
Alexei Prokudin
PSU Berks and JLab

THREE-DIMENSIONAL 
NUCLEON STRUCTURE



TMD PHYSICS

2

Experiment Phenomenology

Theory, 
SCET

Lattice QCD, 
models

TMD

Talks by: 
A. Bacchetta,  
P. Barry, 
F. Celiberto, 
A. Kerbizi, 
F. Zhao, 
I. Fernando, 
A. Conover, 
M. Alrashed, 
etc 

Talks by: 
J. Terry,  
L. Gamberg, 
T. Rainaldi, 
I. Moult, 
etc 

Talks by: 
M. Engelhardt,  
D. Sivers, 
Y. Zhao, 
etc 

Talks by: 
B. Parsamyan,  
H. Avakyan, 
M.Scott, 
T. Hayward, 
A. Martin, 
Z. Ji, 
Y. Deng, 
V. Andrieux, 
C. Aidala, 
etc 



3

TMD Handbook
A modern introduction to the physics of

Transverse Momentum Dependent distributions

A
pril6,2023

Renaud Boussarie
Matthias Burkardt
Martha Constantinou
William Detmold
Markus Ebert
Michael Engelhardt
Sean Fleming
Leonard Gamberg
Xiangdong Ji
Zhong-Bo Kang
Christopher Lee
Keh-Fei Liu
Simonetta Liuti
Thomas Mehen ⇤

Andreas Metz
John Negele
Daniel Pitonyak
Alexei Prokudin
Jian-Wei Qiu
Abha Rajan
Marc Schlegel
Phiala Shanahan
Peter Schweitzer
Iain W. Stewart ⇤

Andrey Tarasov
Raju Venugopalan
Ivan Vitev
Feng Yuan
Yong Zhao

⇤ - Editors

Almost everything I will talk 
about can be found in the 
TMD Handbook
2304.03302

TMD Topical Collaboration
12 chapters
471 pages

https://arxiv.org/abs/2304.03302


UNRAVELLING THE MYSTERIES OF RELATIVISTIC HADRONIC BOUND STATES
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Parton Distribution Functions provide fundamental description

fq/P (x)
longitudinal

Probability density to find a quark with a momentum fraction x
1D snapshot of fundamental constituents
Study of confined quarks and gluons

xP

Nucleons provide 98% of the 
mass of the visible universe
One of the goals of the modern 
nuclear physics is to study details 
of the structure of the nucleon 

The NNPDF4.0 global 
analysis of proton structure

Juan Rojo, VU Amsterdam & Nikhef

ATLAS Standard Model Plenary Meeting

7th October 2021



HADRON’S PARTONIC STRUCTURE
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One large scale (Q) sensitive to particle nature of quark and gluons
One small scale (kT) sensitive to how QCD bounds partons and to the 
detailed structure at ~fm distances.
TMDs provide detailed information on the spin structure
TMDs contain new probes, e.g. qgq operators rather that just qq or gg 
and thus include correlations
TMDs encode 3D structure in the momentum space (complementary to 
GPDs) 

Transverse Momentum Dependent functions (TMDs)

To study the physics of confined motion of quarks and gluons inside of 
the proton one needs a new type “hard probe” with two scales.

P
k

fq/P (x, kT )

longitudinal & transverse

kT

xP
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Wigner distributions  
(Fourier transform of GTMDs = 
Generalized Transverse 
Momentum Distributions)

Transverse Momentum Dependent
Distributions TMDs  

Fourier transform  
of Generalized Parton Distributions
                          (GPDs)

PDFs Fourier transform  
of Form Factors

kT

xP
bT

kT

xP xP
bT

xP
bT



QCD FACTORIZATION IS THE KEY!
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electron 
p

h 
h

� ⇡
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P

k

Factorization Probe Structure Power corrections

k

We need a probe to “see” quarks and gluons

+O

✓
M2

Q2

◆
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Vladimirov, arXiv:2307.1305 
Rodini, Vladimirov, arXiv:2306.09495 
Gamberg et al, arXiv:2211.13209  
Ebert, Gao, Stewart, arXiv:2112.07680 
Vladimirov, Moos, Scimemi, arXiv:2109.09771



TRANSVERSE MOMENTUM DEPENDENT FACTORIZATION
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qT � QSmall scale Large scale

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 h
h1

h2e-

e- e-e+

� � fq/P (x, kT )fq/P (x, kT )

µ+

µ�

Q, qT

The confined motion (kT dependence) is encoded in TMDs

Collins, Soper (1983)
Collins (2011)

Collins, Soper, Sterman (1985)
Ji, Ma, Yuan (2004)

Collins (2011)
Meng, Olness, Soper (1992)

Ji, Ma, Yuan (2005)
Idilbi, Ji, Ma, Yuan (2004) 

Collins (2011)
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� ⇠ fq/P (x, kT )Dh/q(z, kT )
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� ⇠ Dh1/P (z, kT )Dh2/q(z, kT )



COLLINS-SOPER EVOLUTION EQUATIONS
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µ = renormalization scale

� = Collins-Soper parameter

<latexit sha1_base64="bkxCCIQwI5cso8oz6mQuUqFUPD4="></latexit>

d ln F̃ (x, bT , µ, ⇣)

d lnµ
= �F (µ)

<latexit sha1_base64="IleepGCdG5lhzY8fPgWOy+fJIVc="></latexit>

@ ln F̃ (x, bT , µ, ⇣)

@ ln
p
⇣

= K̃(bT , µ)

Anomalous dimension of the TMD, 
can be expanded in perturbative series
Known up to 4 loops

Collins-Soper kernel, 
can be expanded in perturbative series 
at small 
Known up to 4 loops 

bT

Cusp anomalous dimension,
can be expanded in perturbative series
Known up to 5 loops

<latexit sha1_base64="E6U95e92p2OCjhxcMGR7ATXG9Iw=">AAACH3icbZDLSsNAFIYnXmu9VV26GSxCBS2JlOpGKLoRuqnQVqEJYTKZ1KEzkzAzEUrom7jxVdy4UETc9W2ctFl4OzDw8f/ncOb8QcKo0rY9tRYWl5ZXVktr5fWNza3tys5uX8WpxKSHYxbLuwApwqggPU01I3eJJIgHjNwGo6vcv30gUtFYdPU4IR5HQ0EjipE2kl9pupFEOAuhqykLCWzXAr977PL0aJKLTEDDE3gBT9wh4hz57Vpu+pWqXbdnBf+CU0AVFNXxK59uGOOUE6ExQ0oNHDvRXoakppiRSdlNFUkQHqEhGRgUiBPlZbP7JvDQKCGMYmme0HCmfp/IEFdqzAPTyZG+V7+9XPzPG6Q6OvcyKpJUE4Hni6KUQR3DPCwYUkmwZmMDCEtq/grxPTKBaRNp2YTg/D75L/RP606z3rhpVFuXRRwlsA8OQA044Ay0wDXogB7A4BE8g1fwZj1ZL9a79TFvXbCKmT3wo6zpF0RAoT8=</latexit>

dK̃(bT , µ)

d lnµ
= ��K(µ)

F. Herzog, S. Moch, B. Ruijl, T. Ueda, J.A.M. Vermaseren, A. Vogt, Phys. Lett. B 790 (2019) 

R.N. Lee, A. von Manteuffel, R.M. Schabinger, A.V. Smirnov, V.A. Smirnov and M. Steinhauser, 
Phys. Rev. Lett. 128 (2022) 212002

C. Duhr, B. Mistlberger and G. Vita, Phys. Rev. Lett. 129 (2022) 162001 
I. Moult, H.X. Zhu and Y.J. Zhu, JHEP 08 (2022) 280
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or rapidity RGE Collins Soper Eats
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known to 4 loops

g
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evolve from FT I Get Jfc Q

all orders
29 Mbt 2 dfl rasp asci 25641467

Note 25 ribs is non perturbative for bi n lace

Both equations needed to sun large legs

Resumnation Ls In g Ls h Qb I

COLLINS-SOPER EVOLUTION EQUATIONS
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Solutions of evolution equations contain large logarithms 
 and this logs can spoil perturbative 

convergence

Towers of these logs are resummed to all orders and therefore the 
precision is defined as logarithmic precision: (LL) Leading Log, (NLL) 
Next-to-Leading Log, etc

The highest precision achieved so far in TMD phenomenology is N4LL

αs log(Q/qT) ∼ αs log(QbT) ∼ 1



TMDS AT SMALL bT
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Operator Product Expansion is used to connect TMD to collinear PDFs 
(or other collinear functions for polarized TMDs)
Known up to N3LO M.A. Ebert, B. Mistlberger and G. Vita, JHEP 09 (2020) 146 

M.-x. Luo, T.-Z. Yang, H.X. Zhu and Y.J. Zhu, JHEP 06 (2021) 115
<latexit sha1_base64="16AA5WDvmOoXEkrBXFIKHAIgLYw="></latexit>

f̃
q
1 (x, bT ;µ, ⇣) =

X

k

Z 1+

x�

dx̂

x̂
C̃

PDF
q/k

⇣
x

x̂
, bT ; ⇣, µ,↵s(µ)

⌘
f
k
1 (x̂;µ) + O [(mbT )

p]

New studies to extend OPE to other TMDs

Are there integral relations?

Felix Rein, Simone Rodini, Andreas Schäfer, Alexey Vladimirov, e-Print: 2209.00962 
Daniel Gutierrez-Reyes , Ignazio Scimemi, Alexey Vladimirov JHEP 07 (2018) 172 
Ignazio Scimemi, Alexey Vladimirov Eur.Phys.J.C 78 (2018) 10, 802
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Figure 2.9: Comparison of the cumulative integral of the TMD PDF over kT  kcut
T to the longitudinal

PDF for the d-quark with x ⇤ 0.01 and kcut
T ⇤ 10 GeV as a function of both µ and ⇣. The star denote

the special point µ ⇤
p
⇣ ⇤ kcut

T . The contours increase in steps of 5%, such that the innermost shaded
regions indicate deviations of ±5%. Taken from Ref.[183].

Astonishingly, one finds that even in the presence of perturbative corrections and renor-
malization group running the TMD PDF and PDF agree extremely well; for the natural choice
for the two renormalization scale parameters µ ⇤

p
⇣ ⇤ kcut

T the agreement is at the percent
level. Thus we can conclude that

Z

kTkcut
T

d2kT fi/p
⇣
x , kT , µ ⇤ kcut

T ,
p
⇣ ⇤ kcut

T

⌘
' fi
�
x , µ ⇤ kcut

T
�
. (2.160)

This gives justification to the original physical picture underlying Eq. (2.159). The contour
bands in Fig. 2.9 also illustrate that the dependence on variations of either ⇣ or µ around kcut

T
is quite moderate, while there is a rather large effect of varying both scales simultaneously. As
explained in Chapter 4, a simultaneous variation, such as along the diagonal directions, in-
duces large double logarithms predicted by the hard evolution, which can not be compensated
by evolution of the collinear PDF.

To verify that the above observation is not an accidental feature of the values x ⇤ 0.01
and kcut

T ⇤ 10 GeV used so far, in Fig. 2.10 results for the comparison as a function of kcut
T (left

figure) and x (right figure) are given. Here the various sources of uncertainty are also assessed,
as indicated by the different colored bands. The yellow band shows very small uncertainties
from terms beyond third order in the 1/(bcut

T kcut
T ) expansion, which are assessed by varying the

choice of bcut
T used in the analysis. The green band shows the quite small uncertainties from

M. A. Ebert, J. K. L. Michel, I. W. Stewart and Z. Sun, JHEP 07 (2022) 129 
Gonzalez-Hernandez, T. Rainaldi, T.C. Rogers Phys.Rev.D 107 (2023) 9, 094029 
A. Bacchetta, A. Prokudin, Nucl.Phys.B 875 (2013) 536-551
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Figure 2.9: Comparison of the cumulative integral of the TMD PDF over kT  kcut
T to the longitudinal

PDF for the d-quark with x ⇤ 0.01 and kcut
T ⇤ 10 GeV as a function of both µ and ⇣. The star denote

the special point µ ⇤
p
⇣ ⇤ kcut

T . The contours increase in steps of 5%, such that the innermost shaded
regions indicate deviations of ±5%. Taken from Ref.[183].

Astonishingly, one finds that even in the presence of perturbative corrections and renor-
malization group running the TMD PDF and PDF agree extremely well; for the natural choice
for the two renormalization scale parameters µ ⇤

p
⇣ ⇤ kcut

T the agreement is at the percent
level. Thus we can conclude that
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This gives justification to the original physical picture underlying Eq. (2.159). The contour
bands in Fig. 2.9 also illustrate that the dependence on variations of either ⇣ or µ around kcut

T
is quite moderate, while there is a rather large effect of varying both scales simultaneously. As
explained in Chapter 4, a simultaneous variation, such as along the diagonal directions, in-
duces large double logarithms predicted by the hard evolution, which can not be compensated
by evolution of the collinear PDF.

To verify that the above observation is not an accidental feature of the values x ⇤ 0.01
and kcut

T ⇤ 10 GeV used so far, in Fig. 2.10 results for the comparison as a function of kcut
T (left

figure) and x (right figure) are given. Here the various sources of uncertainty are also assessed,
as indicated by the different colored bands. The yellow band shows very small uncertainties
from terms beyond third order in the 1/(bcut

T kcut
T ) expansion, which are assessed by varying the

choice of bcut
T used in the analysis. The green band shows the quite small uncertainties from



COLLINS-SOPER KERNEL
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Collins-Soper kernel is related to properties of QCD vacuum
It can be extracted from the data
It can be computed on lattice QCD

4

FIG. 2. Comparison of CS kernels extracted from differ-

ent combinations of the pseudo-data. The top plot shows all

possible (twelve) combinations of pseudo-data with different

kinematics, listed in the table I. The bottom plot show ex-

tractions made with different input collinear PDFs. The solid

lines are the central values. The shaded areas are the statis-

tical uncertainty. The oscillations at b ⇠ 4� 6GeV
�1

are due

to the finite bin size in the qT -space. The gray dashed line in

the lower plot shows the effect of incomplete cancellation of

parton’s momentum if PDFs in the comparing cross-section

are different (here, CT18 vs. CASCADE).

tions of CS kernel is shown in fig.3. The CASCADE
extraction lightly disagrees with the perturbative curve
(b < 1GeV�1), but in agreement with the SV19 [10] and
Pavia17 [7] for 1 < b < 3GeV�1.

The fit of the large-b part by a polynomial gives

D(b, µ) ⇠ [(0.069± 0.031)GeV]⇥ b, (11)

with a negligible quadratic part. We conclude that the
CASCADE suggests a linear asymptotic, which was also
used in the SV19 series of fits [9, 10, 37], and supported
by theoretical estimations [14, 38]

Conclusions. We have presented the method of di-
rect extraction of the CS kernel from the data, using the
proper combination of cross-sections with different kine-
matics. For explicitness, we considered the case of the
Drell-Yan process, but the method can be easily gener-
alized to other processes such as SIDIS, semi-inclusive
annihilation, Z/W-boson production, and their polarized
versions.
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FIG. 3. Comparison of the CS kernels obtained in different

approaches. CASCADE curve is obtained in this work. The

curves SV19, MAP22, Pavia19 and Pavia17 are obtained from

the fits of Drell-Yan and SIDIS data in refs. [39], [10], [11],

and [7], correspondingly. Dots represent the computations of

CS kernel on the lattice, with SVZES, ETMC/PKU, SVZ,

LPC20 and LPC22 corresponding to refs.[16], [40], [17], [41],

and [42].

The method is tested using the pseudo-data gener-
ated by the CASCADE event generator, and the corre-
sponding CS kernel is extracted. Amazingly, all expected
properties of the CS kernel (such as universality) are ob-
served in the CASCADE generator. This non-trivially
supports both the TMD factorization and the PB ap-
proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].

The procedure can be applied to the real experimental
data without modifications. In this case, the uncertain-
ties of extraction will be dominated by the statistical un-
certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
LHC [47], and EIC [48, 49]. They can be applied to al-
ready collected data after a rebinning. Importantly, the
procedure is model-independent and provides access to
the CS kernel based on the first principles.
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D ⌘ �K̃

2

Alexey Vladimirov,  Phys.Rev.Lett. 125 (2020) 19, 192002

The regularized soft factor SCΛ
is a function of ϱ and b2

(and μ2), because these are the only nonzero scalar products
in the task. The regularization is removed by limits
Λþ → ∞ and Λ− → ∞, but since the dependence on Λ’s
is given by a single variable ϱ, one of these limits is
obsolete. For definiteness, I fix Λ− ¼ λ−. The derivative
with respect to ϱ ¼ ðΛþλ−Þ−1 can be replaced by derivative
over λ−, and Eq. (6) turns into

Dðb; μÞ ¼ 1

2
lim

Λþ→∞

d ln SCΛ
ðb; μÞ

d ln λ−
: ð7Þ

The action of the derivative is

Dðb;μÞ¼ZDðμÞ

þ lim
Λþ→∞

λ−
ig
2

Tr
R
1
0 dβh0jFbþð−λ−nþbβÞWCΛ

j0i
Trh0jWCΛ

j0i
;

ð8Þ

where FbþðxÞ ¼ bμnνFμνðxÞ, with Fμν being a gluon-field
strength tensor, and ZDðμÞ ¼ d lnZS=d ln λ−. The contour
in the numerator starts and ends at the point ð−λ−nþ bβÞ, so
the numerator is the Wilson loop with insertion of the gluon
strength tensor. The limit Λþ → ∞ turns the contour CΛ
(with finite λ−) to the contour C0 shown in Fig. 2 in blue, and

Dðb; μÞ

¼ λ−
ig
2

Tr
R
1
0 dβh0jFbþð−λ−nþ bβÞWC0 j0i

Trh0jWC0 j0i
þ ZDðμÞ:

ð9Þ

Here, the numerator and the denominator have rapidity
divergences, which cancel each other. So, to use Eq. (9)
beyond tree order, a convenient regularization for these
divergences should be introduced. The term ZDðμÞ ¼
d lnZS=d ln λ− removes the ultraviolet divergences.

Peculiarly, it is additive rather than multiplicative, which
produces the renormalization group equation of the form (3),
with

dZDðμÞ
d ln μ

¼ ΓcuspðμÞ: ð10Þ

The additional cusps present in C0 do not introduces
divergences since ðnbÞ ¼ 0 [30].
Despite that the left-hand side of Eq. (9) has an explicit

entry of λ−, the expression is independent on it. It is an
outcome of the dependence of SCΛ

on ϱ. Alternatively, the
λ− independence can be seen as a consequence of the boost
invariance. Different values of λ− can be related by a boost
in the n direction. Therefore, λ− occurs in the numerator
and the denominator of Eq. (9) only due to the rapidity
divergences and cancel in the ratio. The independence on
λ− also demonstrates the universality of RAD for Drell-Yan
and SIDIS processes, which is dictated by the sign of λ− in
the current context.
The expression (9) is the main result of this Letter. In

contrast to previous works, the definition (9) gives a direct
access to RAD. In the next paragraphs, I demonstrate
possible applications of it and make elementary checks.
OPE and perturbative computation.—RAD is very well

studied in the perturbation theory, where it has been derived
up to next-to-next-to-leading order (NNLO) [15,28]. All
previous calculations have been done by evaluation of the
TMD soft factor [26,28], or TMD distributions [13,29],
with successive identification of rapidity divergent terms.
Using Eq. (9) RAD can be computed directly.
The perturbative calculation is made in the regime

b ≪ Λ−1
QCD. In this regime, RAD can be written as

Dðb; μÞ ¼ D0ðb; μÞ þ b2D2ðbÞ þ ðb2Þ2D4ðbÞ þ % % % ; ð11Þ

where dots designate terms accompanied by a higher power
of b2. Each Dn depends on b only logarithmically, via
lnðbμÞ. Importantly, the definition (9) is made for a finite b.
The limit b → 0 does not exist due to the presence of
divergent renormalization constant ZD that is independent
on b. Indeed, already at LO D0 ∼ αsðμÞ lnðbμÞ. The terms
with n > 0 do not depend on μ explicitly, as it follows from
the independence of ZD on b.
The computation of Dn can be done, for example, by the

background field method, similarly to calculations made in
Refs. [31,32]. It is convenient to use the background field in
the Schwinger gauge with a reference point at the origin.
With this choice, Wilson lines of background gluons turn to
unities at b → 0, which crucially simplifies the calculation.
The LO contribution to term D0 is given by a one-loop

diagram. The result of computation in the dimensional
regularization (d ¼ 4 − 2ϵ with ϵ > 0, and MS-scheme)
reads

FIG. 2. Contours defining the TMD soft factor (in the Drell-Yan
kinematics) and its derivatives. Axes n and n̄ are lightlike
(n2 ¼ n̄2 ¼ 0), and the axis T is transverse. The black (blue)
solid line shows contour C (C0). The black dashed lines show the
contour CΛ. The blue dot shows the insertion of gluon strength
tensor.
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➤ Addresses the question of partonic confined motion

➤ Evolution with x and Q2

➤ Flavor dependence of unpolarized TMDs

➤ Interplay with collinear QCD at large qT 

V. Moos, I. Scimemi, A. Vladimirov, 
P. Zurita arXiv:2305.07473 ?

?

?

f

Bacchetta, Delcarro, Pisano, Radici,  
Signori, arXiv:1703.10157

Figure 6. Plot of the Collins-Soper kernel at µ = 2 GeV. Di↵erent lines correspond to the independent

extractions CASCADE [81], SV19 [8], MAP22 [9], and ART23 (this work).

Figure 7. Shape of TMDs in the (x,b)-space. The color indicates the uncertainty.

Namely, they almost vanish at their lower boundary. For negligible values of �’s the b�profile
of the corresponding TMDPDF flattens. This is a clearly non-physical behavior, which results in
disturbed shapes of the uncertainty bands for d̄ and sea flavors at large-b. Simultaneously, it does
not produce any problem in the prediction for the cross-section, since the TMDPDFs contributes
in products with the evolution factors. It merely indicates that the present observables/data are
not restrictive enough for these flavor combinations.

The shapes of the TMDPDFs are shown in fig. 7 for u and d quarks (other flavors show similar
behaviour). The sizes of the uncertainty bands are shown in fig. 8 in comparison to the SV19 bands.
Generally, the uncertainty bands are increased by an order of magnitude, and grow faster with the
increase of b. This is the result of incorporating the PDF uncertainties, which helps to avoid the
PDF-bias and allows for a more realistic uncertainty estimation. The x-shape of the uncertainties
has become more involved. Their minimum is at x ⇠ 10�2, where the most precise data are
located. The sizes of quark- and anti-quark uncertainties are compatible, because most part of the
data depend on the product f1qf1q̄ that does not distinguish between quarks and anti-quarks.
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Framework W+Y HERMES COMPASS DY Z boson W boson N of points
KN 2006 

 hep-ph/0506225 LO-NLL W ✘ ✘ ✔ ✔ ✘ 98

QZ 2001 
 hep-ph/0506225 NLO-NLL W+Y ✘ ✘ ✔ ✔ ✘ 28 (?)

RESBOS 
 resbos@msu NLO-NNLL W+Y ✘ ✘ ✔ ✔ ✘ >100 (?)

Pavia 2013 
arXiv:1309.3507 LO-PM W ✔ ✘ ✘ ✘ ✘ 1538

Torino 2014 
arXiv:1312.6261 LO-PM W ✔ 

(separately)
✔ 

(separately) ✘ ✘ ✘ 576 (H) 
6284 (C)

DEMS 2014 
arXiv:1407.3311 NLO-NNLL W ✘ ✘ ✔ ✔ ✘ 223

EIKV 2014 
 arXiv:1401.5078  LO-NLL W 1 (x,Q2) bin 1 (x,Q2) bin ✔ ✔ ✘ 500 (?)

SIYY 2014 
arXiv:1406.3073 NLO-NLL W+Y ✘ ✔ ✔ ✔ ✘ 200 (?)

Pavia 2017 
arXiv:1703.10157 LO-NLL W ✔ ✔ ✔ ✔ ✘ 8059

SV 2017 
arXiv:1706.01473 NNLO-NNLL W ✘ ✘ ✔ ✔ ✘ 309

BSV 2019 
arXiv:1902.08474 NNLO-NNLL W ✘ ✘ ✔ ✔ ✘ 457

Pavia 2019 
arXiv:1912.07550 NNLO-N3LL W ✘ ✘ ✔ ✔ ✘ 353

SV 2019 
arXiv:1912.06532 NNLO-N3LL W ✔ ✔ ✔ ✔ ✘ 1039

MAP pion 2022 
arXiv:2210.01733 NLO-N3LL W ✘ ✘ ✔ ✘ ✘ 138

MAP 2022 
arXiv:2206.07598 NNLO-N3LL- W ✔ ✔ ✔ ✔ ✘ 2031

JAM 2023 
arXiv: 2302.01192 NLO-NNLL W ✘ ✘ ✔ ✘ ✘ 608

ART 2023 
arXiv:2305.07473 N3LO-N4LL W ✘ ✘ ✔ ✔ ✔ 627
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Usually implement the data cut  to minimize 
power corrections (aka W term only)

High perturbative accuracy and matching to collinear PDFs. Good 
perturbative convergence

Neglecting small higher twist contributions (i.e. Boer-Mulders)

Non perturbative TMD behavior in  and  - dependent, either 
flavor dependent or not

Some differences in solutions of evolution equations and 
separation of perturbative and non perturbative contributions

qT /Q < 0.2 ÷ 0.25

bT x
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 Z→pp 
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Figure 7: Measured absolute differential 3f

3?)
cross-sections with their total uncertainties shown as a function of ?T

for each |H | bin. The uncertainty of 1.8% in the integrated luminosity is not included. For each successive |H | bin, the
differential cross section is divided by a factor of ten for plotting purposes.

A stringent test of the compatibility between channels can be performed for the 3f

3H
measurements after

integration over ?T, since the statistical uncertainties are strongly reduced as shown in Fig. 5. The results
of this test are shown as a function of |H | in Fig. 6. The top panel of Fig. 6 shows comparisons between
separate fits done to each of the three channels. The overall p-value for the compatibility between the 44⇠⇠

and ``⇠⇠ channels is found to be 2%, while that between the 44⇠� and CC channels is found to be 3%.
The bottom panel of Fig. 6 shows the relative cross-section differences after performing the full combination
of all channels between the 44⇠⇠ and ``⇠⇠ channels for |H | < 2.4 and between the 44⇠� and CC channels
for 1.6 < |H | < 2.4. The residual tensions between channels arise mostly from the highest |H | bin.

5.2 Comparison between d22
dpZ dy

measurements and predictions

For the double-differential 3
2
f

3?)3H
measurements, the predictions are obtained by different state-of-the-art

QCD perturbative calculations based on @T resummation [44] at approximate approximate N4LL accuracy.
All these calculations, DYTurbo [45–47], CuTe-MCFM [48], Artemide [49], NangaParbat [50], RadISH [51–
53], and SCETlib [54], are currently being benchmarked in the LHC Standard Model working group.
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LHC provides DY data dominated by 
statistical sub % errors

To be compared with precise TMD
calculations
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Figure 7. Comparison between experimental data for the ATLAS 8TeV measurements in the
bin 66GeV < Q < 116GeV and 1.6 < |y| < 2 and the theoretical predictions obtained from the
fits to all perturbative orders considered in this analysis, i.e. NLL′, NNLL, NNLL′, and N3LL (see
section 2.4). The layout of the plot is the same as in figure 4.

is necessary to include higher perturbative corrections to obtain a good description of the

data and that N3LL corrections are still significant. On the other hand, it appears that

the perturbative series is nicely converging and N3LL accuracy seems appropriate within

the current experimental uncertainties.

In order to quantify the numerical impact of higher-order corrections, in figure 7 we

compare the predictions for all the available perturbative orders to the ATLAS 8TeV data

in the bin 66GeV < Q < 116GeV and 1.6 < |y| < 2. This plot shows how the inclusion

of higher-order corrections improves the shape of the predictions, particularly around the

peak region.

4.4 Reduced dataset and x dependence

The non-perturbative function fNP, eq. (2.36), accounts for the large-bT behaviour of

TMDs. It is in general a function of bT , ζ, and x. While the asymptotic dependence

on bT is driven by first-principle considerations (see section 2.5) and the evolution with ζ is

determined by the Collins-Soper equation (2.11), the dependence on x is totally unknown.

Moreover, a direct access to the x dependence is particularly difficult to achieve because it

requires cross-section data finely binned in rapidity y. In the dataset considered here, only

the ATLAS experiment delivers data differential in rapidity. Therefore, one would expect

that these datasets provide most of the sensitivity to the x dependence of TMDs.

In order to test this conjecture, we employed a particularly simple x-independent pa-

rameterisation of the non-perturbative function:

fDWS
NP (bT , ζ) = exp

[
−1

2

(
g1 + g2 ln

(
ζ

2Q2
0

))
b2T

]
, (4.2)

– 25 –

Bacchetta et al,  JHEP 07 (2020) 117

Figure 13. Di↵erential cross-section for the Z/�⇤ boson production measured by ATLAS, at di↵erent

values of
p
s, y, and Q. All details pertaining the values of the kinematic variables and their cut can be

seen in the plots. The plot for comparison with ATLAS at
p
s = 13 TeV can be found in fig.5 in a larger

scale.

– 28 –

The ATLAS Collaboration, arXiv:2309.09318

http://arxiv.org/abs/arXiv:2309.09318


UNPOLARIZED SIDIS TMD MEASUREMENTS

18

f
Combination of various processes is important for the tests of universality 
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Figure 7. Same conventions and notation as in previous figure but for unidentified positively
charged hadrons off deuteron target.
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Figure 17. Unpolarized SIDIS multiplicities (4.4) (multiplied by z2) for production of pions off pro-
ton/deuteron measured by HERMES in different bins of x, z and pT . Solid (dashed) lines show the theory
prediction at NNLO (N3LO). Filled (empty) point were (not) included in the fit of NP parameters. On the
top of the table the value of �2/Npt for each channel is presented, the value in brackets being the �2/Npt

for shown set of the data (empty and filled points together). For clarity each pT bin is shifted by an offset
indicated in the legend.
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and similarly for higher orders, and we introduce the following normalization factor:

ω(x, z,Q) = dσnomix

dx dz dQ

/ ˆ
d2qT W . (2.51)

We stress that these normalization factors depend only on the collinear PDFs and FFs, are
independent of the parametrization of the nonperturbative part of the TMDs, and can be
computed before performing a fit of the latter.

At NLL, ω(x, z,Q) = 1. Beyond NLL, the prefactor becomes larger than one and
guarantees that the integral of the TMD part of the cross section reproduces most of the
collinear cross section, as suggested by the data. On the contrary, without the enhancement
due to the normalization factor, the integral of the TMD part of the cross section would
be too small, requiring a large role of the high-transverse-momentum tail, which is not
observed in the data. The impact of the normalization factor defined in eq. (2.51) will be
addressed in detail in section 4.

As a consequence of our procedure, the theoretical expression for the SIDIS cross
section in eq. (2.23) becomes

dσSIDIS
ω

dx dz d|qT | dQ
= ω(x, z,Q) dσSIDIS

dx dz d|qT | dQ
. (2.52)

3 Data selection

In this section we describe the experimental data included in our global analysis. We
consider a large number of datasets related to DY lepton pair production and SIDIS, for
the observables discussed in section 2.1 and section 2.2. The coverage in the x-Q2 plane
spanned by these datasets is illustrated in figure 3.

The majority of datasets analyzed in the present work was already included in the
global analysis of SIDIS and DY data in ref. [5] and in the fit of DY data discussed in
ref. [7]. For more details, we refer the reader to those references. The new datasets
included in the present analysis are:

• DY di-muon production from the collision of a proton beam with an energy of 800GeV
on a 2H fixed target from E772 (√s = 38.8GeV) [76];

• DY di-muon production from the PHENIX Collaboration [77];

• DY data at 13TeV from the CMS Collaboration [78] and the ATLAS Collabora-
tion [79].

3.1 Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | " Q.
Therefore, in agreement with the choices of refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (3.1)

– 16 –
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– Orbital motion. Most TMDs would vanish in the ab-
sence of parton orbital angular momentum, and thus
enable us to quantify the amount of orbital motion.

– Spin-orbit correlations. Most TMDs and related ob-
servables are due to couplings of the transverse mo-
mentum of quarks with the spin of the nucleon (or
the quark). Spin-orbit correlations in QCD, akin to
those in hydrogen atoms and topological insulators,
can therefore be studied.

– Gauge invariance and universality. The origin of some
TMDs and related spin asymmetries, at the partonic
level, depend on fundamental properties of QCD, such
as its color gauge invariance. This leads to clear differ-
ences between TMDs in different processes, which can
be experimentally tested.

The “simplest” TMD is the unpolarized function
fq
1 (x, kT ), which describes, in a fast moving nucleon,

the probability of finding a quark carrying the longitu-
dinal momentum fraction x of the nucleon momentum,
and a transverse momentum kT = |kT |. It is related to
the collinear (“integrated”) PDF by

∫
d2kT fq

1 (x, kT ) =
fq
1 (x). In addition to fq

1 (x, kT ), there are two other TMDs:
gq
1L(x, kT ) and hq

1(x, kT ), whose integrals correspond to
the collinear PDFs: the longitudinal polarized structure
function discussed in the previous section and the quark
transversity distribution. The latter is related to the ten-
sor charge of the nucleon. These three distributions can
be regarded as a simple transverse-momentum extension
of the associated integrated quark distributions. More im-
portantly, the power and rich possibilities of the TMD
approach arise from the simple fact that kT is a vector,
which allows for various correlations with the other vectors
involved: the nucleon momentum P , the nucleon spin S,
and the parton spin (say a quark, sq). Accordingly, there
are eight independent TMD quark distributions as shown
in fig. 16. Apart from the straightforward extension of the
normal PDFs to the TMDs, there are five TMD quark
distributions, which are sensitive to the direction of kT ,
and will vanish with a simple kT integral.

Because of the correlations between the quark trans-
verse momentum and the nucleon spin, the TMDs natu-
rally provide important information on the dynamics of
partons in the transverse plane in momentum space, as
compared to the GPDs which describe the dynamics of
partons in the transverse plane in position space. Mea-
surements of the TMD quark distributions provide infor-
mation about the correlation between the quark orbital
angular momentum and the nucleon/quark spin because
they require wave function components with nonzero or-
bital angular momentum. Combining the wealth of infor-
mation from all of these functions could thus be invalu-
able for disentangling spin-orbit correlations in the nu-
cleon wave function, and providing important information
about the quark orbital angular momentum. One partic-
ular example is the quark Sivers function f⊥q

1T which de-
scribes the transverse-momentum distribution correlated
with the transverse polarization vector of the nucleon.
As a result, the quark distribution will be azimuthally
asymmetric in the transverse-momentum space in a trans-

Fig. 17. The density in the transverse-momentum plane for
unpolarized quarks with x = 0.1 in a nucleon polarized along
the ŷ direction. The anisotropy due to the proton polarization
is described by the Sivers function, for which the model of [79]
is used. The deep red (blue) indicates large negative (positive)
values for the Sivers function.

versely polarized nucleon. Figure 17 demonstrates the de-
formations of the up and down quark distributions. There
is strong evidence of the Sivers effect in the DIS experi-
ments observed by the HERMES, COMPASS, and JLab
Hall A collaborations [80–82]. An important aspect of the
Sivers functions that has been revealed theoretically in last
few years is the process dependence and the color gauge
invariance [83–86]. Together with the Boer-Mulders func-
tion, they are denoted as naive time-reversal odd (T -odd)
functions. In SIDIS, where a leading hadron is detected
in coincidence with the scattered lepton, the quark Sivers
function arises due to the exchange of (infinitely many)
gluons between the active struck quark and the remnants
of the target, which is referred to as final-state interaction
effects in DIS. On the other hand, for the Drell-Yan lep-
ton pair production process, it is due to the initial-state
interaction effects. As a consequence, the quark Sivers and
Boer-Mulders functions differ by a sign in these two pro-
cesses. This non-universality is a fundamental prediction
from the gauge invariance of QCD [84]. The experimental
check of this sign change is currently one of the outstand-
ing topics in hadronic physics, and Sivers functions from
the Drell-Yan process can be measured at RHIC.

2.3.2 Opportunities for measurements of TMDs at the EIC

To study the transverse-momentum–dependent parton
distributions in high-energy hadronic processes, an addi-
tional hard momentum scale is essential, besides the trans-
verse momentum, for proper interpretation of results. This
hard momentum scale needs to be much larger than the
transverse momentum. At the EIC, DIS processes natu-
rally provide a hard momentum scale: Q, the virtuality
of the photon. More importantly, the wide range of Q2

values presents a unique opportunity to systematically in-
vestigate the strong interaction dynamics associated with
the TMDs. Although there has been tremendous progress
in understanding TMDs, without a new lepton-hadron col-
lider, many aspects of TMDs will remain unexplored —or
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Sivers function Transversity

➤ Describes unpolarized quarks inside of 
transversely polarized nucleon 

➤ Encodes the correlation of orbital motion 
with the spin

➤ The only source of information on tensor 
charge of the nucleon

➤ Couples to Collins fragmentation function 
or di-hadron interference fragmentation 
functions in SIDIS

POLARIZED TMD FUNCTIONS
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The tensor charge of the nucleon is one of its fundamental charges and is important 
for BSM studies (beta decay, EDM).  Processes sensitive to TMDs can play an 

important role in these efforts (Courtoy, et al. (2015); Yamanaka, et al. (2017), Liu, 
et al. (2018),…).  Lattice QCD has also calculated the tensor charges with great 
precision (Gupta, et al. (2018); Hasan, et al. (2019), Alexandrou, et. (2019),…).

TMDs

BSM Lattice

Tensor 
charge

8

➤ Sign change of Sivers function is 
fundamental consequence of QCD 

Brodsky, Hwang, Schmidt (2002), Collins (2002)
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(2014); Radici, et al. (2013, 
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Framework e+e- SIDIS DY W,Z boson AN pp lattice Extracted

Anselmino et al 2015 
 arXiv:1510.05389 parton model ✔ ✔ - - - ✘ Transversity, 

Collins FF
Lefky, Prokudin 2015 

 arXiv:1411.0580 parton model - ✔ - - - -

Kang et al 2016 
 arXiv:1505.05589 NLO-NLL ✔ ✔ - - - ✘ Transversity, 

Collins FF
Anselmino et al 2017 
 arXiv:1612.06413 parton model - ✔ ✔ - - - Sivers

Lin et al 2018 
 arXiv:1710.09858 parton model ✔ ✔ - - - ✔ Transversity, 

Collins FF

D’Alesio et al 2020 
 arXiv:2001.01573 parton model ✔ ✔ ✘ - ✘ ✘

Transversity, 
Collins FF

Cammarora et al 2020 
(JAM3D20) 

 arXiv:2002.08384
parton model ✔ ✔ ✔ ✔ ✔ ✘

Transversity, 
Sivers, Collins 

Bachetta et al 2020 
 arXiv:2004.14278 NLO-NNLL - ✔ ✔ ✔ ✘ - Sivers

Echevarria et al 2021 
 arXiv:2009.10710 NLO-NNLL - ✔ ✔ ✔ ✘ - Sivers

Bhattacharya et al 2021 
arXiv:2110.10253 parton model - ✔ - - - -

Bury, Prokudin, Valdimirov 
2021 arXiv:2103.03270 NLO-N3LL - ✔ ✔ ✔ ✘ - Sivers

Gamberg et al 2022 
(JAM3D22) 

 arXiv:2205.00999 
parton model ✔ ✔ ✔ ✔ ✔ ✔

Transversity, 
Sivers, Collins 

Horstmann et al 2022 
arXiv:2210.07268 NLO-N3LL - ✔ - - - -

Fernando et al 2023 
 arXiv:2304.14328 parton model - ✔ ✔ ✘ ✘ - Sivers
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g1T

g1T
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Once the the lattice gT data point is included, we find the 
non-perturbative functions can accommodate it and still 
describe the experimental data well

    𝜹u and 𝜹d Q2=4 GeV2

   𝜹u= 0.74     0.11

   𝜹d= -0.15    0.12

   gT=  0.89    0.06

Tensor charge  from up and down quarks
and gT = 𝜹u-𝜹d are well constrained and 
compatible with both lattice results and the 
Soffer bound 

±
±
±

JAM22: Gamberg, Malda, Miller, Pitonyak, Prokudin, 
Sato, Phys.Rev.D 106 (2022) 3, 034014
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FIG. 17. Transversity PDFs xh
uv
1 (top row), xhdv

1 (middle row) and xh
ū
1 (bottom row) plotted as a function of x at the scale

µ
2 = 4 GeV2. Our results (JAMDiFF) are shown at 1� both with (blue) and without (red) LQCD included in the fit and are

compared to those from JAM3D⇤ [54, 149] at 1� with (cyan) and without (green) LQCD and RB18 [68] (gold, 90% CL). The

So↵er bound is indicated by the dashed black lines. Note that for JAMDiFF and JAM3D⇤ the relation h
d̄
1 = �h

ū
1 from the

large-Nc limit is enforced, while for RB18 the antiquarks are not fitted.

Bacchetta [68] (whose analysis did not consider the inclusion of lattice data). We also compare to a version of JAM3D
that has been slightly updated from Ref. [54] (see the footnote [149]) that we will refer to as JAM3D⇤. For the no
LQCD results we agree with RB18 within errors, but with a larger h

uv
1 in the region 0.04 . x . 0.3. The overall

smaller errors on our analysis can be partially attributed to the inclusion of all three SIDIS binnings (xbj, z, Mh),
while the RB18 analysis only included the xbj binning. We note that the inclusion of the small-x constraint (Eq. (23))
and antiquarks in this analysis (neither of which were included in RB18) have no significant impact on the valence
transversity distributions in the measured region. For details on the comparison to JAM3D⇤, see Ref. [109].

Within our analysis, the increase in h
uv
1 in the x & 0.3 region when LQCD is included is a consequence of the LQCD

results for �u being larger than the result of the fit without LQCD (see Fig. 2 of Ref. [109]). The experimental data
provides strong constraints in the 0.005 . x . 0.2 region (see Fig. 1), while the small-x constraint of Eq. (23) prevents
h
uv
1 from becoming significantly larger at x . 0.005. Similarly, the So↵er bound does not allow the transversity PDF

to get large at very high x. Thus, in order to increase �u, the best option for the fit is to increase h
uv
1 in the x ⇡ 0.3

region, although this leads to a slight deterioration in the description of the SIDIS data (see Table II), especially the
COMPASS xbj binning. For hdv

1 , the largest change occurs below x ⇡ 0.05, where, after the inclusion of the LQCD
data, it now tends to be negative. This is a consequence of the LQCD result for �d being more negative than the
result of the fit without LQCD.

In Fig. 17 we also show in the bottom row the JAMDiFF (no LQCD) result for the antiquark transversity dis-
tributions and compare to JAM3D⇤, where both analyses assume h

ū

1 = �h
d̄

1 (see Sec. III C). The two results are in
agreement. The So↵er bound forces the antiquarks to be very small above x & 0.3. Below that region, they still

The experimental measurements are sensitive to the x-dependence of the transversity 
PDFs, not the full moment like the lattice data (EIC and JLab are needed)
JAM3D* and JAMDiFF agree on the x-dependence of transversity (nontrivial since the 
lattice data only constrains the full moment of the transversity PDFs )
JAM3D* and JAMDiFF can successfully include lattice QCD data on the tensor charges 
in the analyses, thus showing for the first time the universal nature of all available 
information on transversity and the tensor charges of the nucleon

4

FIG. 1. Transversity PDFs xhuv
1 (top row) and xhdv

1 (bottom
row) plotted as a function of x at the scale µ2 = 4 GeV2.
Our results (JAMDiFF) are shown at 1� both without (red)
and with (blue) LQCD included in the fit and are compared
to those from JAM3D⇤ [23, 95] at 1� without (green) and
with (cyan) LQCD as well as RB18 [19] (gold, 90% confidence
level). The So↵er bound is indicated by the dashed black
lines.

under consideration, amassing 1471 experimental data
points. Both with and without LQCD we are able to
describe all of the experimental data very well. We will
discuss the �

2
red for the LQCD fit below in conjunction

with the tensor charge results.
Transversity PDFs — In Fig. 1 we compare our results

with and without LQCD for the transversity valence dis-
tributions to those from Radici, Bacchetta [19] (RB18)
(whose analysis did not consider the inclusion of lattice
data) and a version of JAM3D that has been slightly up-
dated from Ref. [23] (see the footnote [95]) that we will
refer to as JAM3D⇤. For the no LQCD results we agree
with RB18 within errors, but with a larger h

uv
1 in the

region 0.04 . x . 0.3.
Comparing to JAM3D⇤ without LQCD, we find that

our distributions agree, except huv
1 from JAM3D⇤ has a

preference to be slightly larger at higher x. When in-
cluding LQCD, the results for hdv

1 remain in agreement,
while our result for h

uv
1 is slightly larger than JAM3D⇤

in the x & 0.3 valence region and slightly smaller for
0.01 . x . 0.1. While the inclusion of the LQCD data
fixes the moments of the valence transversity PDFs, it is
non-trivial to find that the x-dependence of the JAMD-
iFF and JAM3D⇤ distributions also largely match. (A
comparison with LQCD results for the x-dependence of
transversity [96, 97] can be found in Ref. [23].)

Tensor Charges — In Fig. 2 we show the tensor charges
extracted without and with LQCD and compare to other
phenomenological analyses and LQCD calculations. Note
that, as discussed above, we use theoretical constraints
that limit the PDFs at small x . 0.005 (Eq. (8)) and
high x & 0.5 (the So↵er bound) so that our results for
the full moments are not subject to uncontrolled extrap-
olation errors. Without LQCD, we find that JAMDiFF,
JAM3D⇤, and RB18 all agree within errors, with our
analysis and JAM3D⇤ preferring a larger �u to the RB18

0.7 0.8

�0.19

�0.20

�0.21

FIG. 2. The tensor charges �u, �d, and gT . Our results
(JAMDiFF) are shown at 1� with (blue) and without (red)
LQCD. They are compared to the JAM3D⇤ [23, 95] results
at 1� with (cyan) and without (green) LQCD, the result of
RB18 [19] (gold square, 90% confidence level), LQCD compu-
tations [24, 25, 28] (magenta points), and other phenomeno-
logical extractions [13, 16, 17, 20, 21] (black circles). The
inset shows a close up of the LQCD data and the results from
the JAMDiFF and JAM3D⇤ (both with LQCD) fits. All re-
sults are at the scale µ2 = 4GeV2, except for Anselmino et al
(2.4GeV2), Kang et al (10GeV2), and Benel et al (5GeV2).

value. Comparing to LQCD for �u, we find a 3.2� (3.9�)
discrepancy with ETMC (PNDME), while for �d we find
1.4� (1.4�). For gT we find agreement with all other
phenomenological results due to large error bars on most
extractions, but a 3.5� (3.9�) discrepancy with ETMC
(PNDME).
For the results with LQCD included in the fit, shown

in the inset of Fig. 2, our analysis has no issue in accom-
modating the lattice result for �d (0.8� di↵erence with
ETMC and 0.2� with PNDME). Our result for �u agrees
with that of ETMC (0.6� di↵erence), but remains smaller
than the PNDME data point (2.3� di↵erence). For gT

(which is not directly included in this analysis) we find a
result that is in agreement with ETMC (0.8� di↵erence)
but again smaller than PNDME (1.9� di↵erence). Our
tensor charges are summarized in Table II.
Although our no LQCD result for �u is much smaller

than the values from ETMC and PNDME, we find that
the fit is able to accommodate that lattice data with-
out deteriorating in its description of the experimental
measurements. The noticeable (⇠ 3�) shift in �u when
including LQCD in the analysis seems surprising at first.
However, while the experimental data has a preference
for the size of huv

1 at large x & 0.3, this is a mild prefer-
ence that is easily changed by the inclusion of the LQCD
data, as seen in Fig. 1. If additional (precise) experi-
mental data were available at large x, it would provide
further insight on the behavior of huv

1 in that region.
Clearly the inclusion of the precise LQCD �u data

creates a preference for a larger h
uv
1 (along with the

2015 STAR data, as demonstrated by its �
2
red improv-

ing with the inclusion of LQCD) than the experimental
data alone. In such a situation where there are com-

JAMDIFF23: C. Cocuzza, A. Metz, D. Pitonyak, A. Prokudin, N. Sato, R. Seidl e-Print: 2308.14857(2023) 
C. Cocuzza, A. Metz, D. Pitonyak, A. Prokudin, N. Sato, R. Seidl e-Print: 2306.12998(2023)

x
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FIG. 2. The density distribution ⇢ap" of an unpolarized quark with flavor a in a proton polarized along the +y direction and
moving towards the reader, as a function of (kx, ky) at Q2 = 4 GeV2. Left panels for the up quark, right panels for the down
quark. Upper panels for results at x = 0.1, lower panels at x = 0.01. For each panel, lower ancillary plots represent the 68%
uncertainty band of the distribution at ky = 0 (where the effect of the distortion due to the Sivers function is maximal) while
left ancillary plots at kx = 0 (where the distribution is the same as for an unpolarized proton). Results in the contour plots
and the solid lines in the projections correspond to replica 105.

induced distortion is positive along the +x direction for
the up quark (left panels), and opposite for the down
quark (right panels).

At x = 0.1 the distortion due to the Sivers effect is
evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is opposite for
up and down quarks, reflecting the opposite sign of the
Sivers function. It is more pronounced for down quarks,
because the Sivers function is larger and at the same time
the unpolarized TMD is smaller. At lower values of x, the
distortion disappears. These plots suggest that a virtual
photon hitting a transversely polarized proton effectively
“sees” more up quarks to its right and more down quarks
to its left in momentum space. The peak positions are ap-
proximately (kx)max ⇡ 0.1 GeV for up quarks and �0.15
GeV for down quarks. To have a feeling of the order of
magnitude of this distortion, we can estimate the expres-
sion eq/(kx)max ⇡ 2 ⇥ 10�34C ⇥ m ⇡ 0.6 ⇥ 10�4 debye,

which is about 3 ⇥ 10�5 times the electric dipole of a
water molecule.

The existence of this distortion requires two ingredi-
ents. First of all, the wavefunction describing quarks
inside the proton must have a component with nonvan-
ishing angular momentum. Secondly, effects due to final
state interactions should be present [36], which in Feyn-
man gauge can be described as the exchange of Coulomb
gluons between the quark and the rest of the proton [37].
In simplified models [38], it is possible to separate these
two ingredients and obtain an estimate of the angular
momentum carried by each quark [39]. It turns out that
up quarks give almost 50% contribution to the proton’s
spin, while all other quarks and antiquarks give less than
10% [14]. We will leave this model-dependent study to
a future publication. A model-independent estimate of
quark angular momentum requires the determination of
parton distributions that depend simultaneously on mo-
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(a) (b)

(c) (d)

Figure 17. Tomographic scan of the nucleon via the momentum space quark density function
⇢1;q h"(x,kT ,ST , µ) defined in Eq. (4.7) at x = 0.1 and µ = 2 GeV. Panel (a) is for u quarks, panel
(b) is for d quark, panel (c) is for ū quark, and panel (d) is for s quark. The variation of color in the plot
is due to variation of replicas and illustrates the uncertainty of the extraction. The nucleon polarization
vector is along ŷ-direction. White cross indicates the position of the origin (0, 0) in order to highlight the
shift of the distributions along x̂-direction due to the Sivers function.

polarization, we introduce the momentum space quark density function

⇢1;q h"(x,kT ,ST , µ) = f1;q h(x, kT ; µ, µ
2) �

kTx

M
f
?
1T ;q h(x, kT ; µ, µ

2), (4.7)

where kT is a two-dimensional vector (kTx, kTy). This function reflects the TMD density of un-
polarized quark q in the spin-1/2 hadron totally polarized in ŷ-direction, ST = (Sx, Sy), where
Sx = 0, Sy = 1, compare to Eq. (4.2). In Fig. 17 we plot ⇢ at x = 0.1 and µ = 2 GeV. To present
the uncertainty in unpolarized and Sivers function, we randomly select one replica for each point of
a figure. Thus, the color fluctuation roughly reflects the uncertainty band of our extraction. The
presented pictures have a shift of the maximum in kTx, which is the influence of Sivers function that
introduces a dipole modulation of the momentum space quark densities. This shift corresponds to
the correlation of the Orbital Angular Momentum (OAM) of quarks and the nucleon’s spin. One
can see from Fig. 17 that u quark has a negative correlation and d quark has a positive correlation.
Without OAM of quarks, such a correlation and the Sivers function are zero, and thus we can
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The shift in the transverse plane is generated by the Sivers function
The opposite signs of the shift are consistent with lattice QCD findings 
on the opposite signs of the OAM for u and d quarks
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Figure 5.11: Tomographic scan of the nucleon via the momentum space quark density function
⇢1;q h" (x ,~kT , ~ST , µ) defined in Eq. (5.27) at x ⇤ 0.1 and µ ⇤ 2 GeV. Panels are for u and d quarks.
The variation of color in the plot is due to variation of replicas and illustrates the uncertainty of the
extraction. The nucleon polarization vector is along ŷ-direction. The figures are from Ref. [375].

Figure 5.12: The density distribution ⇢a
p"

of an unpolarized quark with flavor a in a proton polarized
along the +y direction and moving towards the reader, as a function of (kx , ky) at Q2 ⇤ 4 GeV2. The
figures are from Ref. [362].

Figure 5.13: The density distribution of an unpolarized up and down quarks using Sivers functions
from Ref. [18].

JAM20: Cammarota, Gamberg, Kang, Miller, Pitonyak, Prokudin, Rogers, Sato Phys.Rev.D 102 (2020) 5, 05400 (2020)

M. Bury, A. Prokudin, A. Vladimirov, Phys.Rev.Lett. 126 (2021) A. Bacchetta, F. Delcarro, C. Pisano, M. Radici Phys.Lett.B 827 (2020)

Miguel G. Echevarria, Zhong-Bo Kang, John Terry JHEP 01 (2021) 126



Chapter 1

Overview: Science, Machine and
Deliverables of the EIC

1.1 Scientific Highlights

1.1.1 Nucleon Spin and its 3D Structure and Tomography

Several decades of experiments on deep inelastic scattering (DIS) of electron or muon beams
o↵ nucleons have taught us about how quarks and gluons (collectively called partons) share
the momentum of a fast-moving nucleon. They have not, however, resolved the question of
how partons share the nucleon’s spin and build up other nucleon intrinsic properties, such
as its mass and magnetic moment. The earlier studies were limited to providing the lon-
gitudinal momentum distribution of quarks and gluons, a one-dimensional view of nucleon
structure. The EIC is designed to yield much greater insight into the nucleon structure
(Fig. 1.1, from left to right), by facilitating multi-dimensional maps of the distributions of
partons in space, momentum (including momentum components transverse to the nucleon
momentum), spin, and flavor.

Figure 1.1: Evolution of our understanding of nucleon spin structure. Left: In the 1980s,
a nucleon’s spin was naively explained by the alignment of the spins of its constituent quarks.
Right: In the current picture, valence quarks, sea quarks and gluons, and their possible orbital
motion are expected to contribute to overall nucleon spin.

1

CONCLUSIONS
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TMD studies have made great progress, they are 
synergistic with many other areas: lattice QCD, SCET, 
small-x, jets, etc
Current: HERMES, COMPASS, JLab 12, BELLE, RHIC 
spin, and LHC provide great experimental measurements 
for TMD physics
Future: ElC, together with other experiments such as 
SoLID at JLab 12 and BELLE II, will make significant 
contributions to TMD studies


