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Flow models for lattice QCD

Flow models: Machine-learned maps between probability distributions
[Rezende & Mohamed 1505.05770]
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Fields via flow models

Example application: Embarrassingly parallel direct sampling

(Flow model as an approximate \

trivialising map

f(z)
7
r(z) A q(sof*
R F
“Base” distribution: “"Model” distribution
Efficient to sample ~ 1 ,-S(¢)
P Q(¢) ~ Ze

e.g., Haar-uniform

® |ndependent samples of the base
distribution map to independent

\ samples of the model distribution J
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Fields via flow models

Example application: Embarrassingly parallel direct sampling

(Flow model as an approximate \

trivialising map

T @
2) A q(sob
-

“Base” distribution:
Efficient to sample

“Model” distribution
q(¢) ~ e 5P

e.g., Haar-uniform

® |ndependent samples of the base
distribution map to independent

\ samples of the model distribution

J

® Train the model:
Gradient descent to minimise “loss
function” with minimum at g(¢) = %e_s(gb)

L(q) = [ d¢ q(#)[logg(4) + S(¢)]
——

Estimate stochastically by sampling

from the model, i.e., “self training”

® Guarantee exactness:
Reweight or form a Markov chain with
Metropolis-Hastings accept/reject step

R R R
Proposals from _-ﬂ h -*} %

flow model

Markov
chain
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Fields via flow models

Example application: Embarrassingly parallel direct sampling

(Flow model as an approximate \

trivialising map

f(z)
7 \
r(2) A 61(90}*
p— F
“Base” distribution: “"Model” distribution
Efficient to sample ~ 1 ,-S(¢)
P Q(¢) ~ Ze

e.g., Haar-uniform

® |ndependent samples of the base
distribution map to independent

\ samples of the model distribution J

Proof-of-principle applications to
simple lattice field theories reveal
many potential advantages c.f. HMC

® Mitigation of critical slowing-down and
topological freezing

® FEfficient parameter-space exploration
(by re-tuning trained models)

® Direct access to the partition function

Direct sampling is only one of
many approaches to using
flow models for lattice QCD!
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Flow models for lattice QCD

Flow models: Machine-learned maps between probability distributions

[Rezende & Mohamed 1505.05770]

Many possible applications of flow models

in lattice QCD

® Direct samplingi.e., r(z) is a trivial

distribution and ¢(¢) ~ e 5(®)
Generalisation of [LUscher 0907.5491]

® Hybrid sampling approaches

e.g.,generalize the proposal distribution in HMC [Foreman et al.,

2112.01582]; flows in lattice subdomains [Finkenrath 2201.02216]

® Map from one action/set of parameters to
another

® Contour deformation and density-of-states

approaches to sign problem

[Detmold et al., 2101.12668, Pawlowski+Urban 2203.01243,
Lawrence et al., 2205.12303, etc]
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Flow architectures designed
for QCD gauge fields can be
trained and applied in many
different ways!

J
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Flow models for lattice QCD

Flow models: Machine-learned maps between probability distributions
[Rezende & Mohamed 1505.05770]
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(Goalz engineer flow architectures that effectively parameterise
transformations of lattice gauge fields
® Diffeomorphisms on lattice field degrees of freedom

® Encode symmetries, e.g., gauge symmetry

\ ® F[lexible/expressive/can encode correlations at physically-relevant scale eth
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Flow models for lattice QCD

® Ongoing program to develop flow model architectures for applications across
lattice QCD

® |Long-term industry collaboration w/ Google DeepMind

Abbott Hackett =~ Romero- Boyda Urban Kanwar
gm  Lopez T

N . b
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Flow models for lattice QCD

® Ongoing program to develop flow model architectures for applications across
lattice QCD

V First flow architectures for lattice field theory (scalar field theory) [Albergo et al., 1904.12072]

&/ Gauge field theories

® Flow transformations on compact, connected manifolds [Rezende et al., 2002.02428]
® (Gauge-equivariant architectures: Abelian field theories [Kanwar et al., 2003.06413, 2101.08176]

® Gauge-equivariant architectures: non-Abelian field theories [Boyda et al., 2008.05456]

V Theories with fermions

® Architectures for theories with fermions [Albergo et al., 2106.05934]
® Combining architectures for gauge fields and fermions [Albergo et al., 2202.11712]

® Techniques to incorporate pseudofermions [Abbott et al., 2207.08945]

« Initial application to QCD in 4D AURORA Frogton

[Abbott et al., 2208.03832]

F;E; Architectures for QCD at scale [ongoing; Aurora Early Science Project]

[see also tutorial notebook 2101.08176, work on multimodal distributions 2107.00734]
9 Phiala Shanahan, MIT



Flow models for lattice QCD

® Ongoing program to develop flow model architectures for applications across
lattice QCD

(« First flow architectures for lattice field theory (scalar field theory) [Albergo et al., 1904.12072] )
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Flow models for scalar fields

® First demonstration of flows as non-sequential .
, , ( Coupling layer g;
samplers for lattice field theory jabergo et al., 1904.12072]

® Variation of “real non-volume-preserving flows”
developed for image generation [inh et al., 1605.08803)
® Update field via sequential “coupling layers” g;

® [Each layer transforms half of the degrees of freedom

conditioned on the other half < A@

Za — Qba — Za 2y — Cbb — zbes(za) - t(za)

® Transformations parameterised by arbitrary neural

networks S;, t;

f(2)

SV N’
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Flow models for scalar fields

D

— -~

Generating samples is

"embarrassingly parallel”

Each layer contains
arbitrary neural networks

Parameterize flow €<

v

Training step

with many free parameters

Desired accuracy?

Draw samples from model ﬂ
I

Compute loss function Save trained

_ | model
Gradient descent

—

Markov chain using
samples from model

&=
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Flow models for scalar fields

Demonstration of accelerated sampling at the cost of model engineering

and training (®* theory, 2D, parameters tuned for constant mgl) [Albergo et al., 1904.12072)

Tint |
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(a) HMC ensembles (b) Local Metropolis ensembles (c) Flow-based MCMC ensembles

® Many choices in architecture design
(e.g., prior distribution, variable splitting, neural network structure); further work by our
group and others [e.g., Nicoli et al., 2007.07115, 2111.11303; Del Debbio et al., 2105.12481; Singha et al., 2207.00980; +...]

® Current best implementations by our group orders of magnitude more efficient than
2019 approach! Architecture development matters
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Flow models for lattice QCD

® Ongoing program to develop flow model architectures for applications across

lattice QCD

(« Gauge field theories

® Flow transformations on compact, connected manifolds [Rezende et al., 2002.02428]
® (Gauge-equivariant architectures: Abelian field theories [Kanwar et al., 2003.06413, 2101.08176]

\ ® Gauge-equivariant architectures: non-Abelian field theories [Boyda et al., 2008.05456] J

~
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Flow models for gauge field theories

Flow models for gauge field theories require additional developments:

® Definition of flow transformations on f(2)

compact connected manifolds >
(unlike real transformations relevant for images,
scalar field theory) [Rezende et al., 2002.02428]

® Encoding complex symmetries of

probablllty distribution (spatial, gauge, ...)
[Kanwar et al., 2003.06413, Boyda et al., 2008.05456;

Related ideas in Favoni et al., 2012.12901,2111.04389;

Luo et al., 2012.05232]

® Not essential for correctness

® Crucial for practical training of high-
dimensional models with high-
dimensional symmetries

15 Phiala Shanahan, MIT



Gauge-equivariant flows

First gauge theory application: U(1) field theory

Generative tlow architecture that is gauge-equivariant

Define invertible, equivariant coupling layer Spacetime

/ dimension

g GNdV N GNdV<_ Lattice volume

Act on a subset of the variables in each layer

BN g(UA,UP) = (U4, UB)
T_”& T \Linksfrozen in

coupling layer

....... ......,..., . Links updated by
| 5 coupling layer
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Gauge-equivariant flows

First gauge theory application: U(1) field theory

Generative tlow architecture that is gauge-equivariant

Define invertible, equivariant coupling layer g(UA, UB) (U’A, UB)

Link updates via a kernel h : G — G

Gauge-invariant
guantities constructed

Link updated b ) O/l 4T/. from elements of U® .
et 't = p(U'SI7) S

coupling layer

Loop that starts
and ends at same
Coupling layer equivariant under the condition point

AM(XWXT) = Xh(W)XT, VX, WeQG

17 Phiala Shanahan,
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Gauge-equivariant flows

First gauge theory application: U(1) field theory

Generative flow architecture that is gauge-equivariant

; o 4 Gauge-invariant
U’ — h(UZ S |I7’)SZ quantities constructed

from elements of U2 .

| | |
| | |
_________________ | o
Loop that starts | 1 | | |
and ends at same | | | | |
point : | | | |
o o o : : : :
| I | | |
| | | |
| [ : : |
————— l‘———————————‘————————————:————————————| |
| v : i
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Gauge-equivariant flows

First gauge theory application: U(1) field theory

Generative flow architecture that is gauge-equivariant

; o 4 Gauge-invariant
U/ — ]’L(UZ S |IZ)SZ quantities constructed

from elements of U2 .

_____________________________

| | |

| | |
Loop that starts T ]l ____________ i i |
and ends at same | | | | |
|
| I | | |
| i — — _ | | |
. | : :

T TTTe T T T T T T T T T ‘_ ________ \_\__l ____________ - - - —-—-—-= r———-
e i :
| * : : |
/

U, (x)= Up(z)

19 Phiala Shanahan, MIT



Gauge-equivariant flows

First gauge theory application: U(1) field theory

Generative tlow architecture that is gauge-equivariant

Gauge-invariant

U’z — ]’L(Uz SZ |I7’)SZ]L guantities constructed
«— | from elements of U® .

| | |
| | |
| [ |
______________________________________ S S I
Loop that starts | 1 | > | > |
and ends at same | | | | |
ooint .. | - L D@ R ]
e o |
| | | frozen | frozen |
| - _ | | |
' | o]
- ‘ ___________ ‘_ ________ \_\__I ____________ - - - - === r-——--
I €T \ I . I
| | i | |
v . .
/ _
U,(z)= Up()
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Gauge-equivariant flows

First gauge theory application: U(1) field theory

Generative flow architecture that is gauge-equivariant

(U’LS’L|I’L S’LT

|
i
Loop that starts Tt 1T—F—>—F— — =" B ______:_____
and ends at same | | | | |
. | — | Ii(z) | I5(x) |
point . | y o .
: | : frozen : frozen :
| i — — _ | | |
' RS : '
- -~ ‘ ___________ ‘_ _________ S ——— - i }_____
I €T \ . I . I
| : } ' :
\ . .
N
U, (r)= U, (z)
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Gauge-equivariant flows

First gauge theory application: U(1) field theory

Generative flow architecture that is gauge-equivariant

h(U'S" IS . '

I (z)

I5(z)

frozen

|
|
|
Loop that starts — 1I—F>—F— >
and ends at same | ~ o |
point vi P/ (IT)—)P/“ <T> I — iA
: | : frozen
I & - — _ I
| I \\\ :
____,:‘ ___________ ’ _________ \_\__| _________
T T \
I | |
\
/o~ ~ / /
P,uy( >_PMV(£U)UM($)UMT($) U,u(x):
22
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Flow models for gauge field theories

Development of gauge-equivariant flow models for Abelian and non-Abelian

theories [Kanwar et al., 2003.06413, Boyda et al., 2008.05456; Favoni et al., 2012.12901,2111.04389; Luo et al., 2012.05232]

® Transform subset of links conditioned on the remaining subset

® Create gauge-equivariant layers by acting via transformations of (untraced) loops

|
i
T T ] ____________ :______» __________ > ______:_____
| | |
I P, (7",)_>P,/” () :A ]1(%) IQ(ZE) :
| v
: I : frozen frozen i
& - — | |
I I \\\ : < :
| 94 - —————- ® - \—\——: —————————————————— 1= r————
—— 93 / x: ° \\: i i
I ° | ° ° °
L I/g2 / ° ° */ ° / °
g1 U,u(aj):P,m/ L (I)UM(.T)
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Flow models for gauge field theories

Development of gauge-equivariant flow models for Abelian and non-Abelian

theories [Kanwar et al., 2003.06413, Boyda et al., 2008.05456; Favoni et al., 2012.12901,2111.04389; Luo et al., 2012.05232]

Input Configuration

I

® Gauge-equivariant layers for Non-Abelian L

theories by stepping via

eigendecomposition of (untraced) loops

Eigen Decomposition

Eigenvalues | {\;}Y;

Extract Angle

Invariant Context

Coordinates

QE) o {63t
5 | 8
A~ a, Canonical Permutation
o0 g 3
R % 2 N-1
~ % S {0: 3020
2} = =~ 2 | w»n 8§
< B= o o =
P> 8 — 3 g 3 Flow in

= < > o = .
g < £ § IS Canonical Cell
5z g 2 (=2 -
= 2 =3 g {0: o2
g | M A =
= 50 = Invert
e = Canonical Permutation
=
o) © {6 N1
O 1Ji=1

HBEE Recover Eigenvalues

{35

ga

|
/ Eigen Recomposition

/ 93 P;/w (I)

/ g2 UL(‘L) A P‘:V(.’/E)PEV(.’E)UM(.’E)
g1

ULI(I)

'
Output Configuration
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Application: U(1) field theory

Demonstration of accelerated sampling in U(1) field theory
(2D, L=16) [Kanwar et al., 2003.06413]

S(U) == -8 ReP(z) @ _______
Prior distribution chosen to be uniform > ©©©

Gauge-equivariant coupling layers N - E &

¥ 24 coupling layers —1

¥ Kernels h: mixtures of non-compact projections,
6 components, parameterised with convolutional
NNs (1.e., NN output gives params. of NCP)

Q
™
p—

*  NNs with 2 hidden layers with 8x8 convolutional
filters, kernel size 3

Train using shifted KL loss with Adam @ .......
optimizer @ @
*  Stopping criterion: loss plateau @ .......

25 Phiala Shanahan, MIT



Application: U(1) field theory

Demonstration of accelerated sampling in U(1) field theory
(2D, L=16) [Kanwar et al., 2003.06413]

> - &%
- Q = 57>, arg (P(x))
S(U) = —B Re P(CU) Q 27 ;’U (B=6)
x i | — HMC
® Efficient sampling of different 0 -
pling —2 ~ Flow
topological sectors 4] . —— . !
0 20000 40000 60000 80000 100000
® Cost of sample from flow model Markov chain step
~ cost of HMC trajectory
i.e., flow model orders of magnitude 10000 3 -4~ HMC Lot
more efficient at large coupling 1t HB Lo
1000 < * Flow . .t
® |ncrease in autocorrelation time in o .
. 100 ‘ ¢
flow samples at large coupling .
. R H P ¢’
resulting from lower model quality 10 e e e N
T T T & R - TSP L
* illustrates trade-off between MR IS "
: 1
sampling cost and model . . . . . . .
development/training ! ° ’ ; ° 0 !
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Flow models for lattice QCD

® Ongoing program to develop flow model architectures for applications across
lattice QCD

KV Theories with fermions )

® Architectures for theories with fermions [Albergo et al., 2106.05934]

® Combining architectures for gauge fields and fermions [Albergo et al., 2202.11712]

k ® Techniques to incorporate pseudofermions [Abbott et al., 2207.08945]

27 Phiala Shanahan, MIT



Flow models with fermions

Need new architectures to efficiently handle theories with fermions
[Albergo et al., 2106.05934; Albergo et al., 2202.11712]
9 Scalable approach (needs new arch.):

® [ntegrating out fermions
stochastic determinant estimators

* expensive fermion determinant
* Evaluate determinant using auxiliary

= —ﬁZReP — logdet D[U]'D[U] (pseudofermion) degrees of freedom

(Plaquette) (Fermion determinant) 1
det DD' = —— | Dge ~¢!(DDY) ¢
N ¥ Pseudofermions

‘ Flows with exact determinant

evaluation work [Albergo et al., 2202.11712] ,
~ Chiral condensate

® [Existing gauge-equivariant architectures

. . . 1.52
® Application to Schwinger model at near-
critical parameters Ts04 . [
2D, Ni=2, B=2, L=16, k=0.276] = L&
~-4-- Flow
* HMC biased with underestimated errors 1.48 7 —}— One HMC stream

—}— Six HMC streams

* Flow-based sampling gives correct . ——— e ——

results and error estimates 104 10° . 106
Number of configs
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Flow models with fermions

Joint architectures for gauge and pseudofermion fields
[Abbott et al., 2207.08945]

p(U,¢) =p(U)p(¢ | U)

p(U) o det DDT 4_| L, (¢|U) e orr(¢|U)

> det DDT (U)

“marginal” “conditional”

proposed
\ /'[ fm()() ]— U\ s configuration

/ dU)g(] V)
as for pure gauge theories 7 _>[ fiz] ?J) ]_ ¢
]

Same gauge architectures

[Kanwar et al., 2003.06413, Boyda et al., 2008.05456
New conditional architectures

Different flow models to approximate [Abbott et al., 2207.08945]
marginal and conditional distributions

29 Phiala Shanahan, MIT



Flow models with fermions

Conditional model maps uncorrelated Gaussian to correlated Gaussian
[Abbott et al., 2207.08945]

Approximates
4« e .

. [ (@ U) ] o - # AU o o—d (DOIDI()) o

f(z| U)

r(z) < e

“"Active”

Pa

/

¢

oft

“Frozen”
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Flow models with fermions

Conditional model maps uncorrelated Gaussian to correlated Gaussian
[Abbott et al., 2207.08945]

Approximates
4 e

. _JL&IY) [ 4910y | eoraie o o0

r(z) e

“"Active”

Pa

P(x + p)

l

s @ U@ dx+p)

¢ / Parallel transport
f

“Frozen”
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Flow models with fermions

Conditional model maps uncorrelated Gaussian to correlated Gaussian
[Abbott et al., 2207.08945]

Approximates
4 e

. _JL&IY) [ 4910y | eoraie o o0

r(z) e

“"Active”

Pa

o) @ Uj(x — ) p(x — )

/ P(x —p)
¢ Parallel transport
f

“Frozen”
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Flow models with fermions

Conditional model maps uncorrelated Gaussian to correlated Gaussian
[Abbott et al., 2207.08945]

Approximates
4 e

. _JL&IY) [ 4910y | eoraie o o0

r(z) < e
“Active” , .
¢ “Parallel Transport Convolutional Network
a
PTCN[U, ¢¢(x)
lterate
¢(x)
U®¢x+yp) ——— Gauge-equivariant
¢ @ Ui(x — ) p(x — p) > U= ) b — ) 7’ linear combinations
$(x — )
¢ Parallel transport Trainable coefficients
f
“Frozen”
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Flow models with fermions

Conditional model maps uncorrelated Gaussian to correlated Gaussian
[Abbott et al., 2207.08945]

Approximates
4 e

r(z) e % : > [ 94| U) ]oc e $1A0)? o o—¢'(D)D'(DV)) "¢
“Active” .
¢ “Parallel Transport Convolutional Network”
a / .
¢o(z) = A(z)da(z) + PTCN|U, ¢¢(x)
lterate
) ¢I
U®¢x+yp) ——— Gauge-equivariant
b0 @ U, (x — W) px — ) g Ul(x — u) p(x — p) _——"» linear combinations
T ” 3
/////f P(x — p)
¢f Parallel transport Trainable coefficients
“Frozen”
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Flow models with fermions

Reduce problem difficulty:

Use joint models more efficiently:

® Draw multiple pseudofermion samples at fixed
gauge field to improve stochastic estimate of

Nops (4)
1 p(¢",U)
wpr(U) — N_pf — q(¢(z), U)

® Does not require re-evaluating observables

weights:

0.4
ESS
¥ V¥V Marginal ESS
034
\\
: $S(00)
D] \\ E 0.9
2 0.2 1 \ ESS(Npt) = 4 &
\\ pr
0.1 -
\\*\_,1_
0.0 T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0 1.2

35

Joint ESS

® Combine with preconditioning e.g.,
even-odd or Hasenbusch factorisation

det M
det (M + p)

det M = [ ]det(M+u)

Schwinger model 8=2.0, k =0.265 L =8

0.15

0.10

0.05

— No preconditioning
— EO

--- EO, 1 Hasenbusch
----- EO, 2 Hasenbusch e =YY
— EQO, 3 Hasenbusch ~ '

. E ~ =N
e ees e PRI
/ T - - .'[ \II AYAK RS

0.00
0

10000 15000 20000 25000
Gradient Steps

|
5000
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Flow models for lattice QCD

® Ongoing program to develop flow model architectures for applications across
lattice QCD

[Abbott et al., 2208.03832]

CJ Initial application to QCD in 4D )

36 Phiala Shanahan, MIT



Flow models for QCD in 4D

Initial QCD demonstration (aobott et al., 2208.03832]

® Direct combination of published results on gauge-equivariant flows and

pseudofermions [Boyda et al., 2008.05456, Abbott et al., 2207.08945]

® ||lustration at straightforward parameters V=44, N¢=2, =1, k=0.1

® Observables from flow ensemble in precise agreement with HMC at high statistics

(65k samples)

® Development and scaling of QCD-specific architectures in full swing — stay tuned!

“marginal”
Marginal:
ys _’[ fm(Z) }— U o ® Haar-uniformbase || ®
\ distribution
® 48 gauge- °

equivariant spline
coupling layers

X —[ fti) |- ¢

“conditional” ® Spatially
separated
U convolutions in
{ Y ¢} spectral flow to °
fi I
proposed define spline
. parameters
configuration

37 Phiala Shanahan,

Conditional:

Gaussian base
distribution

36 pseudofermion
coupling layers built
from parallel
transport
convolutional
networks

Alternating spin and
spatial masking
pattern
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Flow models for QCD in 4D

Initial QCD demonstration (aobott et al., 2208.03832]

® Direct combination of published results on gauge-equivariant flows and
pseudofermions [Boyda et al., 2008.05456, Abbott et al., 2207.08945]

® ||lustration at straightforward parameters V=44, N¢=2, =1, k=0.1

® Observables from flow ensemble in precise agreement with HMC at high statistics
(65k samples)

® Development and scaling of QCD-specific architectures in full swing — stay tuned!

Plaquette Topological charge (Wilson flowed) Pion correlation function (t=1)

3.5 60 1
0% HMC (Chroma)

0¢ Flow (512 PF)

B HMC (Chroma)
04 Flow (512 PF)

B% HMC (Chroma)
0¢ Flow (512 PF)

¢ (

0275 0300 0325 0350 0375 0400 0425  0.450 ~15 ~1.0 —0.5 0.0 0.5 10 15 0.205 0300 0305 0310 0515 0320 0325 0330 0335
P Q Cx(1)
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Outlook: Flow models for lattice QCD

All fundamental components in place to begin exploration of flow
models for lattice QCD!

Significant efforts still required to exploit
potential of flow models for lattice QCD f(2)

® QCD-specific engineering and development
only just beginning

® Scaling to state-of-the-art requires — -
engineering custom ML architectures to
similar scale as largest industrial ML models

N - Gooqgle
I I I I I I J AURORA | &=

b DeepMind
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