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Studying hadronization
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Possibilities for studying hadronization
q Phenomenological fits parametrize FFs (and PDFs), extract from data

e.g. extraction of Collins FF (or IFF) and transversity

q Modeling analytic calculations, or
Monte Carlo event generators (need a sound model)
develop a model, implement in a program, compare the 
results with the data, make predictions
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Modeling hadronization: the string+3P0 model

q We have developed a model for the simulation of
the fragmentation polarized quarks

→ string+3P0 model: extension of the Lund string fragmentation model to include the quark spin

AK, Artru, Belghobsi, Bradamante, Martin, PRD 97, 074010 (2018) 2018 PS mesons
AK, Artru, Belghobsi, Martin, PRD 100, 014003 (2019) 2019 PS mesons
AK, Artru, Martin, PRD 104, 114038 (2021) 2021 PS mesons + VM
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Modeling hadronization: the string+3P0 model

q(k) q′(k!)

h(p)

𝐤! = 𝐩! + 𝐤!"
Z# = p#/k#

Quark splitting described by a 2x2 splitting amplitude

T#$,%,# ∝ F#$,%,#
&'() (Z!, 𝐩*; 𝐤*)

+/-
µ + σ.𝛔* ⋅ 𝐤/* Γ%,0%
3P0 mechanism
µ complex mass 

paramter

Coupling
e.g. 

Γ&'() = σ*

Im µ → T spin effects (Collins, dihadron)
Re µ → L spin effects (G+,. .)
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Coupling of quarks to h
PS mesons no free parameters
Vector Mesons f& fraction of L polarized mesons

θ&* oblique polarization

q We have developed a model for the simulation of
the fragmentation polarized quarks

→ string+3P0 model: extension of the Lund string fragmentation model to include the quark spin

AK, Artru, Belghobsi, Bradamante, Martin, PRD 97, 074010 (2018) 2018 PS mesons
AK, Artru, Belghobsi, Martin, PRD 100, 014003 (2019) 2019 PS mesons
AK, Artru, Martin, PRD 104, 114038 (2021) 2021 PS mesons + VM



Modeling hadronization: the string+3P0 model

Quark splitting described by a 2x2 splitting amplitude

T#$,%,# ∝ F#$,%,#
&'() (Z!, 𝐩*; 𝐤*)

+/-
µ + σ.𝛔* ⋅ 𝐤/* Γ%,0%

q"′(k"′) q"('")

H(P)

�̅�! = 𝐏! + �̅�!"
Z- = P-/1k-

For anti-quark splitting
q, h, q/ → :q, H, :q/ , Z! → Z", 𝐤*, 𝐩*, 𝐤*/ → {�̅�*, 𝐏*, �̅�*/ }
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Modeling hadronization: the string+3P0 model
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q Applied to the description of 
q SIDIS: polarized fragmentation quarks of struck quarks

polarization of remnant neglected
implemented in Pythia via StringSpinner (public) 

→ promising description of transverse-spin asymmetry data
see most recent version including PS + VM production  CPC  292 (2023) 108886 

AK, L. Lönnblad, CPC  272 (2022) 108234;
CPC  292 (2023) 108886 
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Modeling hadronization: the string+3P0 model
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q e!e" annihilation to hadrons
hadronize q1q using the string+3P0 model accounting for

correlated spin states of q and 1q
quantum mechanical spin-correlations in fragmentation

in collaboration with X. Artru

q Applied to the description of 
q SIDIS: polarized fragmentation quarks of struck quarks

polarization of remnant neglected
implemented in Pythia via StringSpinner (public) 

→ promising description of transverse-spin asymmetry data
see most recent version including PS + VM production  CPC  292 (2023) 108886 

AK, L. Lönnblad, CPC  272 (2022) 108234;
CPC  292 (2023) 108886 
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q We have developed a model for the simulation of
the fragmentation polarized quarks

→ string+3P0 model: extension of the Lund string fragmentation model to include the quark spin

AK, Artru, Belghobsi, Bradamante, Martin, PRD 97, 074010 (2018) 2018 PS mesons
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%𝑞

𝑞

The recursive recipe for simulating e!e" annihilation

Steps:
1. Hard scattering
2. Joint spin density matrix
3. Hadron emission from 𝑞
4. Update density matrix
5. Hadron emission from 1𝑞
6. Exit condition

Set up the scattering e#e" → q%q in the c.m.s
generate the quark flavors and kinematics using differential cross section

quark helicity frame
(QHF)

antiquark helicity frame
(AHF)
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𝑞

The recursive recipe for simulating e!e" annihilation

Steps:
1. Hard scattering
2. Joint spin density matrix
3. Hadron emission from 𝑞
4. Update density matrix
5. Hadron emission from 1𝑞
6. Exit condition

q Set up the joint spin density matrix of the q%q pair

ρ q, %q = C$%
&'& σ&$⊗σ'&

%

For γ∗ exchange

ρ(q, %q)

correlation
coefficients

Pauli matrices 
along QHF and AHF
α = 0, x., y., z.
β = 0, x/., y/., z/.

ρ q, %q ∝ 1&⊗1'& − σ&( ⊗σ'&( + )*+#,
-#./)#,

[σ&0 ⊗σ'&0 + σ&
1 ⊗σ'&

1]
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𝑞

ρ(q, %q)

→ evaluate the spin density matrix ρ(q, 1q)
→ emit the second hadron using the conditional probability 

dP q → h + q"|h+ = Tr 1."⊗T/.! ,&" ,/. ρ q", 1q 11! ⊗T/.! ,&" ,/.
2

𝑞′

The recursive recipe for simulating e!e" annihilation

Steps:
1. Hard scattering
2. Joint spin density matrix
3. Hadron emission from 𝒒
4. Update density matrix
5. Hadron emission from 1𝑞
6. Exit condition

q VM emission → backup

10September 26, 2023 Albi Kerbizi (Trieste University and INFN)

q Emit the first hadron using the splitting function
(emission probability density)

dP q → h + q/; q:q
dZ!Z!"+d-p*

= Tr#$2#𝐓#$,%,# ρ q, :q 𝐓#$,%,#
3 = F#$,%,# Z!, 𝐩*; 𝐤*, C#2#

𝐓#$,%,# ≡ T#$,%,#⊗12#

in the QHF
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h

𝑒"

𝑒#

%𝑞

𝑞

ρ(q, %q)

ρ(q′, %q)

𝑞′

The recursive recipe for simulating e!e" annihilation

Steps:
1. Hard scattering
2. Joint spin density matrix
3. Hadron emission from 𝑞
4. Update density matrix
5. Hadron emission from 1𝑞
6. Exit condition

q Evaluate the spin density matrix ρ q2%q

ρ q2, %q = 𝐓&$,4,& ρ q, %q 𝐓&$,4,&
5

includes the information on the emission of h
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𝛾∗
"𝜎

h

𝑒"

𝑒#

%𝑞

𝑞

ρ(q, %q)
H

ρ(q′, %q)

𝑞′

%𝑞′

The recursive recipe for simulating e!e" annihilation

Steps:
1. Hard scattering
2. Joint spin density matrix
3. Hadron emission from 𝑞
4. Update density matrix
5. Hadron emission from G𝒒
6. Exit condition

q Emit a hadron from the %𝑞 side using the splitting function

dP %q → H + %q2; q′%q
dZ"Z""-d6P7

= Tr&$'&2𝐓'&$,8,'& ρ q′, %q 𝐓'&$,8,'&
5 = F'&$,8,'& Z", P7; %k7, C&2'&

Expressed in the 
AHF

Depend on the 
azimuthal angle h

conditional probability of emitting H, having emitted h
→ correlations between the transverse momenta

[Collins NPB, 304:794–804, 1988, Knowles NPB, 310:571–588, 1988] 
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𝛾∗
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𝑒"

𝑒#

%𝑞

𝑞

𝑞9

The recursive recipe for simulating e!e" annihilation

Steps:
1. Hard scattering
2. Joint spin density matrix
3. Hadron emission from 𝑞
4. Update density matrix
5. Hadron emission from 1𝑞
6. Exit condition

q Iterate until the exit condition is called and the last quark pair is hadronized
more details in backup

%𝑞:

h
H
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q Now possible in Pythia 8.3 by an extension of the StringSpinner package
q Free parameters as in [AK and L. Lönnblad CPC 292 (2023) 108886], except f& = 0.33

and θ&* = −π/6 (by «eye» tunning)
OK for both 𝐞!𝐞" and SIDIS

q Next slides → Collins asymmetries for back-to-back hadrons
comparison with BELLE data (work ongoing for BaBar and BESIII)

in collaboration with L. Lönnblad and A. Martin

Simulations of e!e" with spin effects
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q Now possible in Pythia 8.3 by an extension of the StringSpinner package
q Free parameters as in [AK and L. Lönnblad CPC 292 (2023) 108886], except f& = 0.33

and θ&* = −π/6 (by «eye» tunning)
OK for both 𝐞!𝐞" and SIDIS

q Next slides → Collins asymmetries for back-to-back hadrons
comparison with BELLE data (work ongoing for BaBar and BESIII)

in collaboration with L. Lönnblad and A. Martin

Simulations of e!e" with spin effects
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h-

h6

thrust axisR+-4& =
R+-4

R+-&
≈ 1 +

sin- θ
1 + cos- θA+-

4& cos(ϕ+ + ϕ-)

dσ;%;&→4'4#= ∝ 1 + )*+# ,
-#./)# ,

A-6 cos ϕ- + ϕ6

A+- z+, z-, P*+, P*- =
∑# e#- H+#

5%3 z+, P*+ H+2#
5%4 z-, P*-

∑# e#- D+#
%3 z+, P*+ D+2#

%4 z-, P*-

The measured Collins asymmetry is obtained from ratios of 
normalized yields R+-

4,& for Unlike-charge (U) and Like-charge (L) 
back-to-back pion pairs

z6 =
2E%5
s

→ A-6>? = A-6> − A-6?

Boer, NPB, 806:23–67, 2009
D’Alesio et al., JHEP 10 (2021) 078
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A#$%& asymmetry for back-to-back π± − π∓
z- × z6 - dependence

Asymmetries w.r.t thrust axis
(not q1q axis)

T > 0.8
z > 0.1, P! < 3.0 GeV/c

α6 < 0.3

PRD 100, 092008 (2019) 
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Asymmetries w.r.t thrust axis
(not q1q axis)

T > 0.8
z > 0.1, P! < 3.0 GeV/c

α6 < 0.3

NO effect from Pythia

A#$%& asymmetry for back-to-back π± − π∓
z- × z6 - dependence

PRD 100, 092008 (2019) 
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Asymmetries w.r.t thrust axis
(not q1q axis)

T > 0.8
z > 0.1, P! < 3.0 GeV/c

α6 < 0.3

NO effect from Pythia

Satisfactory description from StringSpinner
smaller asymmetries at large z

NEW!

A#$%& asymmetry for back-to-back π± − π∓
z- × z6 - dependence

PRD 100, 092008 (2019) 
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A#$%& asymmetry for back-to-back π± − π∓
P7- × P76 - dependence
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A#$%& asymmetry for back-to-back π± − π∓
P7- × P76 - dependence

Pythia results consistent with zero
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A#$%& asymmetry for back-to-back π± − π∓
P7- × P76 - dependence

Asymmetries w.r.t thrust axis
(not q1q axis)

T > 0.8
z > 0.2, P! < 3.0 GeV/c

α6 < 0.3
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Satisfactory description from StringSpinner!
~linear trend in simulations shows up as an 
effect of the misalignment of thrust axis
compared to q1q axis (backup)
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A#$%& asymmetry for back-to-back π) − π∓

Satisfactory description
simulated asymmetries at large z lower

Also for the 𝜂 − π∓ asymmetries (see backup)
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A#$%& asymmetry for back-to-back π± − π∓ w.r.t q&q axis
z- × z6 - dependence

Belle asymmetries measured using 
the thrust axis, then rescaled to q1q
axis
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Conclusions

q We generalized the string+3P0 model of hadronization to
e#e" → 𝑞%𝑞 → hadrons

general recipe, can be applied to other production channels of the 𝑞:𝑞 pair

q The model is implemented in Pythia 8.3 by an extension of StringSpinner
expected to be published soon

q Promising results on the Collins asymmetries for back-to-back hadrons in e#e"

q More phenomenological studies ongoing
comparisons with BaBar and BESIII,
calculation of the Artru-Collins asymmetries …
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Backup 
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Effect of the thrust axis on the P*# × P*$ - dependence

(circles)   A+-4& asymmetry evaluated using the
thrust axis

(squares) A+-4& asymmetry evaluated using the
q:q axis

Dilution and shape change when using the 
thrust axis..
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Effect of the opening angle cut on the P*# × P*$ - dependence

Sizeable effect at large 𝑃F!

Smaller effect when looking as a function of z
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Sensitivity of asymmetries to free parameters

Asymmetries evaluated using the thrust axis
The oblique polarization θ&* is varied, while all other parameters fixed
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A#$%& asymmetry for η − π±
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Relevant free parameters for string fragmentation used in simulations
(see AK, L. Lönnblad, arXiv: 2305.05058)

Pythia parameters
StringZ:aLund default 0.9
StringZ:bLund default 0.5 GeV/c- "-

StringPT:sigma default0.37 GeV/c
StringPT:enhancedFraction 0.0
StringPT:enhancedWidth 0.0 GeV/c
BeamRemnants:primordialKT off

String+3P0 parameters
Re(𝜇) 0.42 GeV/c-
Im(𝜇) 0.76 GeV/c-
f& 0.33
θ&* −π/6
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September 26, 2023

The recursive recipe for simulating e!e" annihilation: VM emission

For a vector meson h=VM 
→ 𝜂 𝑞 = 𝐓#$,%GHI,#

J/3 η q/ 𝐓#$,%GHI,#
J DJ$J, 𝜂 𝑞′ = 1K/ and 𝜂 :𝑞 = 1 LK

Steps:
i) Emission probability density (summing over decay information, i.e. 𝐷J$J = 𝛿J$J)

dP q → h = VM+ q/; q:q
dM-dZ!Z!"+d-p*

= Tr#$2# 𝐓#$,%,#
J ρ q, :q 𝐓#$,%,#

J3 = F#$,%,# 𝑀-, Z!, p*; k*, C#2#

ii) Calculate the spin density matrix of h=VM, and decay the meson
ρMM$ h = Tr#$2# 𝐓#$,%,#

M ρ q, :q 𝐓#$,%,#
M/3

iii) Decay the meson 𝑝 → 𝑝+ 𝑝-. .
dN p+, p-. . /dΩ ∝ M)NO.

M p → p+p-. . ρMM$ h M)NO.
3M/ p → p+p-. .

iv) Build the decay matrix DM$M p+, p-, . . = M)NO.
3M/ p → p+p-. . M)NO.

M p → p+p-. .
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The hadronization model: string+3P0

Quark splitting amplitude in the string+3P0 model

T#$,%,# ∝ C#$,%,# D% M- 1 − Z!
ε%-

M
-
exp −

b&ε%-

2Z!
NM
"+- ε%- e"

P8Q$8
4

- µ + σ.𝛔* ⋅ 𝐤/* Γ%,0%

q(k) q′(k!)

h(p)
string breaking by 

tunneling of q1q pairs in 
3P0 state

quark splitting q → h + q′

Relevant variables:
𝐤! = 𝐩! + 𝐤!"
Z# = p#/k#
ε&
9 = M9 + p!9

flavor mass

longitudinal momentum

transverse
momentum

(w.r.t string axis)

3P0 mechanism
[µ complex mass 

paramter]

AK, Artru, Martin, PRD 104, 114038 (2021)

Coupling
e.g. 

Γ&'() = σ*

Transverse vectors
defined w.r.t. string axis

Free param. Lund
Free param. string+3P0
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ii) Evaluate the ratio R34
:

R34;

and fit the asymmetry

R+9<= =
R+9<

R+9=
≈ 1 + A+9<= cos(ϕ+ + ϕ9)

π#/π"

π"/π#
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N
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π#/π"

Steps for the extraction of Collins asymmetries

R+9< =
N+9< ϕ+ + ϕ9

⟨N+9⟩
R+9= =

N+9= ϕ+ + ϕ9
⟨N+9⟩

2− 0 2
 

2
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1
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1

1.02

1.04)  
 

2φ+ 1φ(
12U

L
R

Example of e#e" → 𝜋#𝜋"X
i) Evaluate normalized yields for
𝜋± − 𝜋∓ “Unlike pairs”

ii) Evaluate normalized yields for
𝜋± − 𝜋± “Like pairs”

χ9

ndf
= 6.6/10

Fit function
f 𝜙# + 𝜙$
= p% + 𝑝# cos(ϕ# + ϕ$)

0.4 < 𝑧# < 0.5
0.2 < 𝑧$ < 1.0
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𝛾∗
"𝜎

𝑒"

𝑒#

%𝑞

𝑞

𝑞9

The recursive recipe for simulating e!e" annihilation

Steps:
1. Hard scattering
2. Joint spin density matrix
3. Hadron emission from 𝑞
4. Update density matrix
5. Hadron emission from 1𝑞
6. Exit condition

q (after several emissions) Hadronize the last pair q@%q?
- emit h = qd:q′ from qd and project :q&q′ to the state H

- or emit H = q′:q& from :q& and project qd:q′ to the state h

%𝑞:

h
H

34September 26, 2023 Albi Kerbizi (Trieste University and INFN)

dP q@ → h + q2; q@%q? = Tr&$'&( T&$,4,&) ⊗Γ8,)* ρ q@, %q? T&$,4,&)
5 ⊗Γ8,)*

5


