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Motivation

The global polarization of the Lambda particle is

well described by the thermal vorticity
Becattini, Chandra, Del Zanna, Grossi, Annals Phys. 338 (2013) 32-49 Nature548 62 (2017)
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The formula is only a first order approximation. [ i e i
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even in thermal equilibrium.
T. Niida, Nucl.phys.A,2019
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Main results

Exact spin density matrix for spin-S particles at general global equilibrium:
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Exact spin vector for Dirac field at global equilibrium
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Including all quantum corrections in vorticity
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Expectation values

To compute mean values we need the spin density matrix:

Tr (pal(p)as(p)  (@l(p)as(p))
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Once we are given a spin density matrix, the expectation value of the Pauli-

Lubanski operator is:
[F. Becattini, Lect.Notes Phys. 987 (2021) 15-52, AP, F. Becattini Eur.Phys.J.Plus 138 (2023) 6, 547]
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Other methods to compute polarization rely on the Wigner function.
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Global equilibrium

Density operator at global equilibrium:
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p=—exp |—bu P + ST (O) = Tr (po)

The vector b is constant and the thermal vorticity w IS a constant antisymmetric
tensor. The four-temperature 3 vector is a Killing vector:
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The generators of the Poincaré group appear in the density operator.
Analytic continuation of the thermal vorticity: w——1i¢
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Factorization of the density operator:
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We can use group theory to calculate thermal expectation values.

[AP. E Becattini, M. Buzzegoli JHEP 10 (2021) 077] ﬂ



The number operator at (imaginary) global equilibrium:

a - n n n _r.Nn k
(@l (p)a(p))) = 2¢' Y (—1)*5 D3 (A"p — p') DS (W (A", p))pse 0 Zimr A7

n=1

D(W) = [Ap]~*A[p] is the Wigner rotation in the spin-S representation of the
rotation group.

For vanishing vorticity (i.e. A=I) we recover Bose and Fermi statistics:
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We want to use this result to compute the spin density matrix:

(@l(p)a,(p))
>_:(@; (p)at(p))

From the analytic continuation of the density operator:

(@ (p)a:(p)) = 2¢ Z 125053 (A" p — p) DI (W(A”, p) )y~ 2= A7

The spin density matrix is singular unless Ap=p. The analytic continuation of the
density operator is forced to be in the little group of p.
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Exact spin physics

The constraint equation:
Ap=p = ¢""p, =0

1
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Thanks to the constraint, it is possible to compute the spin density matrix for any
spin
1
L Vpo —1% pu
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We can compute the spin vector for Dirac fermions:

OH sinh ( * _92)
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And for generic spin-S particles:
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These formulae account for corrections to all orders in vorticity
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The formula:
* Reproduces linear results

S(S +1)

Su<p>0—>0 ~ O 3

(1+ (_1>237’LF/B(5 -p—())

e Exact calculation with Boltzmann statistics

wo o+ X/( _92> . 2 6 vV —02
%= VR (v V=)= X

* |s unitary




Exact polarization in heavy-ion collisions

Consider the A polarization in relativistic heavy ion collisions w~10* s* and

w/T~0.04.
S — 5L,
A =
SE

0.08
= 0.06
T —— w/T=0.04
¥ 0.04 w/T=0.2
= — w/T=1
3
J0.02

0.00

0 2 4 6 8 10

0.0 0.2 0.4 0.6 0.8 1.0

(e—w)IT w/T

The difference is very small in most physical cases.




Extending the formula to local equilibrium with w(x)
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Conclusions

Exact expectation values can be computed using the analytic continuation of
the density operator.

Exact spin polarization vector and spin density matrix for particles at global
equilibrium.

Higher order corrections in vorticity are negligible, at least in high energy
collisions...

Thank you for the
attention!
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Pauli-Lubanski Vector

The Hilbert space of relativistic particles is built using the four-momentum and
the Pauli-Lubanski vector

fit = e ], P, v, B = 0

For states with definite momentum p
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One has

puﬁﬂ (p) =0
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If we consider massive particles the Pauli-Lubanski vector is connected to the
generators of rotations

1% (p) 1

QL () — _ pvpo

S*(p) - 5 € Ty pPo
3

St(p) = Si(p)n(p) [Si(p), Sj(p)] = ieijuSk(p)
=1
In the massless case
I (p) = h(p)p" + Iy (p)nf (p) + T2 (p)n (p) Iy 5 (p)|p, h) = 0
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Helicity is the only physical degree of freedom
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Polarization and the Wigner function

To compute expectation values it is useful to use the Wigner function.
1 4. —ik-y /. T )
el KN AR ACETER

Massive Dirac fermions [F. Becattini, Lect.Notes Phys. 987 (2021) 15-52]:

1[dS - p tr(y#95 W (2, p)
2 [ds - p tr(Wy (2, p))

W(x, k)ab

SH(p) =

Massless Dirac fermions

.y uo ot [ dY e p (g Wo(z, p))
h;g "i®n (p 1(p) = 2 [d¥-ptr(Wi(z,p)¢)

In the massless case the mean spin always points in the direction of momentum.
See also [v.-C. Liu, K. Mameda, X.-G. Huang, Chin. Phys. C 44(9), 094101]
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Exact Wigner function for free fermions at global equilibrium:

Wz, k) / n+1e—n5(in¢)'px
27T

n—= 1

T (m 4 )3t (k — (A"p+ p)/2) + (m = p)e™ 5 6% (k+ (A"p+ p) /2)]
Where A = e~%%/ is in the four-vector representation.

Solves the Wigner equation! Full summation of the “A expansion”.
Can be used to compute expectation values:

(AP, GH THY Y ) = /d4k {tr (W) ,tr (7# W), EFtr (" W)}

The Dirac delta is integrated out and results are expressed as series of
functions that can be regularized using the analytic distillation.
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Spin vector

Spin vector of massive Dirac fermions:

o1 [dSptr (W (2, p))
SH(p) = 5 de-ptr(WJr(jC_ap))

Exact spin vector at global equilibrium:
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How to handle a ratio of series of 3-functions? Where does it come from?
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Any thermal expectation value in a free quantum field theory is obtained from:

(@ (p)ar () = T (expl-b,(¢)P*IA al(p)ar (p))

7
[al(p),a:(p)]+ = 2e6°(p — p)dss

Using Poincare transformation rules and (anti)commutation relations (particle
with spin S):

(@l (p)ae(p)) =( ”ZDS (A,p))rse 2P (@ (Ap)ae(p')) +
+ 2¢ e_b'ApDS(W(A,p))tS(SS(Ap —p)

D(W) = [Ap]~*A[p] is the “Wigner rotation” in the S-spin representation.
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We find a solution by iteration:
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Energy density for massless fermions, equilibrium with acceleration (¢=ia/T)

374 &
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sinh no
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p (—1)" !
The series is finite as long as ¢ is real. For real thermal vorticity it diverges!
The series includes terms which are non analytic at ¢=0.

Analytic distillation:
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The series boils down to polynomials: att = e wh = s

T2 a? 17a

T 608*  245% 9607234
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Expectation values vanish at the Unruh temperature Ty = v —A- A/2x
[G.Prokhorov, O. Teryaev, V. Zakharov, JHEP03(2020)137]

Axial current under rotation: [V. Ambrus, E. Winstanley, 1908.10244]

Jr— 1 w2_042 wt
A 6 2472 8w ) /B2
First exact results at equilibrium with both rotation and acceleration.
[V. Ambrus, E. Winstanley Symmetry 2021, 13(11)]
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Massless Dirac field

Pt S0 (—1) e @) et APty (g expl—ing : £/2]p) 63 (A"p — p)
20 30 (—1)nHlembO) Eia Aper (¢ exp[—ing : 3/2]p) 63(Amp — p)

" =

We can deal with the series as we did before
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Dirac fermions:

pH sinh (H/2)

B — —
(p) 2 cosh (H/2) +e~bPp
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2 T T e

The mean Pauli-Lubanski vector depends on the orientation of the momentum
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Massless particles

For massless particles of arbitrary helicity S:
ZOO (_1)25(n—|—1)e—nb-pennh5hk

Ok (p) = o
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]:[N' = — MS
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The reason for this simplified structure is that massless particles only have +S
and -S helicity and that

DS(W(A™,p))is = € 6pe 1 a(p)|p, h) =0
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