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meson spectroscopy 2

“pictures” “reality”
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traditionally the preserve of modeling 
— connection to QCD unclear 

resonances in complicated production/decay

J/ψ → ϕ ππ
BES I I  (2005)

ππ → ππ

ππ → KK

ππ → ηη

e.g.  f0(980)
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amplitudes in terms of scattering stable hadrons 
— connection to QCD unclear 

+ other suggestions …
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meson spectroscopy 3
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resonances in complicated production/decay

J/ψ → ϕ ππ
BES I I  (2005)

ππ → ππ

ππ → KK

ππ → ηη

e.g.  f0(980)
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in what configurations does QCD  
bind quarks and gluons ?

can complex and varied experimental 
amplitudes be explained with QCD ?
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progress in lattice QCD 4
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meson-meson scattering amplitudes in lattice QCD 5

rigorous relation between spectrum in a finite-volume & scattering matrix

det [F−1(E⋆; L) + ℳ(E⋆)] = 0

En(L) are solutions of

kinematic 
functions
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 resonance pole positionK*

     elastic scatteringπK → πK JP = 1−e.g.
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expt .

PRL 123 042002 (2019 )

evolution of the  resonance as a 
function of varying light quark mass

K*
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coupled-channel meson-meson scattering amplitudes 6
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rigorous relation between spectrum in a finite-volume & scattering matrix

rigorous definition of a resonance as pole singularity in scattering matrix

det [F−1(E⋆; L) + ℳ(E⋆)] = 0

En(L) are solutions of

kinematic 
functions

mπ ∼ 391 MeV
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coupling to currents 7
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three-body systems 8

to study higher-lying resonances or lower pion masses, need three-body formalism

has been healthy exchange of ideas between amplitudes and lattice communities

difficult even in infinite volume 

e.g.

converged on formalism for three-body scattering in a finite-volume
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three-body systems — state of the art 9

mainly non-resonant maximal isospin systems so far, e.g. π+π+π+
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three-body systems — where next ? 10

extend to systems with resonances in the two-body sub-channels 

analytic continuation into complex plane (for resonances) much more complicated

integral equations relating ‘K-matrix-like’ objects to full three-body amplitudes

imposing unitarity in amplitudes,  
without damaging analyticity ?

having a resource like JPAC containing  
accessible people who are familiar 
with amplitudes is invaluable

in addition, relationships to effective field theories, in regions of applicability
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the communities overlap 11

hadspec and JPAC have come to overlap in personnel — career opportunities expand

Andrew Jackura (ODU)

got his amplitude training in JPAC,  
now applying to lattice projects

Arkaitz Rodas (JLab)
member of both JPAC and hadspec

a DoE Topical Collaboration proposal  
was built on a base of hadspec/JPAC collaboration
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pole scatter reduced if amplitudes 
subject to constraints (analyticity, crossing)? 
dispersion relations
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modern hadron spectroscopy theory 12

lattice QCDℒQCD

hadronic amplitudes 
& resonance poles

experimental 
data

amplitude 
analysis

amplitude 
analysis

robust connection made between real experiment & QCD

reliant upon a workforce having experience with 
properly constructed hadronic amplitudes 
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 resonances at SU(3)F pointJ−− 15
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PRD 103 074502 (2021 )

decay to pseudoscalar + vector

mπ ∼ 700 MeV
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example of π1 16
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example of π1 17
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‘stable’ lightest hadrons with systematics assessment 18
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resonances in a finite volume ? 19
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but in a periodic volume …
E

discrete 
spectrum
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applying the boundary conditions

solved by discrete
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non-resonant elastic scattering — π+π+ (isospin=2) 20
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repulsive scattering, no resonances
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an elastic resonance — the ρ in ππ (isospin=1) 21
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an elastic resonance — the ρ in ππ (isospin=1) 22
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Bali et al | u,d | mπ~150 MeV

has become a common quantity  
to compute in lattice QCD …
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ρ pole with changing quark mass from lattice QCD 23
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ππ isospin=0 24
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heavier quark mass — a bound-state

lighter quark mass — attraction, maybe a broad resonance ?

c.f. the experimental σ resonance …

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )
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ππ isospin=0 25
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σ pole scatter from experimental phase-shift data 26

900800700600500400

−100

−200

−300

−400

PDG2012

actually same problem using 
experimental scattering data …

 0

 30

 60

 90

 120

 150

 180

 0.01  0.03  0.05  0.07  0.09  0.11  0.13

Ph y s  Re p  6 5 8  1  ( 2 0 1 6 )



JPAC, amplitudes & lattice QCD  |   JPAC review

πK elastic scattering at four light quark masses 27
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‘dropping’ ops in ρ→ππ 28
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f2 resonances — decay couplings & OZI 29
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couplings from pole residue

zero in ‘OZI’ limit  
— requires ss annihilation

_

OZI ‘allowed’

OZI ‘forbidden’
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an ‘eight’ channel scattering amplitude 30
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a good description of the spectrum …
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extrapolation 31
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excited J−− meson resonances — mπ~700 MeV 32
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exact SU(3) flavor symmetry
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unprecedented number of energy levels
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lowering the quark mass toward physical limit 33

challenge of reducing quark mass really the challenge of including three-meson scattering
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accounting for three hadron scattering 34

including three-meson scattering is starting to become practical
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coupling scattering systems to external currents 35

e.g. consider the process in which  
a pion absorbs a photon* to become two pions

* could be virtual

�⇡ ! ⇡⇡
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in infinite volume, described by a matrix element
⌦
⇡⇡(Ecm,P)

��jµ(0)
��⇡(p)

↵
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ππ state can be projected  
into a partial wave, e.g. 𝓵=1

/ F (Ecm, Q
2)
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π
⇒ the matrix element is proportional to t`(Ecm)
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if there’s a resonance t`(s ⇠ s0) ⇠
c2
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resonance transition form-factor f(Q2)  
rigorously defined at the complex pole position

but what changes in a finite volume … ?

e.g. ρ→πγ
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coupling scattering systems to external currents — fin. vol. 36

e.g. consider the process in which  
a pion absorbs a photon to become two pions

�⇡ ! ⇡⇡
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infinite volume finite volume
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can only transition  
to one of the discrete 
f.v. eigenstates

can transition  
to any energy 
in the ππ continuum
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1 +O(e�m⇡L)
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single hadron state

hadron-hadron state

finite-volume matrix element
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effective f.v. 
normalization

F = 1
16⇡ i⇢ (1 + iM)

M = 16⇡ t
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effective f.v. normalization depends  
on the hadron-hadron scattering amplitude

Rn = 2En lim
E!En

(E � En)
⇣
F�1(E,P;L) +M(E)

⌘�1
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coupling resonances to currents 37
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 in finite-volumeγK → Kπ 38

0

0.01

0.02

0.03

0.04

0.05

0 0.005 0.010 0.015 0.020

0

0.01

0.02

0.03

0.04

0.05

0 0.005 0.010 0.015 0.020

0.1344 
0.1383

0.1441
0.1467

0.1480
0.1482

0.1520
0.1520
0.1528

0.1534
0.1535

0.1543
0.1545 0.1562 0.1610

0.1616 0.1685 0.1743

mπ = 284 MeV

before finite-volume correction

after finite-volume correction



JPAC, amplitudes & lattice QCD  |   JPAC review

 as function of  at discrete energiesγK → Kπ Q2 39
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 as function of scattering energy at several γK → Kπ Q2 40
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resonances aren’t always bumps 42
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“production” of ππ (as opposed to scattering) 43
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can ‘look’ drastically different to scattering !
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… same poles (σ, f0(980)) — different couplings …

f0(980)
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Im[E]
σ



JPAC, amplitudes & lattice QCD  |   JPAC review

f0(980) as a peak in “ss” production 45

1.0

  → J/ψ  π +π −0
s

_
B

b

s

c

c
_

s

s
_ _W

2.0 3.0

LHCb  2012

0.5 1.0 1.5

ππ

KK
_

J/ψ→φ (ππ , KK )

0.5 1.0 1.5

BES  I I  2 0 0 5

_

_

note the rapid turn-on  
of KK at threshold

_

not partial-wave  
projected

not partial-wave  
projected



JPAC, amplitudes & lattice QCD  |   JPAC review

f0(980) as ? 46

0.5 1.0 1.5

pp→p (ππ , KK )p

1.0 1.5 2.0

WA102  1 999ππ

KK
_

_

 0.4

40

12

7

9

 0.6  0.8 1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8  1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8 1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8 1.0  1.2  1.4  1.6  1.8

π −p→π 0π 0  n

central production at p = 450 GeV

f0(980) as a shoulder on 
a large σ ‘background’

E8 5 2  2 0 0 1  

S-wave  
projected



JPAC, amplitudes & lattice QCD  |   JPAC review

S—wave ππ production 47

 0.4

40

12

7

9

 0.6  0.8 1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8  1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8 1.0  1.2  1.4  1.6  1.8

 0.4  0.6  0.8 1.0  1.2  1.4  1.6  1.8

π −p→π 0π 0  n

E8 5 2  2 0 0 1  
KS

dominated by π exchange 
— looks like the the 1970s  

elastic phase-shift data

other (non-π) exchanges  
becoming significant, 
f0(980) dip less pronounced

σ no longer large, 
f0(980) starting to be a peak ?
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