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• Introduction

• The description of spin-3/2 particles

• TMD fragmentation functions for spin-3/2 hadrons

• Spin-3/2 hadrons produced in e+e−  annihilation and SIDIS

• Summary and outlook
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Ø Fragmentation functions (FFs): hadron momentum distribution in the final state, depend on z.

Introduction

Transverse momentum dependent (TMD) fragmentation functions (FFs): FFs that depend on z and PhT.

Figure from https://www.ericmetodiev.com/post/jetformation/. 

hadron bound states

https://www.ericmetodiev.com/post/jetformation/
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K. b. Chen, W. h. Yang, S. y. Wei and Z. t. Liang, Phys. Rev. D 94, 034003 (2016).

Introduction

The leading-twist TMD fragmentation functions for spin-0, spin-1/2 and spin-1 particles:

A. Bacchetta and P. J. Mulders, Phys. Rev. D 62, 114004 (2000).

… … … …

Spin>1 ?
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K. Goeke, A. Metz, and M. Schlegel, Phys. Lett. B 618, 90 (2005).
P. J. Mulders, R. D. Tangerman, Nucl. Phys. B 461, 197 (1996).
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Introduction

Ø Electron-positron annihilation: the cleanest progresses to extract FFs.

collinear FFs TMD FFs

PDF 
unknown

FF 
unknown

Ø Study the distribution of s(strange) quark in proton.                                                                                                   

Semi-inclusive deep inelastic scattering (SIDIS)：

Ω  (sss) is most sensitive to s quark



The description of spin-3/2 particles
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n Spin-1:

The properties of spin density matrix: 

Spin-s:

n Spin-1/2:

—3 independent componentsspin vector

symmetric traceless rank-2 spin tensor

A. Bacchetta and P. J. Mulders, Phys. Rev. D 62, 114004 (2000).

8 independent components
5

3

E. Leader, Spin in particle physics, 2001.



The description of spin-3/2 particles
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n Spin-3/2:

Lorentz covariant formIn the rest frame

symmetric traceless rank-3 spin tensor

1 3 5 716

15 independent components

3

5

7



TMD fragmentation functions
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basis

coefficient

The most general 
decomposition of 
correlation function.

Each term of the decomposition fulfills Hermiticity and parity invariance:

n Parametrization of the quark-quark correlation function

The correlation function can be decomposed by Dirac structures.

Hermiticity:

Parity invariance:

Gauge link
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TMD fragmentation functions

rank-3 tensor polarized terms, newly defined for spin-3/2 hadrons. 

Spin-0

Spin-1/2

Spin-1

Spin-3/2

Because we take P− as a large momentum component, the leading-twist TMD FFs can be 
projected out by these Dirac matrices.

<latexit sha1_base64="mNclV8ATqszx9/WRf6YQLMrpNUo="></latexit>

B21 �B28 :
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L,T… : hadron polarized       
┴: the dependence of kT

32 leading-twist TMD fragmentation functions for spin-3/2 particles:

TMD fragmentation functions

14

10

6

2

K. b. Chen, W. h. 
Yang, S. y. Wei 
and Z. t. Liang, 
Phys. Rev. D94, 
034003 (2016).

A. Bacchetta and P. J. 
Mulders, Phys. Rev. 
D 62, 114004 (2000).
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n Decomposition of the hadronic tensor

Hadronic tensor must satisfy:

Hermiticity:

Gauge invariance:

Parity invariance :

Semi-inclusive production of the Ω in e+e− collisions 

Leptons are unpolarized
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Hadronic tensor Basis tensors multiplied by structure functions.

subscript U, V, T, R: hadron polarization
Vi:  structure functions

Vector polarized:

Rank-2 tensor polarized:

Rank-3 tensor polarized:

A total of 48 basis tensors.

superscript P : parity non-conserved

Semi-inclusive production of the Ω in e+e− collisions 

<latexit sha1_base64="Y4N4dotll1/ySaxIOrjwvOFeVkk="></latexit>

tµ⌫V =
�
✏SqP1P2

 
tµ⌫U , {S · q, S · P2}tP,µ⌫

U

<latexit sha1_base64="tlyMa99cv7+lWWLBEwGjzb67lFY="></latexit>

tµ⌫T =
�
TP2P2 , TP2q, T qq

 
tµ⌫U , {✏T

P 2P1P2q, ✏T
qP1P2q}tP,µ⌫

U

<latexit sha1_base64="PoLmA52O+FnuBhjHU/RXEorU6/g="></latexit>

tµ⌫R = {✏R
P2P2P1P2q, ✏R

P2qP1P2q, ✏R
qqP1P2q}tµ⌫U ,

�
RP2P2P2 , Rqqq, RP2P2q, RP2qq

 
tP,µ⌫
U

Basic Lorentz tensors:

Polarized basis tensors = Polarization dependent scalars × Basic Lorentz tensors

will vanish when contract with q
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Unpolarized

Vector polarized

Rank-2 tensor polarized

Rank-3 tensor polarized

48 structure functions

4

8

16

20

Semi-inclusive production of the Ω in e+e− collisions 
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n The structure functions in the parton model

For the helicity conservation of massless quarks, the chiral-odd TMD FFs must couple to chiral-odd function.

Semi-inclusive production of the Ω in e+e− collisions 

Hadronic tensor

h: unpolarized hadron

The correlation function is parametrized in terms of leading-twist TMD FFs as

For conciseness, we introduce the transverse momentum convolution notation 

dimensionless 
scalar functions

TMD FF for the 
first hadron

TMD FF for the 
second hadron
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Rank-2 tensor polarized states: 8

Semi-inclusive production of the Ω in e+e− collisions 

Rank-3 tensor polarized states: 10Unpolarized state: 2

Vector polarized states: 4

At leading twist, 24 structure functions have nontrivial expressions. 

Study the TMD FFs for spin-3/2 hadrons
The other 24 structure functions only arise at high twist or high order.
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Production of the Ω in SIDIS

SIDIS: <latexit sha1_base64="FmCu2KioZ0K5Smar9YQvJaXhBB4="></latexit>

d�

dxdydzd�hd dP 2
h?

=
↵2y

8Q4z
Lµ⌫W

µ⌫

<latexit sha1_base64="WTSV2LIFBanflWW+1I6isxurNbg="></latexit>

Lµ⌫(l, l
0) = 2(lµl

0
⌫ + l⌫ l

0
µ � gµ⌫ l · l0 � i�e✏µ⌫⇢�l

⇢l0�)

Leptons are polarized

Superscript S: symmetric
Superscript A: anti-symmetric

<latexit sha1_base64="Mjf3AQypUHJ6PlD1Rj2EjEFETp4="></latexit>

tS,µ⌫U =
n
egµ⌫ , ePµ eP ⌫ , ePµ

h
eP ⌫
h , eP {µ eP ⌫}

h

o

<latexit sha1_base64="0jhqSqa6iHrzaqHRRT2ESrBr44k="></latexit>

tSP,µ⌫
U =

n
P̃ {µ✏⌫}qPPh , P̃ {µ

h ✏⌫}qPPh

o

<latexit sha1_base64="evEpiQD6uPRvSVhn6ZlKoWHOZxw="></latexit>

tA,µ⌫
U =

n
P̃ [µP̃ ⌫]

h

o

tAP,µ⌫
U =

�
✏µ⌫qP , ✏µ⌫qPh

 

<latexit sha1_base64="wjiJBQLugsagymHFmqVWsNhUVnM="></latexit>

Pµ, Pµ
h

<latexit sha1_base64="qNcmTu0VCNFybsfStjg4/NW+YVg="></latexit>

Pµ
1 , P

µ
2

Basic Lorentz tensors:

n Decomposition of the hadronic tensor

<latexit sha1_base64="QzCqwcWLmISCg2nix5SgELezw1k="></latexit>

Wµ⌫ =
192X

i=1

V S
i tSµ⌫

i + i
96X

i=1

V A
i tAµ⌫

i

<latexit sha1_base64="lLmfVSazVZ3l3w6+ts58Lze6BFE=">AAAB6nicdVBNSwMxEM3Wr1q/qh69BIvgxZItWttb0YvHivYD2rVk02kbms0uSVYoS3+CFw+KePUXefPfmG0rqOiDgcd7M8zM8yPBtSHkw8ksLa+srmXXcxubW9s7+d29pg5jxaDBQhGqtk81CC6hYbgR0I4U0MAX0PLHl6nfugeleShvzSQCL6BDyQecUWOlG7g76eULpEgsymWcErdCXEuq1UqpVMXuzCKkgBao9/Lv3X7I4gCkYYJq3XFJZLyEKsOZgGmuG2uIKBvTIXQslTQA7SWzU6f4yCp9PAiVLWnwTP0+kdBA60ng286AmpH+7aXiX14nNoOKl3AZxQYkmy8axAKbEKd/4z5XwIyYWEKZ4vZWzEZUUWZsOjkbwten+H/SLBXdcvHs+rRQu1jEkUUH6BAdIxedoxq6QnXUQAwN0QN6Qs+OcB6dF+d13ppxFjP76Aect09Bro3P</latexit>

e�

<latexit sha1_base64="lLmfVSazVZ3l3w6+ts58Lze6BFE=">AAAB6nicdVBNSwMxEM3Wr1q/qh69BIvgxZItWttb0YvHivYD2rVk02kbms0uSVYoS3+CFw+KePUXefPfmG0rqOiDgcd7M8zM8yPBtSHkw8ksLa+srmXXcxubW9s7+d29pg5jxaDBQhGqtk81CC6hYbgR0I4U0MAX0PLHl6nfugeleShvzSQCL6BDyQecUWOlG7g76eULpEgsymWcErdCXEuq1UqpVMXuzCKkgBao9/Lv3X7I4gCkYYJq3XFJZLyEKsOZgGmuG2uIKBvTIXQslTQA7SWzU6f4yCp9PAiVLWnwTP0+kdBA60ng286AmpH+7aXiX14nNoOKl3AZxQYkmy8axAKbEKd/4z5XwIyYWEKZ4vZWzEZUUWZsOjkbwten+H/SLBXdcvHs+rRQu1jEkUUH6BAdIxedoxq6QnXUQAwN0QN6Qs+OcB6dF+d13ppxFjP76Aect09Bro3P</latexit>

e�

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N

<latexit sha1_base64="AO4aiC3qE2d7qBCIE2LaomMge3A=">AAAB73icdVDLSgMxFM3UV62vqks3wSKIiyHTOrXuim5cVrAPaMeSSTNtaDIzJhmhDP0JNy4UcevvuPNvzLQVVPTAhcM593LvPX7MmdIIfVi5peWV1bX8emFjc2t7p7i711JRIgltkohHsuNjRTkLaVMzzWknlhQLn9O2P77M/PY9lYpF4Y2exNQTeBiygBGsjdTpDbEQ+PakXywhG1XdyrkLke0ip1bOSNl1EKpAx0YzlMACjX7xvTeISCJoqAnHSnUdFGsvxVIzwum00EsUjTEZ4yHtGhpiQZWXzu6dwiOjDGAQSVOhhjP1+0SKhVIT4ZtOgfVI/fYy8S+vm+ig5qUsjBNNQzJfFCQc6ghmz8MBk5RoPjEEE8nMrZCMsMREm4gKJoSvT+H/pFW2nartXp+W6heLOPLgAByCY+CAM1AHV6ABmoAADh7AE3i27qxH68V6nbfmrMXMPvgB6+0T/rKP9w==</latexit>

�⇤
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<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>
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Production of the Ω in SIDIS

n The cross section in terms of structure functions

Both target and produced hadron are polarized. 

…

<latexit sha1_base64="/W2R0krIFGZFG7HnViUIlZsc6AE="></latexit>

d�

dxdydzd�d dP 2
h?

=
↵2

xyQ2

y2
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✓
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2x

◆n
ShLLL

hp
2✏(1 + ✏) sin�hF

sin�h

U,LLL + ✏ sin 2�hF
sin 2�h

U,LLL

i

+ |ShLLT |
h
sin�hLLT

⇣
FT sin�hLLT

U,LLT + ✏FL sin�hLLT

U,LLT

⌘

+
p
2✏(1 + ✏)

⇣
sin (�h � �hLLT )F

sin(�h��hLLT )
U,LLT + sin (�h + �hLLT )F

sin(�h+�hLLT )
U,LLT

⌘

+✏
⇣
sin (2�h � �hLLT )F

sin(2�h��hLLT )
U,LLT + sin (2�h + �hLLT )F

sin(2�h+�hLLT )
U,LLT

⌘i

+ |ShLTT |
h
sin 2�hLTT

⇣
FT sin 2�hLTT

U,LTT + ✏FL sin 2�hLTT

U,LTT

⌘

+
p
2✏(1 + ✏)

⇣
sin (�h � 2�hLTT )F

sin(�h�2�hLTT )
U,LTT + sin (�h + 2�hLTT )F

sin(�h+2�hLTT )
U,LTT

⌘

+✏
⇣
sin (2�h � 2�hLTT )F

sin(2�h�2�hLTT )
U,LTT + sin (2�h + 2�hLTT )F

sin(2�h+2�hLTT )
U,LTT

⌘i

+ |ShTTT |
h
sin 3�hTTT

⇣
FT sin 3�hTTT

U,TTT + ✏FL sin 3�hTTT

U,TTT

⌘

+
p
2✏(1 + ✏)

⇣
sin (�h � 3�hTTT )F

sin(�h�3�hTTT )
U,TTT + sin (�h + 3�hTTT )F

sin(�h+3�hTTT )
U,TTT

⌘

+✏
⇣
sin (2�h � 3�hTTT )F

sin(2�h�3�hTTT )
U,TTT + sin (2�h + 3�hTTT )F

sin(2�h+3�hTTT )
U,TTT

⌘io

Unpolarized leptons: 192

Polarized leptons: 96
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Production of the Ω in SIDIS

For unpolarized leptons, half of 192 structure functions are nonzero.

For polarized leptons, one-third of 96 structure functions are nonzero.

n The structure functions in the parton model

To satisfy the helicity conservation,

The hadronic tensor in the parton model:

Symmetric part

Anti-symmetric part

At leading twist:

<latexit sha1_base64="1OyGUT2Z1koCFiMR7FBRaLLkVvQ="></latexit>

F
sin 2�
U,LLL = C

⇥
w2h

?
1 H

?
1LLL

⇤

F
T sin�hLLT

U,LLT = C
⇥
w̄1f1D

?
1LLT

⇤

F
sin(2�+�hLLT )
U,LLT = C

⇥
�w1h

?
1 H1LLT

⇤

…

42 are for rank-3 tensor polarized states

14 are for rank-3 tensor polarized states

…
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Summary and outlook

• We use the spin density matrix to characterize the spin states of spin-3/2 hadrons.

• We obtain 32 leading-twist TMD FFs via the parametrization of the quark-quark correlation function.

Thank you!

For e+e− → ΩhX , half of 48 structure functions are nonzero at leading twist. 

For e− p→ e− ΩX , half of 192 structure functions are nonzero for unpolarized leptons case, 
and one-third of 96 structure functions are nonzero for polarized leptons case.

• In the future, the Belle II experiment with 40 times higher luminosity than the Belle experiment 
makes it possible to extract the rank-3 tensor polarized FFs.

• We perform the general kinematic analysis of the differential cross section and calculate the 
structure functions in the parton model.
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Back up
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Collins-Soper frame (CS frame) Hadronic center-of-mass frame (CM frame)

n Reference frames and the cross section in terms of structure functions

It is convenient to specify a reference frame to obtain a general angular distribution of this cross section.

The general form of the cross section

CS frame is more convenient to describe the 
angular distributions of the produced hadrons.

The spin components are easier to be 
defined in the CM frame. 

J. C. Collins and D. E. Soper, Phys. Rev. D 16, 2219 (1977). 

Semi-inclusive production of the Ω in e+e− collisions 

Lorentz transformation
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The basis vectors in CM frame:

Transverse metric:

Transverse antisymmetric tensor: 

Semi-inclusive production of the Ω in e+e− collisions 
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Production of the Ω in SIDIS

n Reference frames and the cross section in terms of structure functions

The Trento conventions

Both target and produced hadron are polarized. 

…

<latexit sha1_base64="/W2R0krIFGZFG7HnViUIlZsc6AE="></latexit>
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⌘io

A. Bacchetta, U. D'Alesio, M. Diehl and C. A. Miller, 
Phys. Rev. D 70, 117504 (2004).
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7 rank-3 tensor polarization basis:

orthogonal relation

The description of spin-3/2 particles
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Lorentz covariant formIn the rest frame

Light-cone coordinate:

Two null vectors:

The transverse components of 
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n How to pick out leading-twist terms?

…

TMD fragmentation functions

The Sudakov decomposition of the quark momentum: 

The kT -unintegrated quark-quark correlation function:

P− as a large momentum component and the leading-twist TMD 
FFs can be projected out from the correlator by the Dirac matrices.
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In CS frame:
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The dimensionless scalar functions:

is the direction of the virtual photon transverse momentum in the CM frame.


