25TH INTERNATIONAL
SPIN PHYSICS
SYMPOSIUM

The Production of Spin-3/2 Hadrons in

ete- Annihilation and SIDIS

Jing Zhao
Shandong University

Collaborators: Zuo-tang Liang, Tianbo Liu, Zhe Zhang, Ya-jin Zhou

Phys. Rev. D 106, 094006 (2022)

2023.09.27



Outline

Introduction

The description of spin-3/2 particles

TMD fragmentation functions for spin-3/2 hadrons

Spin-3/2 hadrons produced in e¢*e- annihilation and SIDIS

Summary and outlook



Introduction

» Fragmentation functions (FFs): hadron momentum distribution in the final state, depend on z.

Transverse momentum dependent (TMD) fragmentation functions (FFs): FFs that depend on z and P;.

Detection
e ~ Hadronization
Fragmentation ~ hadrons @@ .
partons @@ ...

hadron bound states

Figure from https://www.ericmetodiev.com/post/jetformation/.
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Introduction

The leading-twist TMD fragmentation functions for spin-0, spin-1/2 and spin-1 particles:

Quark Polarization

Unpolarized Longitudinally Transversely Polarized
Polarized
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Introduction

» Study the distribution of s(strange) quark in proton.

-
6_ /
FF

" unknown Semi-inclusive deep inelastic scattering (SIDIS):
h
/Ci e +N —e +h+ X
N AV ammann| 5% do ~ déo Q PDF Q FF
., ;
] Q (sss5) is most sensitive to s quark
PDF
unknown

» Electron-positron annihilation: the cleanest progresses to extract FFs.

eTe” — OX === collinear FFs ete™ — OQOhX === TMD FFs
e 0 e Q)
’7* 7* .
et X et X



The description of spin-3/2 particles

Spin-s: Mg = =5, )8 ) p: (25+1) X (2s+1)

(2s+1)
The properties of spin density matrix: 2 = pl, Trp=1
m Spin-1/2: p:2X2 p=35(1+5a")

S%: spin vector S = (S%,5%,51) —3 independent components

® Spin-1: p:3x3 p=1(1+38% 4 3T7x)

T% . symmetric traceless rank-2 spin tensor

x y Tx Ty
SrrLy Sty St ST, S

} SiL+S7r Srr Str
T =, Srr St —Str Siy
S%? S%v St 3

ST SY —251r1

} 8 independent components

A. Bacchetta and P. J. Mulders, Phys. Rev. D 62, 114004 (2000).
E. Leader, Spin in particle physics, 2001.



The description of spin-3/2 particles

mSpin-3/2: p:ax4 p=7(1+:5T 4 TR + SRIFRF)
N (E’LEJ 4+ 2321) . %1523

1
2
srijk :1
6

(ztsish) - g—(l) (o7 + 3ot + 3ko)

RY* . symmetric traceless rank-3 spin tensor Rk = Ty[R¥F ] =< B¥F >

Si: ST Y S, 3

TY : Sy, S%., SY ., S¥&. S7Y. 5 ~— 15 independent components

gk . T Y T Ty TTT yxrx
R :SLLL, SLLT? SLLT? SLTT? SLTT? STTT? STTT 7 —

In the rest frame Lorentz covariant form
St T4 Rk —— SK THY RHVP
P#S“ = 0. P#T‘“’ = 0, P#R””p =0




TMD fragmentation functions

B Parametrization of the quark-quark correlation function

h> © <hl

Py E Py
K % Aqs (k, P,S,T,R) = Z/ eF€(0|L (00, £)Ya(€)|P, S, T, R, X)
A

kt| Tk x (P,S,T,R,X|¢p(0)L(c0,0)]0) Gauge link

The correlation function can be decomposed by Dirac structures.

~ Loy, Y 5,105 e basis The most general
A(k,P,S,T,R) - ) decomposition of
) k‘“, PH, S,u’ THY RHvP coefficient correlation function.

Each term of the decomposition fulfills Hermiticity and parity invariance:

Hermiticity: A(k,P,S,T,R) = At (k,P,S, T, R)+°

Parity invariance: ~ A(k,P,S,T,R) =~°A(k, P,—S,T,—R)~"



TMD fragmentation functions

B, Spin-0 k- k-S
A(k,P,S,T,R) =(||MBi11+ By P + Bsf + 0 PPk 4 iBsk - S5 + M Bg$ys + B7—P75 + Bs—k%

M
. Lo L, . kS L €00V PV kPS®
+1.BgO'm/}’5S'u'P + lBl()O'MV’Yg,SMk ‘I‘lBll M2 0'“,,’75P“k + Blg et ,YM -
Big

Bis Bis Bis
+ ﬁk k,TH'1 + Wk k, T P + Mzk k,T* I + Wk k,T" 0 ,, P’k + By7k, T,

B B B
+ ﬁlSJVpPPkMT“V + ﬁaypk”kuT“” M2; €wpeV Vs P kP T spint
Bas

B B
MZ;k kK, R*Pys M3k k,k, R*P s + s Kbk SRMP Prys + i szk k,k,R*Po\ysk™ PA

B 1% 'B T v B T 14 B
7 kb Ry, + 100 ysk b, R 1Wa,,775p Kk RY + 220

€uvpo V' k" PPl kyAR™

B>1 — Bag : rank-3 tensor polarized terms, newly defined for spin-3/2 hadrons.

Because we take P~ as a large momentum component, the leading-twist TMD FFs can be
projected out by these Dirac matrices.~—, v~ s, 10" 5



TMD fragmentation functions

32 leading-twist TMD fragmentation functions for spin-3/2 particles:

Quark Polarization L,T... : hadron polarized
Unpolarized Longitudinally Transversely Polarized +: the dependence of kr
Polarized
U Dy (2, k7) Hi (2, k%) 2 A Bacchetta and P. J.
L G k2 H=- k2 Mulders, Phys. Rev.
1 (2 K1) 12 (= i) 2 6 D 62, 114004 (2000).
S T Dy (2, k%) Gir (2, k%) Hyr (2,k%) , Hiz (2, k%) b Chen W
= . b. Chen, W. h.
g LL Dirr (2, k%) Hiyp (2, k%) Yang, S.y. Wei
5 LT Dhy(aM)  Ghr(ak) Hur (k) Al (k) 10 @02 e
t TT Diyr (2,k2) Gipr (2, k%) Hizr (2,k%) , Hisy (2, k) 034003 (2016).
_g LLL GiLLL (Z, k%) HlLLLL (z’ k%)
®
T  LLT | Diy.r (2 K3) GL (2 k2)  Hiror (2. k%), Hippr (2, k7) 14
LTT | Diprr (2,57) Giprr (2. k7) Hiprr (2:k7)  Higrr (2 k1)
TTT | Dipp (z, k%) Girrr (27 k%) Hizpr (z, k%) s Hiprrr (z, k%)




Semi-inclusive production of the Q in e*e- collisions

B Decomposition of the hadronic tensor

o
Q PYP)doc 42
* BPd3P, — 4QF

7 h

L, W

L,ul/ (l17 l2) — 2[l1p,l21/ + llvl2u - g,ul/(ll : l2)]
Leptons are unpolarized

1
W“V(q;Pl,S,T,R;PQ): Z(27r)454(q_PX_P1_P2)
X

4
et X (27)
X <0|J“(0)|PX7P1735TaRaP2> <PX;P17SaTaR;P2 |JV(0)|0>

e (I1) + et (ly) = Q(P) + h(P2) + X(Px)

Hadronic tensor must satisfy:

Hermlthlty W=Hv (q7 P17 S) T7 R7 P2) = W"H (q7 P17 S) Ta R7 P2)

Parity invariance : WH (q; P, S,T,R; P2) = Wy, (¢; P1,—S,T, —R; P2)

Gauge invariance: qWH =WHq, =0
11



Semi-inclusive production of the Q in e*e- collisions

Hadronic tensor W+ ====m) Basis tensors multiplied by structure functions.

Basic Lorentz tensors: t* = {5"’ v PPy, P)Py, BlFPY }}

tE,MV _ {Pl{uEV}QHPZ, Pz{l‘eV}qplpz}

G = gt — ¢"q”

pPH — pH _

q2
P-q
q2

)

q#

will vanish when contract with ¢

Polarized basis tensors = Polarization dependent scalars x Basic Lorentz tensors

Vector polarized: thy = {52 15 ¢ S Pyt

. P q
Rank-2 tensor polarized: th = {TT2P2 TP Ta\ghy (17 2P Pag TUPLP2qy Pon

) Py P P
Rank-3 tensor polarized: % = {f** ? P12 R2IPiPag RYEPPqyuy [ pPePaPe paa pPePaq pPaaa) Ty

4 8 16 20

vV vV vV 1%

W = "Vyathi + ) Vet + ) Vit + > Vet
=1 =1 =1 i=1

A total of 48 basis tensors.

superscript 2: parity non-conserved

subscript U, V, T, R: hadron polarization
V.. structure functions

12



Semi-inclusive production of the Q in e*e- collisions

PP P)do
d3 Py d3 P,

2
— 40524 X{ [(1 + cos®0) Fiy + (1 — cos® ) Ffyyy + (sin 26 cos ¢)F;}°(s]¢ + (sin® 6 cos 2¢) F[?O[S]?ﬂ Unpolarized

+ 81, {(sin2 0sin 2¢) F}'1% + (sin 20 sin ¢)F2’,}¢J

+1r) [sinir ((1+ cos?0) Ffy + (1 cos?0) Fy + (sin20cos ) Fi5

48 structure functions . .
+ (sin? 6 cos 2¢) F;?52¢) + cos ¢r ((sin2 f'sin 2¢) Fr. ?Jw + (sin 26 sin qS)FISJ,?J‘b)]

+SLL {(1 + cos? §) FEL,U + (1 — cos?6) F,—fL,U + (sin 26 cos ¢)FJ§(,);S$ + (sin2 0 cos 2¢) F%° 2¢J

2 2 EL.U
F( Zhlazh27Q 7qT) 9 7 9 L i e
+ |81 [cos éLT ((1 + cos®0) Firy + (1 — cos? 0) Fiy iy + (sin 2 cos ) LTt
] 2P, - g ] 9P - q + (sin? 6 cos 2¢) FE‘;??) +singrr ((sin2 0sin 2¢) FZI;%]‘# + (sin 26 sin ¢)F21;‘5)]
=200 =2 Rank-2 tensor polarized
Q @ + ST [COS 2¢1T ((1 + cos” 0) Fippy + (1 — cos®6) FTLT,U + (sin 26 cos ¢)F;“?,2
+ (sin? 6 cos 2¢) FT‘}ZU"’) + sin 277 ((sin2 0sin 2¢) Fy22? + (sin 20 sin ¢)F§3§ﬁj{})} 16

¥ Spir [(sin2 0sin2¢) Fin2% 4 (sin20'sin g) Fny U]
+ |Scrr| [sin éLLT ((1 + cos? 9) FELT,U + (1 — cos? 0) FLLLT,U + (sin 26 cos qS)Fz%SﬁU
+ (sin? @ cos 2¢) FE";_,%%) + cosdrrT ((sin2 fsin2¢) FSP2% 4 (sin 20 sin ¢) F5ro U)]

+ |Srr| [sin 201TT ((1 + cos? 9) FgTT,U + (1 — cos? 9) FLLTT,U + (sin 26 cos ¢)Fcos¢ _

LTT,U
4 (sin2 Qicod 2¢) Fz‘;fﬁ,%) + cos 20T ((sin2 0 sin 2¢) FEI;%?SU + (sin 260 sin ¢)F21;:72 U)] 20

+ |Srrr| [sin 3orTT <(1 + cos? 0) FIZTT,U +(1- cos? 0) F:,@TT,U + (sin 26 cos qS)FQC%#’ 7

+ (sin? @ cos 2¢) F;‘;f%%) + cos 3¢rrT ((Sin2 f'sin 2¢) F;fr;%% + (sin 20 sin @) F5n? U)] } "




Semi-inclusive production of the Q in e*e- collisions

B The structure functions in the parton model

WH = Nez2 ) €2 / d*kyrd®kord (kir + kor — qr) Tr[AY IyE AR/ 3V
q
The correlation function is parametrized in terms of leading-twist TMD FFs as

1 _ _ L
Az kar) = 7 {0 )G ki)t = AUl ey, ki) yas + AL (a1, kg Yio_ins |

4 /

Gjl 2 B
A(z2, kor) = 3 {D1(Z27k2T)7_ — T]\ZTZ 1J_(227k2T)30+j’75}

h: unpolarized hadron

For the helicity conservation of massless quarks, the chiral-odd TMD FFs must couple to chiral-odd function.

For conciseness, we introduce the transverse momentum convolution notation

dimensionless TMD FF for the TMD FF for the
2 2
c [w“(le’ kor) D (21, le)D(Z2’k2T)] scalar functions first hadron €2 second hadron h

1 1
ZNCleQ Z e /d2k1Td2k2T5(2)(k1T + kot — qr)wa(kiT, kor) Dy (21, k37) Dy (22, kar)
q

14



Semi-inclusive production of the Q in e*e- collisions

At leading twist, 24 structure functions have nontrivial expressions.

I
Unpolarized state: 2

Firy = C [D1(z1, kip)Di(22, k3p)]

UU
Vector polarized states: 4

|
|
|
|
|
|
|
|
|
FLE? = =€ lwaHii (a1, Kir) 7 2. i) |
|

F:IT,U =C {wlDfT(Zla k%T)Dl(Z% k%T)]

sin(2
FT,U( Hér) _ C {UMH%T(ZM k%T)HlL(Z%k%T)} |
FSin(2¢—¢T) =_C

.U [w2H1T(zl7 ki) Hi (22, k%T)] [

The other 24 structure functions only arise at high twist or high order.

| F;j;fé¢+2¢TT) e

|FSin(2¢—2¢TT) —C

Rank-2 tensor polarized states: 8

Fipy =C [Dirn(z1, kir) D1 (22, k3p)]

cos2¢
FLL,U =—C

[w3Hf_LL (Zla k%T)HJLL (Zz, k’%:r’)]

FET,U =C [wlDf_LT(Zla k%T)Dl(Z% k%T)}

Fin@otorn) _ _c

sin(2¢—drr) _
Frru ==C

FTQ:T,U =C

Tl

woH (o1, Kip) Hi' (22, k)|

[w4Hf_LT(Z17 k%T)HlJ_(Z% kgT)]

w5Df_TT(Z1, k%T)Dl (Z2a k%T)}
_w7H1J_TT(Zla k%T)HlJ_(Z% k%T)]

_wGHf_TJ?(Zla k%T)HlL(Z% k%T)]

Rank-3 tensor polarized states: 10

sin2¢
FLLL,U o

—C [wsHiypp (21, Kip) i (22, k)]

Fiiry=C {wlDlLLLT(Zl, kir)D1(z2, k%T)]

sin(2¢p+¢ )
Frooprg 7 =C

LIT.U =—C
T _
Firry=-C

in}lg%+2¢LTT) —_C

in;g?,?]—2¢LTT) —C

|

|

|

|

|

|

|

| FSin(2¢—¢>LLT) _
|

|

|

|

|

|

: Fipry = —C
I )

|F$;%%+3¢TTT) __C

IFjsjn(2¢_3¢TTT) __C

TT,U =
1

Study the TMD

waHy (o1, k) Hi (0, )|

woH1Lrr(21, ki) Hi (22, k%T)}

w5D1LLTT(Z17 k%T)Dl(Z% k%T)]

_wﬁHlLLJTT(Zla k%T)Hf (22, k%T)]

[w7Hf_LTT(Zla k%T)HlL(Z% k’gT)]

w8Df_TTT(Z17 k‘%T)Dl(Z% k%T)]

_w9Hf_TJ’:I“T(217 k%T)Hf_ (22, k%T)]

:UJIOHlJ_TTT(Zla kir)Hi (22, k%T)]
$
FFs for spin-3/2 hadrons

15



Production of the Q in SIDIS

B Decomposition of the hadronic tensor
2
do a‘y L W

SIDIS: B
& _

o / drdydzdendypdP?, — 8Q%z
L (L) =210, + 11, — guul - 1 — iXe€pnpel”l'?)

Leptons are polarized

’Y*
h
N 4
> A § X Wuy(q;Pas;PhaShaThaRh):Z(S (P+q_Ph_PX)<PyS|Ju(0)|PX7PhashaThaRh>
X
e ()+NP)—=e (I'Y+Q (P,) + X(Px) x (Px; Py, Sh, Th, Ru|J”(0)|P, S),
Basic Lorentz tensors: ti"" = {g””, prpPY P*PY, PPy }}
P!, P} PH Pl 5P _ { 5{u vyaPP, pin u}qPPh} 192 96
tU — P € ’P]’L € WMV — Z ‘/;St;s/ﬁl/ —I_Z ‘/;Atfﬂl/
Apv | plu pYl i=1 i=1
t = { Prpy
Superscript S: symmetric
Superscript 4: anti-symmetric
16

AP,pv _ [ _pvqP _uvqPy
ty = {17, e }



Production of the Q@ in SIDIS

B The cross section in terms of structure functions

Both target and produced hadron are polarized.

do o y? 72 . .
— 1 R { [ %2(1 . Fsm bn in 2 Fsm 2¢h]
dadydzdddvdPL,  zyQZ 2(1 — o) < +2x> Shrrr |V 2€(1+€)singpFyr 17" + esin2¢,F 7

) Tsinprrrr Lsingnprrr
+ |Shrrr [Slﬂ PhLLT (FU,LLT +eFy Lot

+1/2€¢(1 +¢) <Sin (¢n — PnLLT) Fzsji,ri(ﬁ:’?_dmw) + sin (¢n + dnLLT) F(S]i,nL(f,_*;,w“LT))

+€ (Sin (2¢h — ¢hLLT) inlz(z(;h_(ﬁhLLT) + sin (2¢h + ¢hLLT) Flsjirz(z?h-l-(ﬁhLLT))]

Unpolarized leptons: 192

. Tsin2¢nrTT Lsin2¢nrTT
+ [ShrrT] {Sm 20nL7T (F U,LTT + eIy ey )

Polarized leptons: 96 +1/2¢(1 + ¢) (sin (én — 20n17r) Fg om0 ) 4 sin (¢, + 26nr77) Ff}ifi(é’f?rﬂd)“”))

+€ (Sin (20 — 20nLTT) F[jvi’r}f%?_’h—QflshLTT) +sin (205, + 26nL77) ng(%?h+2¢hLTT)>]

. T sin 3¢ L sin 3¢
+ ‘ShTTT| [Sln 3¢hTTT <FU,TTT RTTT | EFU,TTT hTTT)

+ 2T+ ) (sin (¢ — 3owrrr) Fiyph "™ +sin (6n + 3¢nrrr) Figs o7

e (Sin (26n = 3énrrT) Flir%;d%h_ww”) + sin (2én + 3énTTT) FISJi,nT(%q;’ththTT))} }

17



Production of the Q@ in SIDIS

B The structure functions in the parton model

The hadronic tensor in the parton model: W*” = QzZeZ/dZPT/d2kT52 (pr + gr — kr) Tr [® (2, kr) v A (2,p1) 7]

To satisfy the helicity conservation,

2z, kr) =5 {80 1@, ky)y™ — @l (a, kr)y s + 2l (e, ko s )

t Symmetric part
L] + [y~ 7] + (07 s] . Anti-symmetric part
A(z,pr) =5 {A (z,pr)y™ — A (z,pr)7 "5 + A (z,p:r)w—ﬂs,}
sin r il -k _ ’Al .
FU,L2L¢L =C _th%HiLLLL] wy = MT wy = MI;T
FTSinthLLT — C [ — D_L A
) | g’;f; | :w1f1 1LLT) 2(h-kT) (h-pT> ke pr)
Fooor e =c __wlhllHUlLT] e M M,

At leading twist:
For unpolarized leptons, half of 192 structure functions are nonzero. 42 are for rank-3 tensor polarized states

For polarized leptons, one-third of 96 structure functions are nonzero. 14 are for rank-3 tensor polarized states
18



Summary and outlook

» We use the spin density matrix to characterize the spin states of spin-3/2 hadrons.
» We obtain 32 leading-twist TMD FFs via the parametrization of the quark-quark correlation function.

« We perform the general kinematic analysis of the differential cross section and calculate the
structure functions in the parton model.

For ete~ — QhX, half of 48 structure functions are nonzero at leading twist.

For e~ p— ¢~ QX, half of 192 structure functions are nonzero for unpolarized leptons case,
and one-third of 96 structure functions are nonzero for polarized leptons case.

» In the future, the Belle Il experiment with 40 times higher luminosity than the Belle experiment
makes it possible to extract the rank-3 tensor polarized FFs.

Thank youl!

19
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Semi-inclusive production of the Q in e*e- collisions

B Reference frames and the cross section in terms of structure functions

calculate L, WHY o) The general form of the cross section

It is convenient to specify a reference frame to obtain a general angular distribution of this cross section.

hadron plane

3;; Lorentz transformation

v 4 N
4 N
7’ AN
/, N
/, 6 \\
4 N\
\< Z
l
lepton plane 1

Collins-Soper frame (CS frame) Hadronic center-of-mass frame (CM frame)

J. C. Collins and D. E. Soper, Phys. Rev. D 16, 2219 (1977).

CS frame is more convenient to describe the The spin components are easier to be

angular distributions of the produced hadrons. defined in the CM frame.
21



Semi-inclusive production

The basis vectors in CM frame:

P, 2

. v
Transverse metric: gy =g" —
Transverse antisymmetric tensor: e}’ = e***°

of the Q in ete collisions

E/,L — Plu + P2“
VMZ+ M2+ 2P - P
o D (Mi+P-Py) - Pl (My+Pr-Py)
V(P P2 — M2M3\/ME + Mg + 2P, - Py
g 9T
uv
\/ 97 Qv
g,u — 6/%”5%1/

(PL- P) (PP + PYPy)
(P Py)* — M2M3
P2pP10

M{Py'PY + M3 P{' P}
(Pr- P)* — M7 M3

V(L Po)? — M2M3

22



Production of the Q@ in SIDIS

B Reference frames and the cross section in terms of structure functions

Both target and produced hadron are polarized.

do a2 y? 72 . -
— 1 ) (S [ V2 + O sinon BT, + esin 20, Fy 3 |
dxdydzdgbd@de}fL VoL 2(1_6)( +2x) hLLL €(1 + €) sin ¢y, UL T esin2¢n T

. Tsin¢nrrr Lsingprrr
+ |ShLrrl [Slﬂ OhLLT (FULLT +ely T

+ 26(1 + 6) (sin (gbh — ¢hLLT) F[S]irz(gf;_(ﬁhLLT) + sin (Qbh + ¢hLLT) Flsji,rlL(f%+¢hLLT)>

+e (Sin (26n — dnrLT) F[S]iri(sz)h_(mLT) + sin (2¢p, + dnrrr) Fsm(%”‘z’“”)ﬂ

U,LLT
e . + |ShLTT| [Sin 2¢hLTT (Fg:zi;_,%(thTT + EFlizi;%j’hLTT)
. x | |
.~ k + 26(1 + E) (Sin (¢h — 2¢hLTT) F(Sjl’rz(;f&:—2¢hLTT) + sin <¢h + 2¢hLTT) FSln(¢h+2¢hLTT))

U,LTT
. zZ +E Sin (2¢h _ 2¢hLTT) Fsin(2¢h_2¢hLTT) _|_ Sin (2¢h + 2¢hLTT) Fsin(2¢h+2¢hLTT)
The Trento conventions ( e - U.LTT )]
: : _ + |ShrrT] [Siﬂ 3onTTT (F 5 Snsgnrrr | eFU’STl;:f’F%TTT)
A. Bacchetta, U. D'Alesio, M. Diehl and C. A. Miller, T ' N T
Phys. Rev. D 70, 117504 (2004). + 261+ (sin (90 — Bowrrr) Byt +sin (¢n + 3nrrT) iy rpy )
pv pv e (Sm (260 = 3énrr7) FISJI,I’}(%?F}L_E,%TTT) + sin (2é5, + 3¢nrTT) F;I}(;?ﬁsmw)ﬂ }
cos ¢y, = — l,uPhugL _l,uPhVEJ_

oo SWén= e
ZJ-PhL lJ_PhL

23



The description of spin-3/2 particles

7 rank-3 tensor polarization basis:

siik — éz{izjzk} - 2_(1) (895F + o7F5 + gkixd)
4
15
ST "y

3 (5”’2’“ 4 55t 4 5’“27)

NETY 4 YWY 4 31E2Y — (),

YITT + NYyz 4+ 22T _ ().

Tr[X2i0I%) = Tr[2is7¥] = Tr[S93*™ =0  orthogonal relation

p=1(1+457%i 1 205 4 S RUkRiH)

24



In the rest frame Lorentz covariant form

St T4 Rk > SH THY RHVP
pP,S*=0, PI"™ =0, P,R" =0

Light-cone coordinate: v = (vt,v™,v1) oF = (0 £43)/V/2

M?
: _ o B =l —
Two null vectors: n* = (0,1,0) it = (1,0,0) P = 2P_n + P n
. PMﬁn") P The transverse components of
2 - ooy pro Qp pv pvp
Str %(#) ‘“ﬁ”+2<P—) '’ —altn’t + gp’ STy St ST ST Srry StrT
M) atsih b () nblsih s St = (S%,8%), Sip=(Sir, 8%, Sipr=(Sipr,SY
o) Por— \ 3 )™ PLr TP T=(57,57), Str=(Sir,Sir)s Strr = (SirrSirr)s
1/ M \? 1/ M Y Ty Ty
5 <ﬁ> ﬁ“ﬁ”ﬁp—i(m> (ﬁ{“ﬁ”np}—ﬁ{“ng}) gij  _ T STT i _ Lrr SorT
- e o\ oesim) T Sy —SEe)
)i ) o
TTT Syxm Sym _ Qxzx
M\ PiN2 o S oo o T | SR — TTT ®TTT TTT TTT
P—ﬁ) ntH ST H 2 <7> nt\ ST | 20 ST B ST T TTT Symw _— ) . Syxm
TTT ~ “TTT —PTTT T FTTT

M _ v ]. P'ﬁ/ v v
(p—.) nsiih - 5 (7) nS 2 I+ S?T”T}a
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TMD fragmentation functions

B How to pick out leading-twist terms?

The Sudakov decomposition of the quark momentum:

z (k* + k2, P~
T RV H
= n” + " n* + krp

The k7 -unintegrated quark-quark correlation function:
A (2 ky) = 4i / dktA (k, P, S, T, R)

=z

Kt =

k=2
z

P~ as a large momentum component and the leading-twist TMD
FFs can be projected out from the correlator by the Dirac matrices.

Y5, 100 s
A=Ay +Ap+Ap+ApL+App + Ay AL k) = ( Sppmy T Dm)

+Arrr +Arpr + Aprr + Arpr 7o kp) ( s krup 1 )
|:> LTT T) LTT 2 “ILTT

AP (z, kr) = Te [A (2, kr) T] bk k) = (s S Dl )

A[LL_A (2,kr) =0,
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SE = <2Z>,

Srr = (X*%),

7 = 2=,

Srrr = (¥°%%),

St = 257 -

Strr = (3%7),

Yyz TTr
2 > ’ STTT -

Str = 2(X%),

S%=(57), Sh=().

S22, — (33T _ $wy),

S?IJ;LT — <Eyzz>a

<wa:t: i 3Exyy> ,

Spr = 2(5%),

Sprr = 4E%7),

Sz, — (35— xw),
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W=%%—kﬁ%
k;Zk = k%“k%k:]ﬁ k‘T (9 K% + gzkkj kk‘%) ;
K™ = Kok Rk
1 2 gl k]k i
——kT kT+ng -I-g -I-g%wkT-l-g kT+ Tk

i1 k
g@ﬂ(ﬂﬁ+#%+#%)

1kl
gngk g = gszkU =4gr zgkl] = 0.
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Ay (z,kr) =
AL (Z, kT) =

Ar (2, kr) =

ALL (Z kT)

ALT Z k)T)

ATT Z k:T)

Arrr(z,kr)

Arpr(z,kr) =

Arrr(z,kr) =

Arrr(z,kr) =

1 . k
=1 {GILLL (2,k%) Seooysit + Hizpp (2, k%) SLLLW';w’YSn'u_T} ;

{D1 (2, K2) i+ ( (2,k2) o—uﬁn)}

kl/
{G]_L (Z, k’%) SL’Y5¢ + Hf_L (Z, k%) SLiUNV75nNMT} ,

N NN

{GllT (2, kr_zp) STMkT Y51t + Har (2, k%) 105t St

iy (e k) iowrsnt L1, + ( Di (20 07) e L2 s},
£ {D1es (o) Sua — (it :119) SLLUW%M)},
{DlLT SLLkTﬂ (GlLT (2,k7) e i SLTV’75¢)
—(

kHP
Hirr (z kT) UWSLTn ) + (HﬁT z,kr_Zp O'H,,MQ Srron” )},

(2, k7)
k?'uu kTup up
DlTT zZ, kT STT[J,V M2¢ + GlTT (Z kT) €1y M2 S

u>|»—-

kr, k”pa
- <H1J_TT (2, k7) 0 St Mp ) Hizp (2, k%) o —L e StTpem” | ¢,

M
Srir -k . k‘up
{GlLLT (2,kF) #’Ys% — Hiypr (2, k7) iouysnt e L Srirp

Lk
+HiLLr (z kT) 05 ST + (DILLT (z kT) e’ ]\? SLLTuvi)}

kMY ' I/pa'
£ { Gl (248) S o8 + Hider (5, 8) im0 L Sire

k kT v,
+H1LTT (Z k‘T) 10,75 M SLTT M (DlLTT (z’k%) €Ty M;;p SL’%T¢)}

2 k'’ L1l 2 k™"
{GITTT (2, k7) STTTU00 M3 Vsth + Hiprr (2, k1) i0,7ysn" I STTTpor

. kT o kT a
+Hirrr (2, k) i0uysn* Sy 7z T (DITTT (2, k%) e, 1S %%)}




S = S*L,,
St = |St|cos 7 = =S¥z, cosb =
SY. = |Sr|sinpr = —S* 4,
Spr=T#1L,L,,
S%r = |Spr|cos prr = —2T* L&,
SYr = |Spr|singrr = —2T" L,
22 = |Srr| cos 2¢pr = 2T" & ,&,, + T L, L,
S7v. = |Spr|sin 2¢rr = 2TH 2,9,
Srir = R*™°L, 1L, L,,
Strr =|Scrr|cosprrr = —R“””IAL,JI:VQ%,,,
SY i =1Scor|singrir = —R“foluf},,gp,
Ster = |Sprr|cos2¢prr = ARMPL, 4,8, + 2R*PL,L,L,,
S7¥. = |Scrr|sin 200 = ARMPL 3,4,
222 — |Sprr|cos 3¢rrr = —4RMPE,3,4, — 3RMPL, L2,

Yrer ; . A P
Strr = |Strr|sin 3¢rrr = —4RMP§, 2,8, — RFPL,L,j,.
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14+ =S, + S+ gSLLLa

)
=1+ %SL — S —28LLr,
=1— %SL — S +2SLrr,
—1— gSL + S — gSLLLa
— ?(Sgﬂ —iS¥) + ?(Sfr_p —iSY )+ 23£(SfLT —iS117))
2/3 V3 2v3

T( T +1iST) + ?(SfT +1iSip) + T( Tor +iST0r),

4, .
g(ST —iS7) = 2(STpr — St 7)),

4, "
g(ST + zSg") - 2(SLLT + ZS%LT)’

- 25£(S% —iSY) — ?( Tr —iSir) + \?)/—(SLLT iS1rr);
— 25£( T +1iS%) — ?( Tr+iSyr) + \3/7(SLLT +1S7 1),
— \/?ﬁ( T —iSTo) + ?(SLTT iSTrT);
= ?( T+ iSpr) + \f( Strr +4SL7T),
= ?( T —iSpr) — \f( SITT — iST7r7))
— ?3( T+ iST) — \gg(SLTT +iSr77);

(S%’”T””T +iS777);

(S%’%”T iSTTT)-



Y, = ¥, cosf cos d + 2.y cosfsing + 3, sin 0

P (msg) = Tr [plmp,5))(mo,p)] P (m.) : when measuring along
the (6,¢) direction, probability of
obtaining the eigenvalue m.
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In CS frame:

I = %(l,sinﬁcosqb, sin @ sin @, cos 6),
= %(1,—sin0cos¢,—sin08in¢, — cosf),

P = zh;Q (1,\/1—'y,%lsinB,O,—\/l—fy?ﬂcosﬂ) :
P} = @ (1,\/1—fy,leSinﬁ,O,\/l—fyﬁzcosﬁ),

q/’L - (Q7 0’ 07 0)’
_ 28 — zp12p2 28 — zp12p2
cos2f = ~ P
zmzny/ (1= 1)1/ (1 = 12) h1%h2
1 -2y, 1 -2y Y1 — Y2
cosf = — ~ 5
24/1—~2,cosB  24/1—~2 cosf3 cos
1-2 1-2 11—y —
cos ¢ = Y2 Y1 —~ Yi— Y2

+ N — 0
2\/1—7§2sinﬁsin9 2\/1—7ﬁlsin,ﬁsin9 sin fsin



The dimensionless scalar functions:

wy = _QT ’ le, Wo = _(jT ) kQT’ wg = 2(CjT ) le)(q\T ) sz) + le ’ k2T,
M M M M,
wy — Firdrikar; + 2655 drdry(@r k) - 2kedrdr,
M2M, ! Mz

2 kg“l(jTi(jTjsz + 2kf’i#q\Tiq\Tj(_?Tl(k2T ’ QT)} le . k2T 4k’i'z.;”lq\Tiq\qu\Tl
vem M3 M, A V7% VYV

4K G sGrorr + 265 Qi i (ko - ) | W gk,
W9 = - Mile , W10 = M12M2 )

ir = g%yqu/\/g is the direction of the virtual photon transverse momentum in the CM frame.
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