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Based on

- The resolution to the problem of consistent large transverse momentum in TMDs 
(PhysRevD.107.094029)

• (J. O. Gonzalez-Hernandez, T. Rainaldi, T. C. Rogers )

- Combining nonperturbative transverse momentum dependence with TMD 
evolution (PhysRevD.106.034002)

• (J. O. Gonzalez-Hernandez, T. C. Rogers, N. Sato )

-   Basics of factorization in a scalar Yukawa field theory (PhysRevD.107.074031)
(F. Aslan, L. Gamberg, J. O. Gonzalez-Hernandez, T. Rainaldi, and T. C. Rogers)

PhysRevD.107.094029.pdf
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.106.034002
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.107.074031
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Why TMDs?

Studying the role of intrinsic or 
nonperturbative effects in hadrons

Predicting transverse momentum distributions in 
cross sections after evolution to high energies

Factorization theorems
Universality

Drell-Yan
SIDIS

e+ e- --> Ha Hb X

Evolution equations
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Where TMDs?

High energy phenomenology

Nonperturbative hadron structure
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Wµν
DY (xa, xb, Q, qT ) =

=
∑
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j,DY
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Drell-Yan
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Conventional approach
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Final parametrization of a TMD

f̃j/p (x; bT;µQ, Q) = f̃OPE
j/p (x; b∗;µb∗ , µb∗)×

× exp

{∫ µQ

µb∗

dµ′

µ′

[
γ (αS(µ

′); 1)− ln

(
Q

µ′

)
γK (αS(µ

′))

]
+ ln

(
Q

µb∗

)
K̃ (b∗;µb∗)

}

× exp

{
−gj/p (x, bT)− gK (bT) ln

(
Q

Q0

)}

Same for FF

f̃OPE
j/p (x, b∗;µb∗ , µb∗) = C̃j/j′ (x/ξ, b∗;µb∗ , µb∗)⊗ f̃j′/p (ξ;µb∗) +O

(
m2b2max

)

Nonperturbative
Perturbatively 

calculable

Fixed order collinear factorization

Drop this
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(Some) Issues with conventional approach
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Conventional approach results for SIDIS
Matching region ???
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Matching region in SIDIS cross section?
QCD (conventional)
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k2TF1
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Integral relations?
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The net of distribution functions

Credits: Lorcé, Pasquini and 
Vanderhaeghen

Most of these integrals 
are divergent. 
A more careful 
treatment is necessary

https://arxiv.org/pdf/1102.4704.pdf
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Consistency is the way
TMDs are uniquely determined by their operatorial definition

H

∫
d2k1Td

2k2Tfj/p
(
x,k1T;µ,

√
ζ
)
Dh/j

(
z, zk2T;µ,

√
ζ
)
δ(2) (qT + k1T − k2T)



14

Consistency is the way

At large qT ∼ Q the cross section is determined solely by fixed order 
collinear factorization

dσ

dqT . . .
qT∼Q∼ H(qT )⊗ f ⊗ d

Collinear PDFs/FFs
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Consistency is the way

Similarly, at large TM (kT)/ small bT the TMDs are uniquely 
determined by an OPE expansion in terms of collinear PDFs/FFs

fi/H(x, bT ;µ, ζ) = C̃ij(x, bT ;µ, ζ)⊗ fj/H(x;µ) +O(mbT )
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Consistency is the way

Any auxiliary parameter cannot change the Physics (bmax /bmin)

d

dbmax

dσ

dq2T . . .
= 0
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So what?
The former are generally either not imposed or violated

Why don’t we impose them in the 
parametrization at the input scale?

fi/H(x, bT ;µ, µ
2) = fi/H(x, bT ;µ0, µ

2
0)E(bT ;µ/µ0)

Evolution factor
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The key points of the HSO approach
• Consistency: integral relation connecting TMD with collinear distributions even at 

moderate Q

• Match large transverse momentum asymptotic behavior that is dictated by the 
operator definitions

• Controlled transition between perturbative and nonperturbative descriptions of 
transverse momentum dependence. No bmax

• Fit at input scale and then evolve to higher scales to minimize uncertainties

• No global fits: experimental data not all on the same footing
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finpt,i/p(x,kT ;µQ0 ;Q
2
0) =

1

2π

1

k2T +m2

[
Af

i/p(x;µQ0) +Bf
i/p(x;µQ0) ln

Q2
0

k2T +m2

]
+

1

2π

1

k2T +m2
Af,g

i/p(x;µQ0)

+ Cf
i/pfcore,i/p(x,kT ;Q

2
0)

=
(
Af

i/p +Af,g
i/p

)

︸ ︷︷ ︸
M10A[1]⊗f

1

2π

1

k2T +m2

︸ ︷︷ ︸
Φ(0)

+ Bf
i/p︸︷︷︸

M21A[2]⊗f

1

2π

ln
(

Q2
0

k2
T+m2

)

k2T +m2

︸ ︷︷ ︸
Φ(1)

+Cf
i/pfcore,i/p

TMD PDF HSO parametrization at input scale
Fixed order collinear factorization

NP parametersSmall kT model

f c
j/p (x;µQ) ≡ 2π

∫ kc

0
dkT kTfj/p

(
x,kT;µQ,

√
ζ
)

= fj/p (x;µQ) +∆j/p (x;µQ, kc) + p.s.

Such that

O (αS) Large kT OPE coefficients
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Choose “core” models (examples)

DGauss
core,h/j

(
z, zkT;Q

2
0

)
=

e−z2k2
T/M2

D

πM2
D

DSpect
core,h/j

(
z, zkT;Q

2
0

)
=

2M4
0D

π (M2
D +M2

0D)

M2
D + z2k2T

(M2
0D + z2k2T)

3

fGauss
core,i/p

(
x,kT;Q

2
0

)
=

e−k2
T/M2

F

πM2
F

fSpect
core,j/p

(
x,kT;Q

2
0

)
=

6M6
0F

π (2M2
F +M2

0F )

M2
F + k2T

(M2
0F + k2T)

4

}
{

Gaussian “core” models

Spectator-like “core” models
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Evolution?

HSO Collins-Soper kernel 
at the input scale and RG 
improvement with 
prescription. 

Match small bT/large kT 
with OPE and assign 

“core” model 
(large bT/small kT)Q0(bT )

Q0 (bT , a) = Q0

[
1−

(
1− C1

Q0bT

)
e−a2b2T

]

We need to change scheme

Q0(bT )

Q0

bT

<latexit sha1_base64="2Ojn0S/vyPAKfTbrLYh3kOIXeGY=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgutCSlqBuhWASXFfqCJobJdNIOnUnCzEQoIT/hxl9x40IRt4I7/8Zp04W2HrhwOOde7r3HjxmVyrK+jaXlldW19cJGcXNre2fX3NtvyygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcf1Sd+54EISaOwqcYxcTkahDSgGCkteeapEwiE07pnZ6nvNTN4BXOlQu7TM2eAOEfeTZabnlmyytYUcJHYM1ICMzQ888vpRzjhJFSYISl7thUrN0VCUcxIVnQSSWKER2hAepqGiBPpptOvMnislT4MIqErVHCq/p5IEZdyzH3dyZEaynlvIv7n9RIVXLopDeNEkRDni4KEQRXBSUSwTwXBio01QVhQfSvEQ6RDUTrIog7Bnn95kbQrZfu8XL2rlmrXszgK4BAcgRNggwtQA7egAVoAg0fwDF7Bm/FkvBjvxkfeumTMZg7AHxifPx+8ntM=</latexit>

C1

bT
=

2e��E

bT
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RG improvements for CS-kernel (LO example)

23

K̃(bT ;µQ0) ≡ K̃(bT ;µQ0
)−

∫ µQ0

µQ0

dµ′

µ′ γK (aS(µ
′))

NO b* and/or bmax / bmin necessary

A good approximation even 
for bT < 1/Q0

K̃(LO)
input(bT ;µQ0) = 2πA(1)

K (µQ0)K0(mKbT )

+ bK
(
e−m2

Kb2T − 1
)
+DK(µQ0)
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Input scale RG improvement (no large logarithms)

Prelim
inary INPUT SCALE 4 GeV

Q0 (bT , a) = Q0

[
1−

(
1− C1

Q0bT

)
e−a2b2T

]

f̃i(x, bT ;µQ0 , Q
2
0) = f̃i,input(x, bT ;µQ0

, Q0
2
)×

exp

{∫ µQ0

µQ0

dµ′

µ′

[
γ (aS(µ

′))− ln
Q0

µ′ γK (aS(µ
′))

]
+ ln

Q0

Q0
K̃input

(
bT ;µQ0

)}
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Some results
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Conventional vs HSO - SIDIS cross section 
(not a fit)
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Matching region !!!

Conventional vs HSO - SIDIS cross section 
(not a fit)
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Preliminary

Work in progress… (DY fit)
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Looks promising J

CS kernel: 2 parameters
Input TMD: 2-3 parameters
Normalization 
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Summary
• Consistent TMD parametrization for large TM at input scale
• HSO = CSS (with explicit constraints)
• No need of bmax

• Improved TM behavior in matching region
• Easily swappable NP models

NEXT/SOON:
o Check with data (SIDIS, DY, DIA, …)
o Add higher orders (NLO done)
o Incorporate NP calculations (lattice, EFT, …)
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Thank you
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Backup slides



32
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.85

0.9

0.95

1

1.05

Pseudo-probability distribution property saved
f c
i (x;µ, kc) ≡ π

∫ k2
c

0
dk2T fi/p,input (x, kT ;µ, ζ)

= fi + Cc
ij,∆ ⊗ fj + p.s.

PDFMS

Completely 
determined by OPE 
expansion coefficients

It might make a BIG difference
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Check: the RG equations are satisfied

∂ ln f̃j/p
(
x, bT;µ,

√
ζ
)

∂ ln
√
ζ

= K̃ (bT;µ)

d ln f̃j/p
(
x, bT;µ,

√
ζ
)

d lnµ
= γ

(
αS(µ);µ/

√
ζ
)

dK̃ (bT;µ)

d lnµ
= −γK (αS(µ))
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Conventional approach :

H

∫
d2k1Td

2k2Tfj/p
(
x,k1T;µ,

√
ζ
)
Dh/j

(
z, zk2T;µ,

√
ζ
)
δ(2) (qT + k1T − k2T)

H

∫
d2bT
(2π)2

e−ibT·qT f̃j/p
(
x, bT;µ,

√
ζ
)
D̃h/j

(
z, bT;µ,

√
ζ
)

Fourier Transform
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Solve evolution equations 
relating input scale with SIDIS scale

∂ ln f̃j/p
(
x, bT;µ,

√
ζ
)

∂ ln
√
ζ

= K̃ (bT;µ)
d ln f̃j/p

(
x, bT;µ,

√
ζ
)

d lnµ
= γ

(
αS(µ);µ/

√
ζ
)

dK̃ (bT;µ)

d lnµ
= −γK (αS(µ))

f̃j/p
(
x, bT;µ,

√
ζ
)
= f̃j/p

(
x, bT;µ0,

√
ζ0
)
×

× exp

{∫ µ

µ0

dµ′

µ′

[
γ (αS(µ

′); 1)− ln

(√
ζ

µ′

)
γK (αS(µ

′))

]
+ ln

( √
ζ√
ζ0

K̃ (bT;µ0)

)}

µ =
√
ζ

µ0 =
√
ζ0

Same for FF
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Separate bT < bmax & bT > bmax regions 
with a b* prescription

f̃j/p (x; bT;µQ, Q) = f̃j/p (x; b∗;µQ, Q)
f̃j/p (x; bT;µQ, Q)

f̃j/p (x; b∗;µQ, Q)
︸ ︷︷ ︸
exp{−gj/p(x,bT)}

gK(bT) ≡ K̃ (b∗;µ)− K̃ (bT;µ)

Nonperturbative
Perturbatively 
calculable with fixed 
order collinear 
factorization

Same for FF
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gj/p (x, bT) =
1

4
M2

F b
2
T

Choose ansatzes for g functions

gh/j (z, bT) =
1

4z2
M2

Db2T

gK (bT) =
g2

2M2
K

ln
(
1 +M2

Kb2T
)

gK (bT) =
1

2
M2

Kb2T
No constraints whatsoever
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Relate       with input scale      and 
get OPE expansion     
f̃j/p (x; bT;µQ, Q) = f̃OPE

j/p (x; b∗;µb∗ , µb∗)×

× exp

{∫ µQ

µb∗

dµ′

µ′

[
γ (αS(µ

′); 1)− ln

(
Q

µ′

)
γK (αS(µ

′))

]
+ ln

(
Q

µb∗

)
K̃ (b∗;µb∗)

}

× exp

{
−gj/p (x, bT)− gK (bT) ln

(
Q

Q0

)}

Q0µb∗

Same for FF

f̃OPE
j/p (x, b∗;µb∗ , µb∗) = C̃j/j′ (x/ξ, b∗;µb∗ , µb∗)⊗ f̃j′/p (ξ;µb∗) +O

(
m2b2max

)

Nonperturbative
Perturbatively 

calculable

Fixed order collinear factorization

Drop this
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Collinear Evolution

df c
i

d lnµ
≡ 2P c

ij ⊗ f c
j + p.s.

= 2Pij ⊗ fj + Cc
∆,ij ⊗ 2Pjk ⊗ fk +

dCc
∆,ij

d lnµ
⊗ fj +

dp.s.

d lnµ

Usual evolution Additional term
(scheme change)

Power
 suppressed

Note : lim
aS→0

Cc
∆ = 0
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Asymptotic term

ASYHSO = lim
qT
Q →∼1,m

2

Q2 →0
WHSO ASYST = lim

qT
Q →0,m

2

Q2 →0
FOST

[f,D]ASY = Dpert
(
z, zqT;µQ, Q

2
)
f c (x;µQ) +

1

z2
fpert

(
x,−qT;µQ, Q

2
)
dc (z;µQ)

+

∫
d2kT

{
fpert

(
x,kT − qT/2;µQ, Q

2
)
Dpert

(
z, z (kT + qT/2) ;µQ, Q

2
)

−Dpert
(
z, zqT;µQ, Q

2
)
fpert

(
x,kT − qT/2;µQ, Q

2
)
Θ (µQ − |kT − qT/2|)

−Dpert
(
z, z (kT + qT/2) ;µQ, Q

2
)
fpert

(
x,−qT;µQ, Q

2
)
Θ (µQ − |kT + qT/2|)

}

ConventionalHSO
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