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Semi-inclusive DIS (SIDIS)

Factorization： PDF ⊗ σeq→eq FF⊗σep→ehX = ∑
q

Fragmentation function（TMD FF）
Q
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II. THEORETICAL FORMALISM

A. TMD factorization formula

We consider the SIDIS process (2) on a transversely
polarized nucleon. With the one-photon-exchange ap-
proximation, one can express the di↵erential cross section
as
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and S
↵
? represents the transverse polarization of the nu-

cleon. As commonly used in the SIDIS process, we define
the kinematic variables

Q
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2 = �(l � l
0)2,
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where l is the incoming lepton momentum, l
0 is the out-

going lepton momentum, P is the incoming nucleon mo-
mentum, Ph is the detected outgoing hadron momentum,
and M is the nucleon mass. The transverse antisymmet-
ric tensor is
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, (6)

with the convention ✏
0123 = 1. Following the Trento con-

vention [47], we define the hadron transverse momentum
Ph? and azimuthal angles in the virtual photon-nucleon
frame, as illustrated in Fig. 1. The �h is the angle from
the lepton plane to the hadron plane and the �S is the
angle from the lepton plane to the transverse spin S?
of the nucleon. These variables can also be expressed in
Lorentz invariant forms as
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FIG. 1. The Trento conventions of SIDIS kinematic variables.

The structure functions FUU and F
�
UT are functions of

xB, zh, Ph?, and Q. For the convenience to apply the
QCD factorization, one usually expresses the structure
functions in the “W+Y” formalism [48],

FUU (xB, zh, Ph?, Q) = WUU (xB, zh, Ph?, Q)

+ YUU (xB, zh, Ph?, Q), (8)

F
�
UT (xB, zh, Ph?, Q) = W

�
UT (xB, zh, Ph?, Q)

+ Y
�
UT (xB, zh, Ph?, Q). (9)

The “W”-term dominates the cross-section in the small
PhT region, where the TMD factorization works, and the
“Y”-term provides a matching to the collinear factoriza-
tion region at large PhT . In this study, we restrict to the
small PhT region and neglect the “Y”-term. The resum-
mation formula of the “W”-term is derived in the impact
parameter space via a Fourier transform,

WUU (xB, zh, Ph?, Q) =

Z
d
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(2⇡)2
e
�i~q?·~bfWUU (xB, zh, b, Q),

(10)

W
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UT (xB, zh, b, Q),

(11)

where q? = Ph?/zh can be understood as the transverse
momentum of the virtual photon in the nucleon-hadron
back-to-back frame.

According to the TMD factorization, one has the fac-
torized expressions as

fWUU (xB, zh, b, Q)

= H(µ, Q) ⌦ f1(x, b; µ, ⇣1) ⌦ D1(z, b; µ, ⇣2),

fW �
UT (xB, zh, b, Q)

= H(µ, Q) ⌦ b
�
Mf

?
1T (x, b; µ, ⇣1) ⌦ D1(z, b; µ, ⇣2), (12)

with corrections suppressed by powers of q?/Q. The
H(µ, Q) is the hard factor describing the short-distance
scattering. In the calculation of the nucleon transverse

Parton distribution function（TMD PDF）
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FX Y, Z ∝ PDF FF⊗ : Lepton polarization
: Target polarization
:  polarization

X
Y
Z γ*
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Sivers function

Unpolarized FF

<latexit sha1_base64="eY7reSBGX7Vw6dsKDf7Te1RYHgo="></latexit>

F sin(�h��S)
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"
� ĥ · pT

M
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#
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FUU

Sivers asymmetry：
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COMPASS

G.D. Alexeev, M.G. Alexeev, C. Alice, A. Amoroso, V. 
Andrieux et al., Phys.Lett.B 843 (2023) 137950

The Sivers asymmetry of  meson in SIDIS 
process has been measured firstly.

ρ0
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Framework
<latexit sha1_base64="Lg58SHyBfvF8vipEn7QyqA/gqeI="></latexit>

Asin(�h��S)
UT =

F sin(�h��S)
UT

FUU
<latexit sha1_base64="PVjiRRnhqtfpXP8ry9R2JfC8SQI="></latexit>

sin (�h � �S)F
sin(�h��S)
UT = "?↵�S

↵
?F

�
Sivers

<latexit sha1_base64="0LJaSKvUfge5hoOkgBDlWQ44XJc="></latexit>

FUU (xB , zh, Ph?, Q) =

Z
d2b

(2⇡)2
ei

~Ph?·~b/zh eFUU (xB , zh, b, Q) + YUU (xB , zh, Ph?, Q)

<latexit sha1_base64="+sCBlKUnRJZmnR2gqGnSwNYHV/g="></latexit>

F↵
Sivers (xB , zh, Ph?, Q) =

Z
d2b

(2⇡)2
ei

~Ph?·~b/zh eF↵
Sivers (xB , zh, b, Q) + Y ↵

Sivers (xB , zh, Ph?, Q)

Dominates in  Ph⊥ ≪ Q Dominates in  Ph⊥ ≳ Q

We focus on the region  , where the TMD factorization approximatively applies.Ph⊥ ≪ Q

TMD factorization and evolution:
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Framework
<latexit sha1_base64="O5I9KcmWWu6O9Z2w2m8xCHVkf94="></latexit>

eFUU (xB , zh, b, Q) =H (µ,Q)
X

q

e
2
q
ef1,q/p (xB , b, µ, ⇣1) eD1,h/q (zh, b, µ, ⇣2)

eF↵
Sivers(xB , zh, b, Q) =H (µ,Q)

X

q

e
2
q (�iMb

↵) ef?
1T,q/p (xB , b, µ, ⇣1) eD1,h/q (zh, b, µ, ⇣2)

TMD Factorization

<latexit sha1_base64="uIDyTEtuGjOXF9OisDYRPVRgnnk="></latexit>

µ: the renormalization scale

⇣: the rapidity scale
<latexit sha1_base64="4fqv3k6tLDjx63HJw8tadlqlx1I=">AAACA3icbZC7SgNBFIZn4y3G26qdNoNBsAq7IV4aIaCFZQLmAsm6zE5OkiGzF2Zmhbgs2PgqNhaK2PoSdr6Nk2QLTfxh4OM/53Dm/F7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWFBo0JCHou0RCZwF0FBMcWhHAojvcWh5o6tJvXUPQrIwuFXjCByfDALWZ5QobbnmQfcBFHETO82gnOJLXL9LKqlrFq2SNRVeBDuDIspUc82vbi+ksQ+BopxI2bGtSDkJEYpRDmmhG0uICB2RAXQ0BsQH6STTG1J8rJ0e7odCv0Dhqft7IiG+lGPf050+UUM5X5uY/9U6sepfOAkLolhBQGeL+jHHKsSTQHCPCaCKjzUQKpj+K6ZDIghVOraCDsGeP3kRmuWSfVY6rVeK1essjjw6REfoBNnoHFXRDaqhBqLoET2jV/RmPBkvxrvxMWvNGdnMPvoj4/MHPDGXRA==</latexit>

⇣1⇣2 = Q4
<latexit sha1_base64="VUoL77MSJF0aeyr+UmYjFBKyUsg=">AAACAHicbZC7SgNBFIZn4y3G26qFhc1gEKzCbvDWCAEtLBMwF0jWZXYymwyZnV1mzgpxSeOr2FgoYutj2Pk2Ti6FJv4w8PGfczhz/iARXIPjfFu5peWV1bX8emFjc2t7x97da+g4VZTVaSxi1QqIZoJLVgcOgrUSxUgUCNYMBtfjevOBKc1jeQfDhHkR6UkeckrAWL590HlkQHwXX+EplQ3V7su+XXRKzkR4EdwZFNFMVd/+6nRjmkZMAhVE67brJOBlRAGngo0KnVSzhNAB6bG2QUkipr1scsAIHxuni8NYmScBT9zfExmJtB5GgemMCPT1fG1s/ldrpxBeehmXSQpM0umiMBUYYjxOA3e5YhTE0AChipu/YtonilAwmRVMCO78yYvQKJfc89JZ7bRYuZnFkUeH6AidIBddoAq6RVVURxSN0DN6RW/Wk/VivVsf09acNZvZR39kff4A9k6UuQ==</latexit>

⇣1 = ⇣2 = Q2 symmetrical choice

<latexit sha1_base64="C7Yq3TzQLnHoFjmCXQ7UBCnpo10=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKewGXxchoAePCZgHbDZhdjKbDJnZWWZ6hRDyGV48KOLVr/Hm3zhJ9qCJBQ1FVTfdXWEiuAHX/XZya+sbm1v57cLO7t7+QfHwqGlUqilrUCWUbofEMMFj1gAOgrUTzYgMBWuFo7uZ33pi2nAVP8I4YYEkg5hHnBKwkt+RabeCb3G9W+kVS27ZnQOvEi8jJZSh1it+dfqKppLFQAUxxvfcBIIJ0cCpYNNCJzUsIXREBsy3NCaSmWAyP3mKz6zSx5HStmLAc/X3xIRIY8YytJ2SwNAsezPxP89PIboJJjxOUmAxXSyKUoFB4dn/uM81oyDGlhCqub0V0yHRhIJNqWBD8JZfXiXNStm7Kl/WL0rV+yyOPDpBp+gceegaVdEDqqEGokihZ/SK3hxwXpx352PRmnOymWP0B87nD4ZGkCA=</latexit>

µ2 = Q2

<latexit sha1_base64="Vb8+Xp77kZ3XVvyxRNX/8zPPhuI="></latexit>

f1,q/p
�
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�
=

1

2⇡

Z
db bJ0 (bk?) ef1,q/p (x, b, µ, ⇣)

D1,h/q

�
z, p2?, µ, ⇣

�
=

1

2⇡

Z
db bJ0

⇣
b
p?
z

⌘
eD1h/q (z, b, µ, ⇣)

k?
M

f?
1T

�
x, k2?, µ, ⇣

�
=

Z 1

0

dbb2M

2⇡
J1 (bk?) ef?

1T (x, b, µ, ⇣)
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Framework
TMD evolution

<latexit sha1_base64="69Wbgrn9sBM1yi95ufb3magG4wA="></latexit>

µ2 dF̃ (x, b, µ, ⇣)

dµ2
=

�F (µ, ⇣)

2
F̃ (x, b, µ, ⇣)

<latexit sha1_base64="E/YXv+iPjW5jJIi34ts2wdfE0nc=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjPihqeAB/UWxSyQhNDTqSRNeha7a8Q4BH/FiwdFvPof3vwbO5McNPFBweO9KqrqeZEUGh3n25qZnZtfWMwsZZdXVtfW7Y3Nsg5jxaHEQxmqqsc0SBFACQVKqEYKmO9JqHi986FfuQelRRjcYj+Chs86gWgLztBITXu7jvCAyc0Fhbs41c7ooGnnnLyTgk4Td0xyZIxi0/6qt0Ie+xAgl0zrmutE2EiYQsElDLL1WEPEeI91oGZowHzQjSS9fkD3jNKi7VCZCpCm6u+JhPla933PdPoMu3rSG4r/ebUY26eNRARRjBDw0aJ2LCmGdBgFbQkFHGXfEMaVMLdS3mWKcTSBZU0I7uTL06R8kHeP80fXh7nC1TiODNkhu2SfuOSEFMglKZIS4eSRPJNX8mY9WS/Wu/Uxap2xxjNb5A+szx8wnZUW</latexit>

RG equation:
<latexit sha1_base64="yKMtlu44IS1/W7kw4ng6wStfnQU="></latexit>

⇣
dF̃ (x, b;µ, ⇣)

d⇣
= �D(b, µ)F̃ (x, b;µ, ⇣)

<latexit sha1_base64="0p8gX6p8eoleFWe6d2cBUhdiOgU=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGbEDU+BXPQW0SyQDKGnU5M06VnsrhHDEH/FiwdFvPoh3vwbO8tBEx8UPN6roqqeF0uh0ba/rczS8srqWnY9t7G5tb2T392r6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6EhjeojP3GAygtovAOhzG4AeuFwhecoZE6+UIb4RHTyi2F+2SiXY46+aJdsiegi8SZkSKZodrJf7W7EU8CCJFLpnXLsWN0U6ZQcAmjXDvREDM+YD1oGRqyALSbTo4f0UOjdKkfKVMh0on6eyJlgdbDwDOdAcO+nvfG4n9eK0H/wk1FGCcIIZ8u8hNJMaLjJGhXKOAoh4YwroS5lfI+U4yjyStnQnDmX14k9eOSc1Y6vTkplq9ncWTJPjkgR8Qh56RMrkiV1AgnQ/JMXsmb9WS9WO/Wx7Q1Y81mCuQPrM8fzxaU6Q==</latexit>

CS equation:
TMDs evolution equation:

<latexit sha1_base64="2DT01pjnc34b3AKpn8PyESJGVZI="></latexit>

D: the rapidity anomalous dimension �F : the TMD anomalous dimension

obtain the TMD functions with any scale. 

<latexit sha1_base64="WfzSCO0QPT2lJHUdzVRnzz40r40="></latexit>

eF (x, b;µf , ⇣f ) = R [b; (µf , ⇣f ) ! (µi, ⇣i)] eF (x, b;µi, ⇣i)The solution: 
<latexit sha1_base64="wRITozLoFW5SWjgRZjRrfc8/Dcc="></latexit>

R [b; (µi, ⇣i) ! (µf , ⇣f )] = exp

Z

P

✓
�F (µ, ⇣)

dµ

µ
�D(µ, b)

d⇣

⇣

◆�

<latexit sha1_base64="3MqtKCGqFYfKSlvTOL4CiR39pI0="></latexit>

⇣
d

d⇣
�F (µ, ⇣) = �µ

d

dµ
D (µ, ⇣) = �� (µ)

 stands for any TMD function.F̃

The finite-order perturbative calculation 
destroys the path independence property.
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Framework
TMD evolution:

<latexit sha1_base64="6YBOJbnXo93medRjpwefQbzp+DE="></latexit>

~E =

✓
�F (µ, ⇣)

2
,�D (µ, ⇣)

◆

Ignazio Scimemi, Alexey Vladimirov, 
JHEP 06 (2020) 137

In the -prescription,  the initial scales 
 and  belong to a null-evolution 

line, that is expressed as 

ζ
μ ζ

(μ, ζμ (b))

<latexit sha1_base64="iZKaBh5lAfNwVA7S7U0s9nKsGbY="></latexit>

eF
�
x, b;Q,Q2

�
=exp

Z

P

✓
�F (µ, ⇣)

dµ

µ
�D(µ, b)

d⇣

⇣

◆�
eF (x, b)

=

✓
Q2

⇣Q(b)

◆�D(b,Q)

eF (x, b)

<latexit sha1_base64="/xQK3kdhLNVxlADxGU3QmoxqsLQ="></latexit>

D(µ, b) = Dresum (µ, b⇤) + dNP(b)

<latexit sha1_base64="8IzyZfqI3d64cdijz8Mqqt7VMPs="></latexit>

⇣µ(µ, b) =⇣pertµ (µ, b)e�b2/B2
NP

+ ⇣exactµ (µ, b)
⇣
1� e�b2/B2

NP

⌘
<latexit sha1_base64="BmyjHDkhLatGGEYqjh3ub9A1XFM=">AAACGHicbZDLSgMxFIYz9VbrbdSlm2ARRKHOFG8bodSNK6lgL9CpQybNtKGZi0lGKGEew42v4saFIm67821M21lo6w+Bj/+cw8n5vZhRIS3r28gtLC4tr+RXC2vrG5tb5vZOQ0QJx6SOIxbxlocEYTQkdUklI62YExR4jDS9wfW43nwiXNAovJfDmHQC1AupTzGS2nLNE89VRym8go7PEVZeqhzxyKWyjzPjoZyqqqtua6mmNHXNolWyJoLzYGdQBJlqrjlyuhFOAhJKzJAQbduKZUchLilmJC04iSAxwgPUI22NIQqI6KjJYSk80E4X+hHXL5Rw4v6eUCgQYhh4ujNAsi9ma2Pzv1o7kf5lR9EwTiQJ8XSRnzAoIzhOCXYpJ1iyoQaEOdV/hbiPdCBSZ1nQIdizJ89Do1yyz0tnd6fFSjWLIw/2wD44BDa4ABVwA2qgDjB4Bq/gHXwYL8ab8Wl8TVtzRjazC/7IGP0A1ragUA==</latexit>

b⇤ =
bq

1 + b2

B2
NP

<latexit sha1_base64="MDNLgF08Ewu2TOpM7iEWYTcxyNg="></latexit>

@ ln F̃ (x, b, µ, ⇣)

@ lnµ2
=
�F (µ, ⇣)

2

@ ln F̃ (x, b;µ, ⇣)

@ ln ⇣
=�D(b, µ)
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Framework
Within the TMD factorization and TMD evolution, 

the Sivers asymmetry: 

<latexit sha1_base64="Lg58SHyBfvF8vipEn7QyqA/gqeI="></latexit>

Asin(�h��S)
UT =

F sin(�h��S)
UT

FUU

<latexit sha1_base64="s5N4/mkuGjJG9Lc3NXmwQWwsEdI="></latexit>

F
sin(�h��s)
UT (xB , zh, Ph?, Q) =�H (µ,Q)M

X

q

e
2
q

Z 1

0

db

2⇡
b
2
J1

✓
bPh?
zh

◆✓
Q

2

⇣Q(b)

◆�2D(b,Q)

⇥ ef?
1T,q/p (xB , b) eD1,h/q (zh, b)

<latexit sha1_base64="Ndj8efeGR3znC7awcnl3/HI0Tcs="></latexit>

FUU (xB , zh, Ph?, Q) =H (µ,Q)
X

q

e
2
q

Z 1

0

db

2⇡
bJ0

✓
bPh?
zh

◆✓
Q

2

⇣Q(b)

◆�2D(b,Q)

⇥ ef1,q/p (xB , b) eD1,h/q (zh, b)



The unpolarized FFs of   meson：ρ0 Approach ：perform a global fit of Pythia’s  meson data.ρ0

Charge conjugate symmetry 

Isospin symmetry

the parameterization is chosen as：

Dρ0/u(z, μ0) = Dρ0/d(z, μ0) = Dρ0/ū(z, μ0)

= Dρ0/d̄(z, μ0) = N1 × zα1 × (1 − z)β1

Dρ0/s(z, μ0) = Dρ0/s̄(z, μ0) = N2 × zα2 × (1 − z)β2

Dρ0/g(z, μ0) = Ng × zαg × (1 − z)βg

μ2
0 = 1.2GeV2
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Q = 280GeV

Pythia data：

Fρ0 (z, Q2) =
1

σtot

dσ (e+e− → ρ0X)
dz

=
1

Ntot

ΔN (e+e− → ρ0X)
Δz

13

Unpolarized FFs of  mesonρ0

Only take the gluon,  into accountu, ū, d, d̄, s, s̄



Result：

 

= 1.0086
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Unpolarized FFs of  mesonρ0

D1 (z, μ2
0) = N zα (1 − z)β

gluon u, ū, d, d̄ s, s̄
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The TMD FFs

<latexit sha1_base64="X1sQKBHPF8i3imEG2YGbBPdaIpc="></latexit>

D1,h/f (z, b) =
1

z2

X

f 0

Z
1

z

dy

y
y2Cf!f 0

�
y, b, µFF

OPE

�
D1,h/f 0

✓
z

y
, µFF

OPE

◆
DNP (z, b)

No appropriate 
parameterization 

for  meson.ρ0

We assume three 
 for  

meson based on that 
of the pion to perform 
the numerical 
calculations

DNP (z, b) ρ0
gluon u, ū, d, d̄ s, s̄

z = 0.1, μ2 = 4GeV2

Obtain TMD FFs by collinear FFs：

 of pion and kaonDNPThe  distributions of three k⊥ DNP
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Numerical Result

ZLSZ
Chunhua Zeng, Tianbo Liu, Peng Sun, 
Yuxiang Zhao, Phys.Rev.D 106 (2022) 
9, 094039

Sivers function parameterization: 

BPV20
Marcin Bury, Alexei Prokudin, Alexey 
Vladimirov, JHEP 05 (2021) 151

Sivers function parameterization: 

The Sivers asymmetry of  mesonρ0
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Numerical Result

EIC

preliminary
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y = 0.2
zh = 0.48
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xB = 0.05
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xB = 0.25
Ph⊥ = 0.3GeV






Q2 = 7.9GeV2

xB = 0.25
zh = 0.4

s = 100GeV

BPV20

JLab22GeV
s = 6.7GeV

Sivers asymmetry at the 
EIC’s and JLab22GeV’s 
kinematics
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Numerical Result
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Numerical Result
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Sivers asymmetry of  
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K*

EIC
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Numerical Result
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Numerical Result
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Numerical Result
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Summary

1. The Sivers function extracted from pion’s and kaon’s data can be well matched 
with ’s data. The universality of Sivers function.

2. There is a large difference between ZLSZ parameterization and BPV20 
parameterization. JLab22GeV can provide a test of the Sivers function’s 
universality and constrain the extraction of the Sivers function.

ρ0

Thanks!


