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Overview of the Nambu-Jona-Lasinio model

NJL model is a low energy effective theory of the strong
interaction, that mimics many key features of QCD. Thus,
it is a useful tool to help understand non-perturbative
phenomena in low energy QCD.

Only quarks as the explicit degrees of freedom, no gluons.

Dynamics due to gluon-quark interaction and gluon
self-couplings are absorbed into the four-fermion contact
interaction.

Local chiral symmetry is explicitly broken by non-vanishing
current quark mass.

Chiral symmetry is also dynamically broken, generating a
mass gap.
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Original NJL!

Nucleons are the fundamental degrees of freedom.

Is formulated in analogy to superconductivity.

Nucleon-antinucleon form Cooper-like pair.

Goldstone boson occurring in the theory is identified as
pion.

'Nambu and Jona-Lasinio, Phys. Rev. 122,-345; Phys.-Rev= 124,:246.



Overview of the model
[ele] lele]

Subsequent NJL?

o Quarks as the fundamental degrees of freedom.

@ Many successes in the study of meson and baryon
properties.

o Did not have confinement.

%e.g., S. P. Klevansky, Rev. Mod. Phys. 64,649 (1992)
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Confining NJL?

o Confinement is simulated by the introduction of an infrared
cutoff in the proper-time regularization scheme.

e Doing this eliminates free quark propagation (it gets rid of
the imaginary part of hadron decaying into quarks). (In a
way that maintains covariance.)

o We calculate PDF, FF, TMD, GPD, etc. with this model,
as well as study nucleon in-medium modification, and the
binding of atomic nuclei.

3H. Mineo et. al, Nucl. Phys. A 735, 482 (2004)
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Proper-time regularization scheme

As an effective theory, NJL model is non-renormalizable, thus it
needs a regularization prescription in order to be well-defined.
We use the proper-time regularization scheme

1 1 /ood n—1_—71X
~ = 7 T T e

1 1/AIR
— / dr " e X,
(n—1)! 1/A%,

where X represents a product of propagators that have been
combined using Feynman parametrization. Only the ultraviolet
cutoff Ayy is needed to render the theory finite, while Arp is
introduced to mimic confinement.
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NJL Lagrangian

The SU(2) flavor NJL Lagrangian relevant to this study, in
the gq interaction channel, reads?

L=vy3ip—m)yy
+ 1 G W) — (P ysTY)] — § Go(§ vy ¥)?
— LG @ v T Y + (W v ysT Y)Y, )

where m = diag[m,, m4] is the current quark mass matrix
and the 4-fermion coupling constants in each chiral channel
are labeled by G, G,, and G,. Throughout this paper we
take m, = my = m. The interaction Lagrangian can be Fierz
symmetrized, with the consequence that after a redefinition
of the 4-fermion couplings one need only consider direct
terms in the elementary interaction [28].
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Mass gap equation
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FIG. 1. (Color online) The NJL gap equation in the Hartree-Fock
approximation, where the thin line represents the elementary quark
propagator, Sy (k) =¥ —m + ie, and the shaded circle represents
the gq interaction kernel given in Eq. (2). Higher-order terms,
attributed to meson loops, for example, are not included in the gap
equation kernel.

4

e o a‘e .
iS l(k)=zSol(k)—;KQQfWTr[QlS(e)],
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Mass gap equation

The interaction kernel in the gap equation of Fig. 1 is local and
therefore the dressed quark mass, M, is a constant and satisfies

M=m+12iG d4eT S 5
—m z,fwrp[()], ®

where the remaining trace is over Dirac indices. For sufficiently
strong coupling, G, > Gritica, Eq. (5) supports a nontrivial
solution with M > m, which survives even in the chiral limit
(m = 0).* This solution is a consequence of dynamical chiral
symmetry breaking (DCSB) in the Nambu-Goldstone mode
and it is readily demonstrated, by calculating the total energy
[39], that this phase corresponds to the ground state of the
vacuum.
“In the proper-time regularization scheme defined in Eq. (6) the

critical coupling in the chiral limit has the value G = ”;(Aﬁv -
Aj)"

The dressed quark propagator thus has the solution

SO = it
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Dressed mass as a function of the coupling
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Figure 2.2. Dressed mass for the 1+ 1 NJL model as a function of G, and the bare
mass.
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Bethe-Salpeter equation

<X X

FIG. 2. (Color online) NJL Bethe-Salpeter equation for the
quark-antiquark ¢ matrix, represented as the double line with the
vertices. The single line corresponds to the dressed quark propagator
and the BSE ggq interaction kernel, consistent with the gap equation
kernel used in Eq. (5), is given by Eq. (2).

The NJL BSE, consistent with the gap equation of Fig. 1, is
illustrated in Fig. 2 and reads

d‘k
¥ KSk+q)SK)T(@, ()

T(g) = IC+/ an

This works for both meson and diquark very similarly.
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Bethe-Salpeter vertices

Diquark

0% =VZe (Vg Up=NZ (aps W =VZo(Paps U= V=25 ("19)p
O = VZay (Waps U =VZa W5%aps Uy =VZo (D ape Uy = Zay (Py5T)ap

Qe =VZoe W o =VZ per D= V20 W per Dy =25 (1) g
U =VZas (o Opa=VZr 55 po Qe =V"Zo (') oo Qg =V=Zar (Y157 ) g

Qlp=VZs (r15C12 Ba)ag, Q% =2 (C12Ba)egs

Qg5 =V=Za (v C1ita Ba) . Qg = V=20 (Y5 C2 Ba) oy
Q= JZ(C—l 5o ﬁA)mﬂ, oy =VZ, (C,l o ﬁA)nﬂ,
Qup=VZa (C’1 v ot ﬁa)aﬁ. Qup=V-2 (C’l v'rsn ﬁA)a/}
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Approximated diquark propagator

In the following I use scalar diquark as an example.

\
%(g) = 4G, - 4iN, G, / % Tr (5 S(K) y5 S(q + k)] () = 4 Gy — 2.6, Tpp(q?) (9).

Therefore
4iG,
6= ————  where Ipp(¢®) =2iN; / = Tr [ys S(K) vs S(g + k)] .
1+2G;Tlpp(q?) (27)

Expanding the bubble diagrams about the pole mass, where

a2
(g =T(m?) + (" = m?) S 31|~ +...,

q q2=m?

and using the pole condition 1 + 2 G pr(mf) =0, gives

4iGy

ws(q) =
142G, Tpp(M;) + (q2 - M3) 2 Gy 5 TIpp(q? )‘

Therefore the pole form of the propagator reads

i Z, 19
s where Zl=— Tpp(g?)

O e 257

g2=m?

where Z; is defined to be positive.
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Approximated diquark propagator

We use “contact+pole” approximation for the meson/diquark
propagator, namely

For the diquarks we have
4i G, . iZs
= 4iGs — f
(@ 1+2G;pp(q?) s P-M+ic
() —4iG, e iz,
7 = — A4iGyt ————,
P = 126, es(e) P - Mirie
4iG Hq¥ iZ, q”
#Y(q) = a M L2 G TL 2‘14]_)4i6 wv a v _ LI)’
« D= 756 mw@ aTlvv(9) 75 I gm0 T M
. (T) (L) .
() = 4iG, oy 2Gq [T, 4 () *HAA(QZ)] q7'q" s 4iGag" - iZy ( av g q")
1+26,0( (g% 142G, 08 (g2 7 @ -M+ie M2
_ 1. _ 14 _ 1. _ 1.
z'= -3 [ipp(m2), z,'= Enss(mf,), z'= _EHVV(mi)’ z' = 3 D (m2),

where ﬁi(mjz) = Tzz Hi(Pz)lp

2o
=m?
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Faddeev equation

FIG. 3. Homogeneous Faddeev equation for the nucleon in the
NIJL model. The single lines represent the quark propagator and the
double lines the diquark propagators.

( p) / (2 )4 ”bll(p [) SJ( P+[)ﬂy chl(%P—f) X;J(P,p)

where

—akj

asz(p,[)_[gbszT( —t-p)Q "



Solving the model
000000000800

Faddeev equation

Therefore, the quark exchange kernel is given by

vsS(p+0)ys VS(p+Oysm  S(p+o)ys YysS(p+0)ys
Zup(®r8) =3 rsS@+ Oyt Y SPHOY Tty S(p+OYF T yysS(p+) ’ @3
rsS(p+8) S+ m S(p+6) voysS(p +1£)

S+ Y Sp+OYYsTa SP+OYYs  YysSP+OYYs)

where we have used (7;72)(727;) = (T 72) (rzzj,,). In the static approximation, S(p +¢£) — —ﬁ, the quark exchange kernel becomes

1 Y75t Vs i
] O G A G A G e @)
ST Y Ta 1 ¥ys )

sY'ys YOVt Y'ys Y gy

Projecting the kernel onto isospin one-half gives

1 By rs i
V3ys y# —yT V3y#  —AByoyH
Zup= 3| V3ysy Yy % rr'ys (225)
M|y V3y? 1 Yrs
-7 VByytrs v'rs A

The Faddeev equation reads

d4e . .
Xa(P) = / o Zap SGP+0)py e (3P - £) XY (P) = z;f;f nf,;’;’ (P) X (D). (226)
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Faddeev equation

4.2 Quark-Scalar-Diquark Bubble Diagram

Figure 2: Quark—scalar-diquark diagram contribution to a baryon Faddeev vertex.
The baryon quark-scalar-diquark bubble diagram has the form

s oo [k o [ [, iz, F+M
HN@)__'./(zn)‘* TS("_k)'S(k)"/(uv [4’6‘ (p-k2-m2+ic] K2—M2+ie
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Faddeev equation

The nucleon vertex function is parametrized by

.
T = V=Zy a1 xs u(p.s), L =v-Zn [azﬁ—: Y5+ a3 y“ys] 7% xeu(p,s),
b T, =V=2Zn aays xe u(p.s), L=v-Zn [as,f,—: +a6 Y"] xeu(p,s),

Therefore the Faddeev equation reads

ay

a %Ys +azytys u(p,A)
s ’
as ICI—N +as Y
1 V3rys s v v 0 0 0 L@
3|VBrsyr oy By By s 0 e 0 0 ||edrstayys (1)
M s V3y” 1 rrs 0 0 Iy 0 s ’
- Vs s ey N0 00 0 T as e tasy”



Model parameters

Model parameters
®00

The two-flavor NJL has the following parameters:

qq couplings:

Gr, Gp, Gu

qq couplings:

Gs(= Gp), Go(= Gy)

masses:

my, = My

regularization:

Arr, Auv

We assign values a priori to the following parameters:

A]R =240 MeV and M = 400 MeV

The remaining parameters can then be fixed by

Ayv < fr
Gﬂ—vpvw AN mﬂ—vpvw
G57 Ga <~ MN, MA
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Model parameters

The Ayy and G, together is determined by the pion decay
constant and pion mass.

< 0[pyu 50| (q) >= 2ifrqy

From this we can obtain

, d'k 1
o= EM [ e e

By solving the Bethe-Salpeter equation for the mesons, m, and
Z. can be related to the parameter G. Thus, this equation,
together with the value of m,, determines the parameters of
AUV and Gﬂ—.
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Model parameters

e Similarly, m, and m,, determine the parameters G, and
Gy, respectively.

o G4 and G, are determined by solving the two Faddeev
equations for the nucleon and the delta baryon.

e We obtain G4 = 7.65 GeV 2 and G, = 4.91 GeV 2.

o The corresponding diquark masses are My = 0.679 GeV,
M, =0.945 GeV, M, = 0.929 GeV, and M, = 1.099 GeV'.

@ Compared to the previous values obtained without the
pseudoscalar and vector diquark channels, M, = 0.768 GeV and
M, = 0.929 GeV, the scalar diquark mass got smaller, while the
axial vector diquark is exactly the same. The axial vector
diquark mass does not change because the delta baryon Faddeev
equation only concerns the axial vector diquark, and is thus
unchanged from the previous work.
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Quark light-cone momentum distributions

The leading twist spin-independent and spin-dependent quark
light-cone momentum distributions in the nucleon are defined
by the following equations:

de—
fQ(J:) :p_/ 25 Zzp+£ <p 5|1/)q( )'Yer’q(fi)’va >67

de= . .- _
M) =p- [ e < sl 007 s € s e

where v, is the quark field of flavor ¢, x is the Bjorken scaling
variable and the subscript ¢ means that only connected matrix
elements are included.
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Feynman diagrams for the PDF
At our model scale, there is no sea quark and no gluons. The

Feynman diagram for calculating the valence quark PDF's are
shown below.

p-k

The single line represents the quark propagator and the double line the
diquark propagator. The shaded oval denotes the quark-diquark vertex
function and the red cross represents the operator insertion which has the
form of v"6(z — k™ /p*)3(1 £ 72) for the spin-independent distribution and
~+t — 4T y5 for the spin-dependent one.
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I[sospin factors

By separating the isospin factors, the spin-independent uw and d
distributions in the proton can be expressed as

wolw) = Sy () + 2 (@) + 3 Ty ) + (@)
F 0300y @)+ £ @)+ 2 Fay )+ it v (0)

S S 1 sa 1 as
+ f(}gDD)/N(aU) + f;)(D)/N(JU) + %fq(D)/N(x) + ﬁfq(D)/N(x)

Sv vS 1 1
* Ja(oyw (@) + Jatoyw (#) + 5 Loy w (@) + 7 Loy v (®)
1 1

Loy (@) + Loy i (#) + 5 Loy (@) + 7 ooy (@)
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I[sospin factors

— Zfin(@)

Ss 1 aa VU
+ fatpyn (@) + f;)(pp)/N(f) + gfq(D)/N(l’) + fo(py/n (@)

S 1 sa ]' as
+ fotpy N (@) + foipy v (@) — 7 a(py/N(T) — 73 o(py/N ()

1 pa 1 .4

+ fatpyn (@) + folpyn (@) — %fg(D)/N(x) - %f (py/n (@)
v v 1 av 1 va

+ f;)(D)/N(I) + fq(pD)/N(fE) - %fq(p)/zv(x) - ﬁfq(D)/N(I)'
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Helicity distributions

For the calculation of the spin-dependent PDF's, we use the result

_ 145
u(p, s)u(p, s) = (p + My) T#
where s* is the spin vector of the particle satisfying s2 = —1 and

s-p=20. In general, s* can be written as

<pn G ()P )
My’ My (My +p°)

where 77 = % if the particle is longitudinally polarised, @ - p'= 0 if
transversely polarized.

For the helicity distribution, the proton is longitudinally polarized,
and the helicity distribution is defined as

Af(x) = fr(z) = f-(),

i.e., the difference in the distributions of the quark’s spin aligned with
the proton’s versus the quark’s spin anti-aligned with the-proten’s.
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Results for the spin-independent PDFs

proton spin-independent pdf
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10 scalar diquark
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ps-av transition
0.4 1 u quark
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Results for the spin-independent PDFs

e The model scale is found to be 0.19 GeV?2, which is slightly
higher than the previous 0.16 GeV?2. This is
understandable because we’ve added more complexity to
the model.

@ The number and momentum sum rules are satisfied

1
/0 4 fyyp(x) = Ny,
1

[ dwa lugp(@) + fappla)] =1

0
o To compare our results to the experimental data, need to
evolve to a higher energy scale where empirical PDFs are
available.
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Results for the spin-dependent PDF's

proton helicity pdf
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Summary and future work

o We used the framework of the relativistic Faddeev equation
in the NJL model to calculate the quark LC momentum
distributions in the nucleon based on a straightforward
Feynman diagram evaluation.

@ The work can be extended to calculate GPDs and TMDs.

@ Or to a finite density calculation.
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Thank you for your attention!
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