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Motivation

Advantages
e Systematic approach for any spin j
e “Basic” algebraic construction su(2) — su(N) — sl(2,C)
e Covariant “multipole” basis physical interpretation

Parity conserving interactions — generalized Dirac algebra

Any form of dynamics (instant form, light front)

Exact degrees of freedom (chiral reps), no need for constraints
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Introduction: Review of Weinberg’s formalism

Weinberg’s “Feynman rules for Any Spin” (1964) [Wigner(1939)]
@ Algebra for Generators of the Lorentz group
[Jla«]]m] = 1€mndn , [leKm] = teimnKp | [KlaKm] = —i€mndn
e Two independent su(2) subalgebras — irreps (ja,jB)
Ap=1Jn+iKnp) , Bn=31iJn—iKy)
[Ala Am] = 2.elmnAn y [Bme] = Z'elmn]Bn s [Ala Em] =0
e Simplest irreps that contain spin-j — (2j + 1 components)
o Right-handed (4,0): K, = —iJn,

o Left-handed (0,5): K, — +iJ,,
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Introduction: Review of Weinberg’s formalism

Causal chiral fields (massive, left- right-handed)

e Lorentz invariant S-matrix using a Hamiltonian density built up from causal fields

U[A,a]wa(x)U[X,la] = Z (D[(/{)_l]>ao’ ¢a’(Ax+a)

[

e No EoM for chiral fields (only obey KG eq.)

e Spinors appearing in the fields (not invariants, depend on choice boost)

G) _ _—p-JDe

Dy =¢™"
Canonical —

AU 4pJe

Digy =€
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Introduction: Review of Weinberg’s formalism

Propagator of chiral fields
19, (5 w) = m* DI L] (DY, L)) = m? (e270)

e Numerator (invariant) . oo
=) (= e e i ( 2p T
1Y), (5, w) = m? D((ja), [L(D)] (ng,)ou [L(;E')]) =m? (62" e 9)

oo’

e Introduction of 2j-rank t-tensors 1Y), (7,w) =t 2 p, p, e Dus,

totally symmetric ﬂgjg, (Dyw) =8 Dy Dy - D,
covariantly traceless gﬂk#ltg;.,..llk-..ML-..H2]‘ -0
0 _ 2555 5
o Central role of ¢-tensors D Lp)] — tH R B D Dy -+ - Ppia

used to construct boosts/spinors D[(é)(p)] — ket B

(p* not four-vectors) Canonical: o=/ m(po +m,p’)
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Introduction: Review of Weinberg’s formalism

Bi-Spinors (direct sum representation (7,0) (0, 7))

e For Parity conserving interactions the direct sum of both chiral representations is
used, like the spin 1/2 case

@ Boosts and bispinor (Weyl rep.)
pY o . o o .
(4) (4 2G) [Lp] o) — (®) )
UGysy = Diz, s’ ( 0" DY) ul =1 19) uy
D

o (5) O] ° () ) :
ug’ = o ) ¢s) =m? 1 (1 in the s-th position)
ot .

e Adjoint bispinor (DEFA] = ﬂD[ﬁﬂ)

. o ¥ o)
el () tg_ oWtp@ tg gt ) . _ 0 1
Up.s) = Uips) B Pl P = ( ) ’ 5—(1@') 0
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Introduction: Review of Weinberg’s formalism

Dirac Eq. & Gamma matrices
e The bispinor satisfy the Dirac eq.
o)

(,ym'-'uszm T Pusgy m2j) (p,s) — 0

ﬂéi)?s) (’meuszm ©Pug; m2j) =0

@ The gamma matrices

" 0 I . 0.0 0 1) ) —1G) 0
e = < THa g 0 ) P B= - ( 10) 0 b 0 1)
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Algorithm for construction of t-tensors

Insightful construction for the t-tensors

@ The 0-th degree polynomial in the J’s is always 90 =1

@ The linear polynomials . 2 1
j tO.A.'L...O — J — 71],
are the Rotation Group Generators 2570 T 47

e From pairwise symmetrizations of the rotation generators

3
1 1 1
tO...m...O...n...O — tmnO...O — o ({Jm; Jn} _ gémn § {Jra Jr}) + §t006mn
21(25-2)! r=1

J m0...0 4n0...0 1 0‘..0>
= I (fymo-0y B "
(2 —1) ({ J J
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Algorithm for construction of t-tensors

e Continues for higher orders

e Matrices have more and more off-diagonal elements

tlmnO...O _ tO...OlO...UmU...OnO...O _ {th...O tmnO...O} + {tmO...O tnlO...O} + {tnO...O tlmO...O}

Ll(
(2j—2)3
_2 {5lmtn0m0 + §lntm0"'0 + 6mntl0'“0}>
J
e Stops after j steps (eigenvalue eq.) (J=8)(J—s5—1)..(J+s)=0

e t-tensors contain a basis for su(N=2j+1)
(Universal Enveloping Algebra)
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t"-tensor for Spin 1/2

0-th order terms in Ji(l/Q): =1

A
1/2%

(2 _ (0 1 2 _ (0 —i a2 _ (1 0
A= (1) —(i o) =Y

/2

Linear terms in J;
(Pauli matrices)

Quadratic terms in

(JW/D — 1) (J/D 4 11y =0 = (J/D)2 = 1 + o]/
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t*”-tensor for Spin 1

0-th order terms in Ji(l): 0 =1

Linear terms in Ji(l): 0 = g™

01 1 0 10 02 0 03 L
= [ 1 0 1 0% = 1 0 -1 %=1 0
V2l 1 o 0 0
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Algebra of t-tensors

Reduction for Cubic Monomials
e Central role of the covariant ¢-tensors (spinors, boosts, propagators, gamma matrices)
e Bilinear calculus involve products with alternating “barring” pattern: ttt - - -

e Matrices in t-tensors form a basis of su(2j + 1) — Products can be linearized

e Cubic products are reduced with an Invariant Tensor

2j
s v 1
FHLT 2 P12 401025 - S S crPorenr N oo
()% {1 p2; }{or 025} (H ) e

TH1H25 4P1 P25 FO1 025 1 STV T I
t t t C
= al...QQj

(2312 {ps.. pz,}{al ogj}

CHPraB — guﬂgaﬁ _ guagpﬁ + guﬁgpa + jetPrab )
B (Lorentz Invariants)
CHraB — gupgaﬁ _ guagpﬁ + guﬁgpa — jekProB

e Trade matrix multiplication by number multiplication
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Algebra of t-tensors

Reduction for Quadratic Monomials

e Central role of the covariant ¢-tensors (spinors, boosts, propagators, gamma matrices)

Py Since, $0-0 — £0---0 — 7 Sy fBH2 VLV gl H2 Y V2 (tﬂl“‘ﬂ2j77pl - 77,02-)
J

R 2 P P2 — 7(21,)' S (leil Cuzmozazngl) A
I {p1...p2i}

77” = (17 O? O’ 0)

CrPon, = g'Pn™ — gPont + ghonf + ie"**n,  (Rotational Invariant)

e General result (045 = cH7%y, — g"*n®)

Lo ED1pas 2] 1 B2 HipLon o
Rz = Zm:o W{P SP } [Zn;nl Hleﬂ'm,n Qred HkEWEn n grePrn by
1---P2j5 ’

each 0 < m < 2j corresponds to a Lorentz independent tensor
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Algebra of t-tensors

Covariant si/(2,C) Multipole expansion
[S. Cotogno, C. Lorcé, P. Lowdon, M. Morales (2020)]

0 2j
° m =0~ Identity [T Qi (H 77"‘8) tor oy = to0 =1
r=1 =
e m =1 — Gen of Lorentz transf (i [M#r, M| = gPAMH — gtV MPA  gPVMIA — ghAMPY )
1 2j
H f"berdprar (H 77%> (.] apea; Qﬁe%a( ) a0---0 = —iMHP
r=1 s=2
o In general
prfor e ( _ )™ trpr _ .
H Qe tag 00 = H M (Lower Multipoles)

m! {uip1, ,umpm}

Decompose operators with physical interpretation for each term
Multipole expansion — mono-, di-, quadrupole, ...
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Algebra of y-tensors

Generalized Dirac basis (Weyl rep)

B poj
e 2j-rank symmetric tensors: ~H1H2 = ( El‘l'(')'“%‘ t 0 ’ )
(2j4+1) independent matrices
. . 0 R 2
e 2j-rank symmetric psuedo-tensors: — yH1H2yg = s 0
(2j4+1) independent matrices
. i L2 P P25 0
e 4j-rank bi-tensors: —yH1H2iqPLP2 = 0 T o1 p2;

2(2j+1) independent matrices

el cpgi 27 1 327 wiprog 0---0
,}/'ul ,"L2J/yp1 P2 = Zm:O (2j)!{p Sp }Zn;nl Re Hl€7rmm, red ’yal'“OQj,y
1---P2j

. miprog 0---0
+Zlm{Hzewm,n Qred }7a1~~a2ﬂ57 )erwg”g“’“”knak
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Dirac Bilinear Calculus Generalization

Generalized Bilinears

Broesf e _
(prrsf)” “(Pirsi) f P (1%1...)* 0 ) i

Canonical: ', = | /72m(1i+p0) (»°+m,p)  Light-Front: pt, =, /ﬁ(p+ +m, pe,ipe,pt — m)
pt =" +p.

"
— ; p, P
Pe = Pz — 1Py “\c%\ T
o
rest
frame light—front .

M, 07— ] 0,

e 2j-rank Tensor bilinear P = LBy + i), A=p;—pi
U yH 2 gy = m27 Hfil [2 (ﬁmﬁn _ %Euzg‘n) _ (]32 _ iAZ) gMT + Z'sumﬁﬁ] (/\f|t7—1~-7—2j|)\i>

I [T, [2 (B Bro - LAmAT) — (P2 = 1A2) gmt it PS)" (i oy )

Frank Vera (fvera u.edu) (SPIN 2 Observables for targets with any spin September 27, 2023 16 / 33



¢ Bilinear Calculus Generalization

Generalized Bilinears
Canonical: 'y = 1/W1+p0)(p0 +m,p)  Light-Front: p¥, = /ﬁ(er +m, pe,ipe, pT —m)

@ 4j-rank bi-Tensor bilinear P = LBy + i), A=p;—pi

= o Do T B2J
Apyp, A )y 2P PRI (g, N) = Yoo [% i){ S }anﬁ
p1---P2;

Re {Hrarm,n ﬁéTﬁgT (Cﬁrwpr o Qgerdargr —Carprir :'e'rdﬁr57‘> er,rc ﬁgrﬁgrcﬂkﬂkpkakrngk } Vey 6o,

: rQrir rPr&r o ) . o
+iIm {HrE‘rrm n p{i potr (Cﬁrﬂrﬂrar Q;Teda - carﬂrHr f‘edﬁe ¢ ) HkEﬂ'G pérp’arcﬁkﬂkﬂkak 775’“ } 751"'§2j75:| Uj
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Frank Vera (fvera

Dirac Bilinear Calculus Generalization: On-Shell Identities

Generalized Gordon Identities

e Dirac Equation (y*1-#2ip,, ... pu,; —m?

’

Jus =0 leads to On-Shell (Gordon) identities

e (P2} [201])
-5 <§ {0} [p0.1]) i

P’“ 25 pH1ep2j
1 - »p’
Priyopia; —§(Pi¢1~-~p;¢2j+l’u1~-~pu21> (»'.p) (p.p")
AHL---
Apseopzg = Py -+ Phg; — Pui -+ Pus;

B2i (p',p) = —AFLF25 (p, p')

H-p2g =
P TApy gy =0

@ Useful to reduce independent Dirac structures

fiu.edu) (SPIN

Observables for targets with any spin
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Applications

Using basis of bilinears and Gordon identities we can identify minimal set of
independent bilinears

@ These will form the basis in decompositions of matrix elements of QCD operators
(currents/correlators)

Each basis element comes with FF /distribution

Has multipole interpretation, construction is identical for all spin cases

Unified framework to discuss spin in hadronic physics
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Many applications and extensions possible

o Local operators parameterizations: Generalized Form Factors
(two independent four-vectors)

e Bilocal operators parameterizations
(more than two independent four-vectors)

e Transition matrix elements

e Use in yEFT’s for high energy processes
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e Construction allows for an efficient and manifestly covariant calculations

o Central role of the covariant ¢-tensors (spinors, boosts, propagators, gamma matrices)

Very simple. Only need to know the matrices for the Generators of Rotations

e Covariant sl(2,C)-multipole basis for operators, transparent interpretation

Unique framework for any spin.
Built intuition on spin 1/2 can be carried over to higher spin

e Avoid calculations with (Dirac) matrices.
Everything reduces to number multiplication (CHP7¢, QHPY)
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Thank You For Your Time!

Questions?
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Backup Slides

Backup Slides
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Properties of the t-tensors

Properties of the t-tensors
o Each tH1-#2i ig a 2j-rank tensor

e Symmetric and (covariantly) traceless gLttt b2 )

gﬂkm

e Transform covariantly (D[(/Q)m; tgll...;m (D(j)[TA])&U, =AM, tzg;.m

e Right chiral (¢) and left chiral (¢)
are related by charge conjugation
(4 for even (— for odd) spacelike indices)

! ’ ’
FHLH2. 25 HiHo---Hoj
btz (g

oo’
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Spin 1/2 Example: Spinors

Right Chiral Rep
otV=1, =g

o t# Transform Covariantly: D&]/ Ap/ Z)FA} = A HtP

o Propagator (Lorentz invariant): I1(1/2)(p) = thp, = ( _(f _—kpz; ) _(gz—’__;py) >
Pu = (Ep, D) co :
@ Boost/spinors (Canonical): DI(;/% = thpC = - ( mep —pe+ >
K 2m (m + pg) —Pr m+p
56 = ) sy @0+ m, P)

Similarly for the Left Chiral Rep, only change is: Ji(l/Z) — JH = (1, —j(l/Q))
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Spin 1 Example: Spinors

Right Chiral Rep
0 t00 =1 | 0 =0 — g i — g gy g6,

K3
o " Transform covariantly D(l)t“”D(l)]EA] = A FA TP

[A]
»)  —2pp D2
e Propagator (p, = (Ep,p)): TV (p) =t"p.p, = | V2ppt pTp~ +p2 V2pp~
2 V2p,p~ +12
p? Prp (p™)

e Boost/spinors (t**p,py)

) ) (m+p~)? —V2ps(m +p~) P
Canonical: D) = ——— | —\2p,(m+p~) 2(m>+mpo+p2) —v2pe(m +p")
2m (m + po) P2 V2 m+pt)  (metpt)

ﬁ‘é:wW(poij,ﬁ)

Similarly for the Left Chiral Rep, only change is: Ji(l) — JF = (1, —Jm

2

-

2023 26 /33
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Canonical Space-Time Parameterization

Parameterizations (Foliations) of space-time — Specify equal time surfaces

Canonical or Instant time: 2% =1¢ [Wigner(1939)]

@ Defined by rotationless boosts from rest: pH = (m,0,0,0)

to final momentum: p* = (E,,p) = (/m2 +p2,p)

A = exp (ZK . (E) = exp (Z(bK . (5)

@ Then, p* = (E,p) = (AIF)NVZO)V The Instant The Front

Form Form

implies, cosh(¢) =Z | ¢;sinh(¢) = £

Leading to the well known result: (A™)*, = (

SkEw

ya
mP‘P'
.. PR A7 v
51] + E+m)m
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Light-Front Space-Time Parameterization

Light Front time: zt =1t+ 2 Dirac(1949)
p+ :Ep+pz , D :Ep_pz

@ Defined by a longitudinal boost followed by a transverse boost

ALE = exp [z@ . \'I'T] - exp [i1K3n)

The Instant The Front
@ LF Boost Generators (light front along z—axis), Form Form

Glsz:Ka:_vaa GQZGy:Ky+J;Ea K?;:Kz

@ Comparing the action of both boosts on the same rest momentum

\ Py
N
one finds the LF boost parameters - T
+ o LF - fran(l)e light—front 0
P 3. PT — ; n . ; m, 7 — D,
el =", T—p—Jr—>A —exp[zwfmpT-G—&-ng T
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Propagators - Spinors - t-tensors

The boosts/spinors for the most used forms of dynamics

D[(i)(p)] = I Dy Py - - Dy
@ In general

D[(I%)(p)] = P Dy Pus - Do,
Instant form dynamics - 1 0 -
= _— + m,
(Canonical) Pe 2m(m + p°) v P)
. . 1
Light-Front dynamics ﬁlﬁF =\ (p" + m, pe, ipe, pT — m)
(Light Cone time) mp

p* not four-vectors, but same for any spin. Left/right related by complex conjugation.
(Helicity spinor also recovered with specific parameters)
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Dirac Bilinear Calculus Generalization

Generalized Bilinears
Bre st a1
e ©) 1L oWt 0 7 pg, £ P, 0 o(j)
(-] ——— _ I - s .
Uog ot pis0) = Grgmym U5 (t‘*l“‘(ﬁﬁl.‘.)* 0 0 o (B, )

e Dirac basis: D=1 (1), y#r#2 (25 +1)2, qpykr-r2 (25 +1)2 ) 45 (1)
4(2j +1)2 [yt i) 2572 (204 1)

ind. elements
{’VHI H2i 7V1 V2 }tl'l(‘(‘ICSS 2 Zn 0,2, (2n + 1)

Examples
o Spin-1/2 (16):  1(1), v*(4), [v*,7"1(6), ({+*,7"} —29") (0), ¥*75(4), ¥s(1)

o Spin-1 (36): (1), 4#(9), [y#2,~#2#4](6), {y#*#2, y#58 }iress(10), ¥75(9), 75(1)

e Matrix elements of Operators, covariant Density matrices, Amplitudes, - - -
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Spin 1/2 Example: Bilinears

Spin 1/2 Bilinears

Final evaluations recover the results of [Lorcé(2017)]
(Canonical)

e Scalar @/? (/2

ra Uy = NOL [4P?12 +4mPy (X +5%) = § (on +2) €M Ay Pa (

= Nol, [4(P? +mP°) + 2ie% Ny Poo,) s,

@ Pseudoscalar

_(1/2 1/2 ~ _ _ v
Uy 5UGr o = N0l [mas (o = 0*) + (P (" +) (A 0

= Nol, [24°F -5 =2 (P* +m) X5 o,

oo (1
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Spin 1/2 Example: Bilinears

Bilinears
@ Vector o 1, ()
(Pf Sf)’y (pi,si
e Pseudovector —(1/2> )7u7

,>=N¢%~+{%A2®”+5”W*%A*(”A+5A)Au
+4mP*1y + 2P, (oF + 0 ) P

e Ag (m (0 + a) + Pa) (0, — 59)] Ps;

= Nol, [(4(P°+m) P* + A%™ — A°A*) 1,

+2i60“ﬂpA50P + iE“BapAﬂpa (Up + 69)] @,

/% = Nol, [- (4P' Po = A'Aa) (0 = %)

1
+ (P2 - ZAQ) (o* — ) —iehPPAL Py (0 + ap)} bs;
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Spin 1 Example: EM Current

Using spinor representation: (p',s" [5#(0)|p,s) = ¢>(1)I‘é‘p p)(z)gl)

- 1
m F(P ) =2p" |:P21GC (Q2) —APA (tpo - §9P01> Gq (QQ):|

A=p —p (A?=-Q? e [A Py (t*V - %9“1) niGu (Qz)}

ny =(1,0,0,0)

Using polarization vectors:  (p',s' [#(0)|p,s) = % * (p') T4 (P, A)ef (p)

[Wang & Lorcé (2022)] o Ao aB p2
B _ o pr <HaﬁGC (Q2) _ M}LGQ (Q2)>

2m?2 m?2
AP, (25)%°
o (M, )
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