17

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc
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μ

 needed with precision 

subpercent statistical precision: 
exponentially growing noise-to-signal in  as  
affects light-quark contributions 
sizable finite volume effects  
sensitivity to scale setting uncertainty 
control discretization effects  
quark-disconnected diagrams: control noise 
include isospin-breaking effects 
Separation of   into  and  is 
scheme dependent. 

aHVP,LO
μ < 0.5 %

C(t) t → ∞

aHVP,LO
μ aHVP,LO

μ (ud) δaHVP,LO
μ
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Use windows in Euclidean time to consider the different time regions separately  
[T. Blum et al, arXiv:1801.07224, 2018 PRL] 
  
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
  
 
                            

disentangle systematics/statistics from long distance/FV and discretization effects  
intermediate window: easy to compute in lattice QCD; compare to disperse approach  
Internal cross check: compute each window separately (in continuum, infinite volume limits,…) and 
combine:

t : 0 → t0
t : t0 → t1
t : t1 → ∞

Windows in Euclidean time

18

aµ = aSDµ + aWµ + aLDµ
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t0 = 0.4 fm, t1 = 1.0 fm

<latexit sha1_base64="ZRmofYCS3W/79ZVAVjiXPCjV2NI="></latexit>

aHVP,LO
µ = 4↵2

Z 1

0
dtC(t) w̃(t)

Hartmut	Wittig

Window	observables

4

Restrict	integra3on	over	Euclidean	3me	to	sub-intervals	
		 		reduce/enhance	sensi3vity	to	systema3c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
<latexit sha1_base64="xgdpZMpcp8rV9Ka6WJ9p5hBGgKA="></latexit>

WSD(t; t0) = 1 � ⇥(t, t0,�)

Intermediate	distance:
<latexit sha1_base64="mXPnf6Q0yTt3Zm6UpEf/wXuXM2E="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="NVv4bsheoXwrNXVLs/nYU1XFiPg="></latexit>

WLD(t; t1) = ⇥(t, t1,�)Long	distance:

• Precision	test	of	different	laKce	calcula3ons	

• Comparison	with	corresponding	 -ra3o	es3mateR

Intermediate	window:
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Lattice data

<latexit sha1_base64="MtZJ/lX0ry9Cg+vSBLSFwvNmMjo="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤
Step	func3on:

“Standard”	window	quan33es:
<latexit sha1_base64="3/X9k7tHfEFhYfCh5/e+1KR+S3s="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

H. Wittig @ Lattice 2021
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In 2020 WP:  

Lattice HVP average at total uncertainty:      

BMW 20 [Sz. Borsanyi et al, arXiv:2002.12347, 2021 Nature]  first LQCD calculation with sub-percent ( ) 
error in tension with data-driven HVP ( ) 
Further tensions for intermediate window:  
 

-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 % aHVP,LO
μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

Lattice HVP: results

19
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aHVP,LO
µ = 4↵2

Z 1

0
dtC(t) w̃(t)

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties
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Lattice HVP: results

20

new results in 2022/2023 for intermediate  window,   from six different lattice groups. 
blind analyses: Fermilab/HPQCD/MILC + RBC/UKQCD 
lattice-only comparison of light-quark connected  
contribution to intermediate window:

aW
μ

What the hell is going on with HVP?

230 235 240 245

BMW 2020

RBC/UKQCD 2018

Mainz 2022

R-ratio data

RBC/UKQCD 2022

ETMC 2022

ETMC 2021

FNAL/HPQCD/MILC 2022

aHVP, win

µ ⇥ 1010

In this talk: no new answers, but old ones to frequently asked questions, and some

more perspectives

M. Hoferichter (Institute for Theoretical Physics) Dispersive determination of HVP in the muon g � 2 Sep 23, 2022 2

R-ratio data [Colangelo et al, arXiv:2205:12963]

compiled by M. Hoferichter
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Aubin et al . 19

Lehner & Meyer 20

BMW 21
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¬QCD OV/HISQ 22

Aubin et al . 22

Mainz/CLS 22

ETMC 22

RBC/UKQCD 23

Fermilab/HPQCD/MILC 23

LQCD results including all contributions

 tensions between LQCD and 
(pre-2023) data-driven evaluations
∼ (3.5 − 4)σ
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Lattice HVP: results
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new results in 2022/2023 for intermediate  window,   from six different lattice groups. 
blind analyses: Fermilab/HPQCD/MILC + RBC/UKQCD 
lattice-only comparison of light-quark connected  
contribution to intermediate window:

aW
μ
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4

theory, we use the resulting central value as the total un-
certainty on the perturbative contribution. This enlarges
the uncertainty of the perturbative contribution without
DVs by a factor of about 10, and should provide a very
conservative assessment. The resulting inclusive-region
contribution is then

[awin,lqc
µ ]pt.QCD+DVs = 11.06(16)⇥ 10�10. (14)

The fourth and final ingredient in the determination of
awin,lqc
µ is an evaluation of the EM and SIB contributions

to be subtracted from the data-based results obtained
above before comparison with isospin-symmetric lattice-
QCD results. The general strategy employed for this
subtraction is detailed in Refs. [39] and [40]. The main
observation is that, to first order in IB, SIB is present
only in the MI component of ⇢EM(s). EM IB, on the
other hand, occurs in all of the pure I = 1/0 and MI com-
ponents. The IB correction to awin,lqc

µ then contains two
parts. The first, which appears in the pure I = 1 com-
ponent, is of EM origin. No breakdown of this correction
into individual exclusive-mode contributions is required;
an inclusive determination is su�cient. The situation for
the MI contribution is di↵erent since we must estimate
the MI contamination on a channel-by-channel basis, re-
moving from the “nominally” I = 1 results above the
component that arises from ⇢MI

EM
(s). These contributions

are expected to be dominated by the 2⇡ mode through
⇢� ! mixing in the process e+e� ! ! ! ⇢ ! 2⇡.

At present, given the absence of data-driven estimates
for some potentially important components of the pure
I = 1 EM IB contribution (see, e.g., the discussion in
the Appendix of Ref. [39]), we are forced to rely on the
lattice, and employ for this correction the result obtained
by BMW in Ref. [31],

�EMawin,lqc
µ = 0.035(59)⇥ 10�10 . (15)

This correction is very small, given the size of other un-
certainties, and we will neglect it in what follows.

The MI contamination to the 2⇡ exclusive mode was
obtained in Ref. [52] from 2⇡ electroproduction data fit-
ting a dispersive representation of the pion form factor
that includes ⇢ � ! mixing. The 2⇡ MI component is

found to be
⇥
awin

µ

⇤MI

⇡⇡
= 0.83(6) ⇥ 10�10, which is about

0.6% of the total 2⇡ contribution to awin

µ . Since the MI
components of other nominally I = 1 modes have no
analogous narrow-resonance enhancements, we consider
it very safe to assume that their MI total will not exceed
1% of the sum, 25.68⇥ 10�10, of their contributions. To
account for the total of the non-2⇡-mode MI contamina-
tions we thus add an uncertainty of 0.26 ⇥ 10�10 to the
2⇡ results of Ref. [52]. Using Eq. (7), this leads to a MI
correction of

�MIawin,lqc
µ = �0.92(7)2⇡(29)non�2⇡ ⇥ 10�10. (16)

195 200 205 210

BMW 20

LM 20

�QCD 23

ABGP 22

Mainz/CLS 22

ETMC 22

Fermilab/HPQCD/MILC 23

RBC/UKQCD 23

Data-based BBGKMP 23

awin,lqcµ ⇥ 1010

FIG. 1. Comparison of our final result (BBGKMP 23),
Eq. (17), with lattice results for awin,lqc

µ from [31] (BMW
20), [48] (LM 20), [49] (�QCD 23), [50] (ABGP 22), [33]
(Mainz/CLS 22), [34] (ETMC 22), [51] (FHM 23), and [35]
(RBC/UKQCD 23)

We are now in a position to obtain our final data-
driven estimate for awin,lqc

µ . Adding the contributions
from Eqs. (8), (13), (14), and applying the IB correction
of Eq. (16), we find, as our final result,

awin,lqc
µ = 198.8(1.1)⇥ 10�10. (17)

In Fig. 1, we compare our data-driven estimate with the
lattice-QCD results from 8 di↵erent collaborations. The
tension between the data-driven and lattice results is
striking. Assuming, for simplicity, all errors to be Gaus-
sian, we find tensions ranging from 3.3� to 6.1�. Our re-
sult indicates that the discrepancy between data-driven
and lattice-QCD results for awin

µ is almost entirely due to
the light-quark connected contribution, which, in turn,
is strongly dominated by the 2⇡ channel—accounting for
about 81% of the result of Eq. (17).
We note that our final result is based on the KNT19

data compilation. An equivalent analysis using other dis-
persive evaluations (e.g. DHMZ data [11, 13]) would be
desirable. We remark, however, that for the lqc contri-
bution to aHVP

µ , which can be obtained based on publicly
available results, KNT19- and DHMZ-based estimates
are in very good agreement [39].
In a forthcoming publication we will present re-

sults for several other window quantities, including
both the light-quark-connected and strange-quark-plus-
all-disconnected contributions, along with a much more
detailed discussion of the results presented here.

Acknowledgments: We would like to thank Mar-
tin Hoferichter and Peter Sto↵er for extensive discus-
sions on isospin breaking. DB and KM thank San Fran-
cisco State University where part of this work was car-
ried out, for hospitality. This material is based upon
work supported by the U.S. Department of Energy, Of-

dispersive evaluation of light-quark 
connected contribution 
[G. Benton, et al, arXiv:2306.16808]



Spin 2023, 24-29 Sep 2023A. El-Khadra

Lattice HVP: outlook
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Evaluations of short-distance windows [ETMC, RBC/UKQCD] 
Proposals for computing more windows:   

Use linear combinations of finer windows to locate the tension (if it persists) in      
[Colangelo et al, arXiv:12963] 

Use larger windows, excluding the long-distance region   to maximize the significance 
of any tension [Davies at at, arXiv:2207.04765] 

For total HVP:  
independent lattice results at sub-percent precision: coming soon! 
Including  states for refined long-distance computation  
(Mainz, RBC/UKQCD, FNAL/MILC) 
include smaller lattice spacings to test continuum extrapolations  (needs adequate 
computational resources) 

s

t ≳ 2 fm

ππ

Ongoing work:

L 

a 

x 

g-2 sessions @ Lattice 2023 conference

https://indico.fnal.gov/event/57249/sessions/22875/#20230801
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Summary
consistent results from independent, precise LQCD calculations for light-quark connected contribution 
to intermediate window   (~ 1/3 of )   ➠  tension with data-driven results?   
still need independent LQCD results for long-distance contribution, total HVP: coming soon 
➠ develop method average for lattice HVP results, assess tensions (if any) with data-driven average 
Programs and plans in place to improve by 2025: 

data-driven HVP: if differences are resolved/understood,  
new measurements from BaBar, KLOE, SND, Belle II,…. will shed light on current discrepancies  
(blind analyses are paramount!) 
improved treatment of structure dependent radiative corrections (NLO) in  and  channels 
lattice HVP: if no tensions between independent lattice results,  
dispersive HLbL and lattice HLbL: no puzzles, steady progress,  

IF tensions/differences between data-driven HVP and lattice HVP are resolved, SM prediction will likely 
match precision goal of the Fermilab experiment. 
IF NOT, will need detailed comparisons, explore connections between HVP, , , global EW fits.  
  

BSM implications   ➠ appendix 
  

➠ continued coordination by Theory Initiative: workshops, WPs, …

aW
μ aHVP,LO

μ 3 − 4 σ

∼ 0.3 %

ππ πππ
∼ 0.5 %

∼ 10 %

σ(e+e−) Δα
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muon g-2: SM theory vs experiment
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The Fermilab experiment released the measurement result from their run 2&3 data on 10 Aug 2023.  
[D. Aguillard et al, 2308.06230] 
Run 6 completed summer 2023, final measurement result expected in 2025

+ CMD-3 ? 
??? 

adapted from J. Mott @ Scientific Seminar, 10 Aug 2023

consolidated LQCD prediction (coming soon) ➠

➠new measurements by BaBar, KLOE, SND,….

https://arxiv.org/abs/2308.06230
https://indico.fnal.gov/event/60738/
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Near-term Timeline
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Theory Initiative:  
CMD-3 seminar (virtual): 27 March 2023 at 8:00am US CDT 
2nd CMD-3 discussion meeting 
8/9/2023: Status of Muon g-2 Theory in SM

Run 4
Run 5

Result from 
Runs 2&3

20
21

20
22

20
23

Final result  
from E989  

?

J-PARC E34FNAL E989

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep
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A.S. Kronfeld 24, J. Laiho 75, S. Leupold 42, P.B. Mackenzie 24, W.J. Marciano 37,
C. McNeile 76, D. Mohler 12,13, J. Monnard 14, E.T. Neil 77, A.V. Nesterenko 68,
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Muon g-2 TI 
WP published 

Run 6

20
25

WP

20
24

TI workshops:   
Jun 2021 @ KEK (virtual)          Sep 2022 @ Higgscentre 
Sep 2023 @ Bern                     Sep 2024 @ KEK or KMI

WP update 

https://indico.fnal.gov/event/59052/
https://indico.ijclab.in2p3.fr/event/9697/
https://muon-gm2-theory.illinois.edu
https://arxiv.org/abs/2006.04822


Outlook
Experimental program beyond 2025:  

J-PARC: Muon g-2/EDM 
Fermilab: future muon campus experiments?  
Belle II, BESIII, Novosibirsk,… 
Chiral Belle (?) 

Data-driven/dispersive program beyond 2025: 
development of NNLO MC generators 
for HLbL, improved experimental/lattice inputs together with further development of 
dispersive approach  

MUonE will provide a space-like measurement of HVP 
Lattice QCD beyond 2025:  

access to future computational resources (coming  Exascale)  will enable improvements of 
all errors (statistical and systematic) 
concurrent development of better methods and algorithms (gauge-field sampling, noise 
reduction) will accelerate progress  
beyond g-2: a rich program relevant for all areas of HEP  



Farah WillenbrockMax Hansen

Jonna Koponen Xiao-Ming Xu

Thank you!



28

Appendix



Spin 2023, 24-29 Sep 2023A. El-Khadra

Hadronic Light-by-light
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µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Dispersive approach: 
[Colangelo at al, 2014; Pauk & Vanderhaegen 2014; …]   

model independent 
significantly more complicated than for HVP 
provides a framework for data-driven evaluations 
can also use lattice results as inputs

Dominant contributions ( of total):≈ 75 %

Well quantified with  uncertainty 
 pole contributions: Canterbury approximants only 

Ongoing work: consolidation of  pole contributions 
using disp. relations and LQCD

≈ 6 %
η, η′ 

η, η′ 

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Subleading contributions ( of total):≈ 25 %

Not yet well known  
➠ dominant contribution to total uncertainty 
Ongoing work: 
- Implementation of short-distance constraints (now at 2-loop) 
- new dispersive formalism for higher spin intermediate states  

[Luedtke, Procura, Stoffer, 2023, in progress] 

- Mainz and BESIII ramping up  programs 
[A. Denig and C. Redmer @ Higgscentre workshop]

γ(*)γ*

Dispersive, data-driven evaluation of HLbL with 
total uncertainty feasible by ~2025. ≤ 10 %
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Comparison: 

Contribution PdRV(09) [471] N/JN(09) [472, 573] J(17) [27] Our estimate

⇡0, ⌘, ⌘0-poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
⇡,K-loops/boxes �19(19) �19(13) �20(5) �16.4(2)

S -wave ⇡⇡ rescattering �7(7) �7(2) �5.98(1.20) �8(1)

subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)

scalars � � � �
� 1(3)tensors � � 1.1(1)

axial vectors 15(10) 22(5) 7.55(2.71) 6(6)
u, d, s-loops / short-distance � 21(3) 20(4) 15(10)

c-loop 2.3 � 2.3(2) 3(1)

total 105(26) 116(39) 100.4(28.2) 92(19)

Table 15: Comparison of two frequently used compilations for HLbL in units of 10�11 from 2009 and a recent update with our estimate. Legend:
PdRV = Prades, de Rafael, Vainshtein (“Glasgow consensus”); N/JN = Ny↵eler / Jegerlehner, Ny↵eler; J = Jegerlehner.

in Table 15.42 While the central values are all quite close to each other (the largest discrepancy is with the Glasgow
consensus, which, however, includes a large part of the short-distance contribution in the pseudoscalar poles) and all
compatible within errors, the largest improvement is in the uncertainty, which has been reduced by a factor 6 to 3.

The lower part of the table contains the remaining contributions, which still su↵er from significant uncertainties,
further separated into the contribution from light quarks as well as the c-loop. For these a comparison among di↵erent
evaluations is more di�cult, because model dependence is still a↵ecting all contributions (with the exception of the
short-distance contribution evaluated here). It is in this second part of the table that future progress will have to
happen.

We have described above how we obtained our final error estimate. Just for comparison, in PdRV [471] all errors
have been added in quadrature, in N/JN [472, 573] all errors have been added linearly, and in J [27] the errors have been
added in quadrature and then multiplied by a factor 2 to account for possible model uncertainties so far unaccounted
for.

We also briefly comment on the numbers in the recent review by Danilkin, Redmer, and Vanderhaeghen [626]. The
main di↵erence is their estimate of the pseudoscalar-pole contribution, 84(4) ⇥ 10�11, lower than our value by about
2.5�, which is incompatible with what we know about this contribution as explained in Sec. 4.4. The smaller value for
the PS-poles is compensated by the quark-loop contribution, 20(4) ⇥ 10�11, which is a bit larger than our estimate of
the short-distance contribution, leading to a central value, 87(13) ⇥ 10�11, very close to ours. The errors in Ref. [626]
are added linearly, but in particular the uncertainties for the axial-vectors and the short-distance contribution are much
smaller than ours, which is the main reason for their rather small total uncertainty.

The comparison discussed here clearly shows that there has been significant progress since the time of the Glasgow
consensus. The development of a more systematic approach to the calculation of the HLbL contribution has led to
improved estimates of several of the underlying contributions. The shifts in the central values are relatively moderate,
never larger than two sigmas with respect to older estimates, but the overall shift is quite significant and in the negative
direction, thus increasing the discrepancy with the measured value. Even more important than the shift in the central
value is our ability to make better uncertainty estimates. In some cases these have been drastically reduced with
respect to the time of the Glasgow consensus, but in some others a better theoretical understanding of the formalism
has led to a more cautious attitude. The upshot is that even taking a conservative approach we could bring the total
uncertainty down to about 20% of the central value and the prospects for an even further reduction in the coming
years, towards the 10% goal, are very good as will be sketched in the next subsection.

42To make a meaningful comparison, since the largest contribution among the scalars is due to the �/ f0(500), which is treated as a ⇡⇡ rescattering
e↵ect here, we have considered the contribution of the scalars of earlier evaluations in the line labeled “S -wave ⇡⇡ rescattering.” This is indeed
justified for the scalar contribution �6.8(2.0) ⇥ 10�11 in the ENJL model from Ref. [484], as confirmed in Ref. [666]. The �/ f0(500) is also
responsible for 50–80% of the value �6.0(1.2) ⇥ 10�11 from Ref. [27], depending on the mixing.

138

NLO HLbL contribution: 

aHLbL,NLO
μ = 2 (1) × 10−11

HLbL: dispersive

30
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Lattice QCD+QED:

RBC/UKQCD 
[T. Blum et al, arXiv:1610.04603, 2016 PRL; arXiv:1911.08123, 2020 PRL] 
QCD + QEDL  (finite volume)  stochastic 
 
DWF ensembles at/near phys mass,  
a ≈ 0.08 − 0.2 fm, L ∼ 4.5 − 9.3 fm

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

Hadronic Light-by-light: lattice

31

Two independent and complete direct calculations of aHLbL
μ

Cross checks between RBC/UKQCD & Mainz approaches in White Paper at unphysical pion mass 
Both groups are continuing to improve their calculations, adding more statistics, lattice spacings, physical mass ensemble (Mainz) 
new result from RBC/UKQCD [T. Blum et al, arXiv:2304.04423] using QCD + QED (inf.):  
consistent with previous calculations 
ongoing LQCD calculations of , ,  transition form factors to determine pseudo scalar pole contributions 
[Mainz, ETMC, BMW]

aHLbL
μ = 124.7 (11.5) (9.9) × 10−11

π η η′ 

Mainz group  
[E. Chao et al, arXiv:2104.02632] 

QCD + QED (infinite volume & continuum) analytic 
 
CLS (2+1 Wilson-clover) ensembles 
 , mπ ∼ 200 − 430 MeV a ≈ 0.05 − 0.1 fm, mπL > 4

Theory background
I O(4)-symmetry restoration of the QED kernel allows to write

ahlbl
µ = lim

|y |maxæŒ
ahlbl

µ (|y |max) , ahlbl
µ (|y |) =

⁄ |y |max

0
d |y |f (|y |) .

∆ compute the integrand f (|y |) for each |y | and get the |y |-integral using
trapezoidal rule.

I Terminology:
I Leading topologies: fully-connected, (2+2)
I Subleading topologies: (3+1), (2+1+1), (1+1+1+1)

Motivated by light pseudoscalar (PS) meson contributions and large-Nc
arguments.

I Translational invariance + change of variables ∆ compute ahlbl
µ for each

topology from only a subset of “easy" diagrams. [E.-H. Chao et al, EPJC ’20]

I Focus of this talk: the leading topologies with purely light quarks and the
(3+1) with a light quark “triangle".

0x

y

z

0y

z

x
0y

z

x
0y

z

x 0 y

z

x

En-Hung Chao (JGU Mainz) ahlbl
µ from LQCD: a complete calculation 3 / 9

L 

a 

x 

http://arxiv.org/abs/arXiv:1911.08123
https://arxiv.org/abs/2104.02632
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two exp. approaches   

• ``Direct scan”: change CM energy of   
beams  

• ``Radiative Return”:  
with fixed  CM energy, select events 
with initial state radiation (ISR)  

complemented by: 

• MC generators for  (e.g. PHOKARA) 
• detailed studies of radiative corrections 

(now known through NLO)

e+e−

e+e−

σhad (s)

Experimental Inputs to HVP

32

08.02.2018 HVP_2018 6 

 e+e-  facilities involved in HVP measurement  

KLOE SND CMD-3 

HVP measurements 

BaBar 

BNL-821 

BELLE-II 

BES-III 

KEDR 

S. Serednyakov (for SND) @ HVP KEK workshop

FNAL E989
J-PARC g-2/EDM 

E-34

had

e+

e−

γ



Spin 2023, 24-29 Sep 2023A. El-Khadra

Alternative measurement of HVP for  : MUonE at CERNaHVP
μ

33

•Space-like determination of  at <0.5% through the scattering of 
160 GeV muons on electron target
•Much progress in the last years, inc. detector optimization and 
development of  (N)NLO MC
•Staged approach towards the full experiment: one station (2022), two 
stations (2023); possible 10 stations before LS3 (2026) (2% accuracy) 
•Technical proposal towards full experiment in preparation
•Growing interest from both experimental and theory community

aHVP
μ

μ − e

-C. M. Carloni Calame et al  PLB 746 (2015) 325
-G. Abbiendi et al Eur.Phys.J.C 77 (2017) 3, 139
-LoI h0ps://cds.cern.ch/record/2677471/files/SPSC-I-252.pdf

LHC schedule
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Efforts on Radia-ve Correc-ons for low energy 

34

 Workstop+Conference  in Zurich 5-9 June 2023 (LOC: A. Signer, G. Stagnitto, Y. Ulrich) 

Three-day in-person (Workstop) + 
a three half day hybrid conference

5 Working Groups:

•WP1: Leptonic processes at NNLO
•WP2: Form factor contributions at N3LO 
•WP3: Processes with hadrons 
•WP4: Parton showers
•WP5: Experimental input 

Final goal: full NNLO MC. Aim to write a report by Autumn 2023
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Lattice HVP: outlook

35

L 

a 

x 

g-2 sessions @ Lattice 2023 conference

Long-distance window/total HVP: 
Fermilab/HPQCD/MILC: Preliminary & blinded (!) results for light-quark connected, total HVP  
RBC/UKQCD: progress on ongoing analysis of long-distance window,   analysis 
BMW: progress on generating lattice data @ 0.048 fm 
           first look at  data   
           comparisons between BMW and DHMZ observables with correlations 

M. Golterman: data-driven determination of light-quark connected windowed HVP. 

Isospin-breaking corrections:  
Mainz: progress implementing new coordinate-space method

ππ

ππ

Plenary g-2 talks @ Lattice 2023 on Friday (special JTEP seminar)

https://indico.fnal.gov/event/57249/sessions/22875/#20230801
https://indico.fnal.gov/event/57249/timetable/#20230804
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aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)

Connections

36

 also depends on the hadronic vacuum polarization function, and can be written as an integral 
over , but weighted towards higher energies.  

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020, Malaescu & Scott 2020] 

If the shift in  is in the low-energy region ( ), the impact on  and EW fits is small. 

Δαhad(M2
Z)

σ(e+e− → hadrons)
aHVP

μ Δαhad(M2
Z)

aHVP
μ ≲ 1 GeV Δαhad(M2

Z)
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aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)

Connections

37Hartmut	Wittig

Rela$on	to	the	hadronic	running	of	electromagne$c	coupling

12

Dispersion	integral:
<latexit sha1_base64="Yac/IfQZaUpBmpbfVwCtLTtr1DA="></latexit>

�↵(5)
had(q2) = �↵ q2

3⇡
P
Z 1

m2
⇡0

ds
R(s)

s(s � q2)
,

LaYce	QCD:
<latexit sha1_base64="o/i2ZsHuTHRaIDn1hToI1yTcBRI="></latexit>
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⇡
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Figure 12. Left, upper panel: ratio of the hadronic running ∆–had computed by BMWc [21]
divided by our results, for five di�erent momenta. In addition to the total contribution, we show
the isovector (I = 1), isoscalar (I = 0) and charm quark components. Left, lower panel: the total
hadronic running ∆–(5)

had from various phenomenological estimates [12, 31, 134] and the lattice result
of ref. [21], normalized by the result of this work. Right: Compilation of results for the four-flavor
∆–had lattice computations [6, 21] (above) and the five-flavor ∆–(5)

had phenomenological estimates
(below) at selected values of Q2. The gray vertical error band for the result of this work includes
the small bottom quark contribution as an additional systematic error, see section 5.1 for details.

result in our comparison since the disconnected contribution has not been determined in
that reference.

In the lower left panel of figure 12 we show the ratios of three recent phenomenological
determinations of ∆–(5)

had(≠Q2) and the rational approximation of our result as continuous
curves. Our result lattice results for ∆–had(≠Q2) includes the contributions from u, d, s

and c quarks. In order to account for the contributions from bottom quarks that are needed
to complete the estimate for ∆–(5)

had(≠Q2), we use results by the HPQCD collaboration
for the lowest four time moments of the HVP [135]. We determine the contribution from
bottom quarks by constructing Padé approximants from the moments, which results in a
few-permil e�ect on the total hadronic running of the coupling (up to 2.6 permil at the
largest Q2 = 7 GeV2). This e�ect is larger than the 0.4 permil e�ect reported for the HVP
contribution to the muon g ≠ 2 [136] due to the fact that the running coupling scale Q2

is not well separated from the bottom quark mass, in contrast to the muon mass case.8
However, this e�ect is a small fraction of the percent-level total error on ∆–had(≠Q2) and
we include it as an additional source of systematic error.

Results from Davier et al. [12, 137] (labellel “DHMZ data”), Keshavarzi et al. [31, 138]
(KNT18 data), and based on Jegerlehner’s alphaQEDc19 software package [13, 134] show
good agreement among each other, but are between 3 and 6 % lower than our estimate.9

8
As a crosscheck, we have reproduced the bottom quark contribution to the muon g ≠ 2 reported by

HPQCD [136].

9
The estimate of ∆–(5)

had(≠Q2
) in the space-like region corresponding to ref. [12] was kindly provided
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• Tension	of 	observed	with	data-driven	
evalua$on	of	 	for		

∼ 3σ
Δαhad(−Q2) Q2 ≳ 3 GeV2

	 		consistent	with	tension	for	window	observable→

• Direct	laYce	calcula$on	of	 	on	the	same	
gauge	ensembles	used	in	Mainz/CLS	22

Δα(−Q2)

H. Wittig @ Higgscentre workshop
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H. Wittig @ Higgscentre workshop

Hartmut	Wittig

Adler	func$on	approach,	aka.	“Euclidean	split	technique”
<latexit sha1_base64="w2eRR6mzOKAjoeA/pbzdvxwPDDc="></latexit>
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Z) = �↵(5)
had(�Q2

0)
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Z) � �↵(5)
had(�Q2

0)]
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+[�↵(5)
had(M2

Z) � �↵(5)
had(�M2

Z)]

Evalua$on	of	 	and	comparison	with	EW	precision	dataΔα(5)
had(M

2
Z)

14
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) �↵(5)
had(M2

Z) = 0.027 73(9)lat(2)btm(12)pQCD

The hadronic running of the electroweak couplings from lattice QCD Marco Cè

lat. + pQCD’[Adler]

lat. + KNT18[data]

KNT18/19

DHMZ19

Jegerlehner 19

R-ratio

0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290

�U(5)
had("

2
/)

Gfitter 18

Crivellin et al. 20

Keshavarzi et al. 20

Malaescu, Schott 20

HEPfit 21

EW global fits

Figure 2: Compilation of results for �U (5)
had ("

2
/ ). The first two data points (red symbols) are the lattice results

of ref. [7]. Green circles denote results based the data-driven method in, from top to bottom, refs. [1, 16], [2],
and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
represent the results from global EW fits, published in refs. [17–21]. The upper triangle point from ref. [20]
does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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Peter Stoffer @ Lattice HVP workshop
Constraints on the two-pion contribution to HVP arXiv:2010.07943 [hep-ph]

Modifying a⇡⇡µ |1GeV

• “low-energy” scenario: local changes in cross section of
⇠ 8% around ⇢

• “high-energy” scenario: impact on pion charge radius and
space-like VFF ) chance for independent lattice-QCD
checks

• requires factor ⇠ 3

improvement over
�QCD result:
hr2⇡i = 0.433(9)(13) fm2

! arXiv:2006.05431 [hep-ph] �0.1
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 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies.  
a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small.  
A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 
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 is loop-induced, conserves CP & flavor,  
flips chirality.  
The difference between Exp-WP2020 is large: 
       
 
 
 
 

Generically expect:  
  

 

aμ

Δaμ = 249 (48) × 10−11 > aμ(EW)

aNP
μ ∼ aEW

μ ×
M2

W
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There are many more examples. . .

SUSY: MSSM, MRSSM

MSugra. . .many other generic scenarios

Bino-dark matter+some coannihil.+mass splittings

Wino-LSP+specific mass patterns

Here: M2-M1 small:
g-2, LHC, dark matter
explained for tanbeta=20

previous
   case

Two-Higgs doublet model

Type I, II, Y, Type X(lepton-specific), flavour-aligned

Lepto-quarks, vector-like leptons

scenarios with muon-specific couplings to µL and µR

Simple models (one or two new fields)

Mostly excluded

light N.P. (ALPs, Dark Photon, Light Lµ − Lτ ) [Athron,Balazs,Jacob,Kotlarski,DS,Stöckinger-Kim, 2104.03691]

Dominik Stöckinger Briefly some general remarks, then general MSSM 14/26

Can be accommodated by many BSM theories (800+ papers)

D. Stöckinger @ g-2 Days (http://pheno.csic.es/g-2Days21/)

https://indico.fnal.gov/event/60738/
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 is loop-induced, conserves CP & flavor,  
flips chirality.  
The difference between Exp-WP2020 is large: 
       
 
 
 
 

Generically expect:  
  

 

aμ

Δaμ = 249 (48) × 10−11 > aμ(EW)

aNP
μ ∼ aEW

μ ×
M2

W

Λ2
× couplings

Can be accommodated by many BSM theories (1k+ papers)

Can new physics hide in the low-energy  cross section?   
➠ No  [Luzio, et al, arXiv:2112.08312]  
New boson at ~ 1GeV decays into , affects  
indirectly    [L. Darmé et al, arXiv:2112.09139] 

Neutral, long-lived hadrons, heretofore undetected?   
[Farrar, arXiv:2206.13460] 

Z’ at < 1 GeV, coupling to 1st gen matter particles  
[Coyle, Wagner, arXiv:2305.02354]

σ(e+e− → ππ)

μ+μ−, e+e− σ(e+e− → ππ)

https://indico.fnal.gov/event/60738/
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Cs:  from Berkeley group [Parker et al, Science 360, 6385 (2018)]  

Rb:  from Paris group [Morel et al, Nature 588, 61–65(2020)]

α
α

aNP
` ⇠ m2

`

⇤2

(mµ/me)
2 ⇠ 4⇥ 104

Sensitivity to heavy new physics:
aSM` � aExp

`
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WP SM Prospects for tau moment measurement: 
Chiral Belle  arXiv:2205.12847 
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with more statistics measurement at  
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Measurement of the Electron Magnetic Moment

X. Fan,1, 2, ⇤ T. G. Myers,2 B. A. D. Sukra,2 and G. Gabrielse2, †

1
Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA

2
Center for Fundamental Physics, Northwestern University, Evanston, Illinois 60208, USA

(Dated: September 28, 2022)

The electron magnetic moment in Bohr magnetons, �µ/µB = 1.001 159 652 180 59 (13) [0.13 ppt],
is consistent with a 2008 measurement and is 2.2 times more precise. The most precisely measured
property of an elementary particle agrees with the most precise prediction of the Standard Model
(SM) to 1 part in 1012, the most precise confrontation of all theory and experiment. The SM test
will improve further when discrepant measurements of the fine structure constant ↵ are resolved,
since the prediction is a function of ↵. The magnetic moment measurement and SM theory together
predict ↵�1 = 137.035 999 166 (15) [0.11 ppb]

The quest to find physics beyond the Standard Model
of Particle Physics (BSM) is well motivated because the
SM is incomplete. No CP violation mechanism is large
enough to keep matter and antimatter produced in the
Big Bang [1] from annihilating as the universe cooled [2],
dark matter [3, 4] has not been identified, and dark en-
ergy [5, 6] and inflation [7, 8] have no SM explanation.
Great BSM sensitivity is a↵orded by the most precise pre-
diction of the SM, the electron magnetic moment in Bohr
magnetons, �µ/µB = g/2. SM sectors involved include
the Dirac prediction [9], QED (quantum electrodynamics
[10–17]) with muon and tauon contributions [18], along
with hadronic [19–21] and weak interaction contributions
[22–25]. BSM particles and electron substructure could
make the measurement and prediction di↵er (like quark
substructure shifts the proton moment).

179.5 180 180.5 181 181.5
1210× - 1.001 159 652 000) 

B
µ/µ(-

(Cs)αSM with 
(Rb)αSM with 

g/2 2008
g/2 2022

1− 0.5− 0 0.5 1    ppt

FIG. 1. This Northwestern measurement (red) and our 2008
Harvard measurement (blue) [26]. SM predictions (solid and
open black points for slightly di↵ering C10 [27, 28]) are func-
tions of discrepant ↵ measurements [29, 30]. A ppt is 10�12.

The most precise determination of an elementary par-
ticle property, carried out blind of any prior measurement
or prediction, gives µ/µB 2.2 times more precisely, to 1.3
parts in 1013 (Fig. 1). Measured in a new apparatus, it
is consistent with the value that stood for 14 years [26].
In the most precise confrontation of theory and measure-
ment, the SM prediction agrees to 1 part in 1012. The
measurement precision allows a much better SM test if
discrepant measurements of the fine structure constant
↵ [29, 30] are resolved, given that the SM prediction of
µ/µB is a function of ↵.

The one-electron quantum cyclotron utilized is essen-
tially a single electron suspended in a magnetic field
B = Bẑ and cooled to its lowest quantum states [31].

The magnetic moment operator for a spin-1/2 electron,

µ = �g

2
µB

S

~/2 , (1)

is proportional to its spin S normalized to its spin eigen-
value ~/2. For electron charge �e and mass m, dimen-
sional analysis gives a Bohr magneton, µB = e~/(2m),
as its approximate magnitude. The energy levels are

E = h⌫sms + h⌫c(n+ 1
2 ), (2)

with h = 2⇡~, ms = ±1/2 and n = 0, 1, .... The cyclotron
frequency is ⌫c = eB/(2⇡m), the spin frequency is ⌫s =
(g/2)⌫c, and the anomaly frequency is ⌫a ⌘ ⌫s � ⌫c. The
electron serves as its own magnetometer insofar as

� µ

µB
=

g

2
= 1 +

⌫a
⌫c

(3)

is independent of B, which cancels out in ⌫a/⌫c.
A stable magnetic field is nonetheless critical for ⌫a and

⌫c not measured simultaneously. Field drift reduced by a
factor of 4 to 2⇥10�9/day [32] makes possible round-the-
clock measurements, improved statistical precision, and
a better investigation of uncertainties. The apparatus in
Fig. 2a achieves this by supporting a 50 mK electron trap
on a 4.2 K superconducting, self-shielding solenoid [33],
with a mixing chamber flexibly hanging from the rest of
a dilution refrigerator [34]. (Independently suspending
a trap and a normal rigid fridge makes B drift with lab
pressure and temperature as the electron moves in the
slight gradient of the solenoid field [35].) The He and N2

pressures in the cryostats are also regulated.
An electron in the field Bẑ is trapped by adding an

electrostatic quadrupole potential V / z2 � ⇢2/2, with
⇢ = xx̂ + yŷ [36]. Cylindrical Penning trap electrodes
[37, 38] (Fig. 2b) are shaped so that properly biasing
produces such a potential. A centered electron then oscil-
lates nearly harmonically along ẑ at the axial frequency
⌫̄z ⇡ 114 MHz. For B = 5.3 T, the trap-modified cy-
clotron and anomaly frequencies are ⌫̄c ⇡ 149 GHz and
⌫̄a ⇡ 173 MHz, while ⌫s is unchanged. A circular mag-
netron motion at ⌫̄m = 43 kHz is cooled by axial side-
band cooling [36, 39] and not discussed further. Figure 2c
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