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Quark models give gross structure of the hadron spectrum
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The Hadron Spectrum
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The Hadron Spectrum

3

How to connect QCD to the hadron spectrum?
• Need to understand how to quantify what the hadrons are in nature
• Need to find non-perturbative approach to access these hadrons rigorously
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Lattice QCD offers a systematic approach to compute hadrons from QCD
• Numerically evaluate QCD path integral via Monte Carlo sampling
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Lattice QCD offers a systematic approach to compute hadrons from QCD
• Numerically evaluate QCD path integral via Monte Carlo sampling
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Lattice QCD offers a systematic approach to compute hadrons from QCD
• Numerically evaluate QCD path integral via Monte Carlo sampling

No coupling to multi-particle decay modes…

…An incomplete picture of QCD spectrum



Few-Body Physics from QCD

All our knowledge of the hadrons comes from scattering experiments
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Particle Data Group (PDG)
The Review of Particle Physics (RPP)
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Resonances & Bound states are pole singularities of scattering amplitudes
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Connecting Scattering Physics to QCD

Employing scattering theory and EFTs to all-orders 
connects lattice QCD spectra to scattering observables
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Few-Body Physics from QCD

Path to few-body physics from QCD
• Link finite-volume spectra and matrix elements to scattering amplitudes
• Tools: Lattice QCD, Scattering Theory, & Effective Field Theory
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FIG. 16. Partial widths as a function of the ⇡1 pole mass. The bands reflect the coupling ranges given in Table VIII. The total
width, obtained by summing the partial widths, is shown by the grey band.

not yet been validated, but their result for pion masses
near 500 MeV does suggest a large coupling. They also
found a somewhat smaller coupling to f1⇡.

We can also compare our result extrapolated to phys-
ical kinematics with the predictions of models. Models
based upon breaking of the flux-tube [4, 13] do not allow
decays to identical mesons, but these are typically pre-
vented by Bose symmetry anyway. The ability of these
models to predict decays involving the ⌘ or ⌘0 is somewhat
questionable given that no disconnected contributions are
considered. Within these models, the quark spin coupling
factorizes from the spatial matrix element such that ⇢⇡
decays are only allowed to the extent that the spatial
qq̄ wavefunctions of the ⇡ and the ⇢ di↵er. This di↵er-
ence is quite hard to estimate in quark models where the
very light pseudo-Goldstone boson ⇡ is typically not well
described.

If this model picture of the coupling being sensitive to
the di↵erence between the ⇡ and ⇢ radial wavefunction
is correct, our simple extrapolation of the ⇢⇡ coupling
may lead to an under estimate. We can use the charge
radius as a guide to the wavefunction size, and at the
SU(3) flavor symmetric point these radii were computed

in Ref. [75]: hr2i1/2⇡ = 0.47(6) fm, hr2i1/2⇢ = 0.55(5) fm.
These sizes are not that di↵erent, as one might expect
given the heaviness of the quarks, but we expect the
di↵erence to grow as the light-quark mass reduces. Our
simple extrapolation of the ⇢⇡ coupling would not capture
this change, and hence our ⇢⇡ partial width might be an
under-estimate.

The flux-tube breaking models have larger couplings to
axial-vector–pseudoscalar channels like b1⇡ and f1⇡ than
to, for example, ⇢⇡, but these couplings are still much
smaller than the ones we are predicting. Bag models show
similar decay systematics [2, 3].

VIII. SUMMARY

Prior lattice QCD calculations which treated excited
hadrons as stable particles indicated the presence of exotic
hybrid mesons in the spectrum, but until now the only
theoretical information on the decay properties of these
states came from models whose connection to QCD is
not always clear. In this paper we presented the first
determination of the lightest JP (C) = 1�(+) resonance
within lattice QCD. The resonance was observed in a
rigorous way as a pole singularity in a coupled-channel
scattering amplitude obtained using constraints provided
by the discrete spectrum of eigenstates of QCD in six
di↵erent finite volumes. These spectra were extracted
from matrices of correlation functions computed in lattice
QCD using a large basis of operators.

In order to make this first calculation practical we opted
to work with quark masses such that mu = md = ms,
with the quark mass selected to approximately match
the physical strange-quark mass. The resulting SU(3)F
symmetry leads to a simplified set of decay channels, and
the relatively heavy quark mass means that only meson-
meson decays are kinematically accessible in the energy
region of interest.

The computed lattice QCD spectra are described by
an eight-channel flavor-octet 1�(+) scattering system in
which a narrow resonance appears, lying slightly be-
low the opening of axial-vector–pseudoscalar decay chan-
nels, but well above pseudoscalar–pseudoscalar, vector–
pseudoscalar and vector–vector decay thresholds. The
resonance pole shows relatively weak couplings to the
open channels, hence the narrow width, but large cou-
plings to at least one kinematically-closed axial-vector–
pseudoscalar channel.

A simple-minded approach was used to predict decay
properties of a ⇡1 resonance with physical light-quark
mass from these results. We extrapolated the determined
couplings, assuming their only adjustment is in the an-
gular momentum barrier (an approach that has proven
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Increased number of kinematic variables

     12 momentum components
— 10 Poincaré symmetries
 =   2 degrees of freedom
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13

Increased number of kinematic variables

     12 momentum components
— 10 Poincaré symmetries
 =   2 degrees of freedom

     15 momentum components
— 10 Poincaré symmetries
 =   5 degrees of freedom

     18 momentum components
— 10 Poincaré symmetries
 =   8 degrees of freedom
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Increased number of kinematic variables
• Convenient to organize into pair and spectators
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Challenges for three-body dynamics

15

Rescattering effects
• On-shell exchanges induce kinematic singularities
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Rescattering effects
• On-shell exchanges induce kinematic singularities
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Rescattering effects
• On-shell exchanges induce kinematic singularities
• Ultimately, requires understanding to not confuse with dynamical enhancements
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AJ et al. [JPAC] 
Eur. Phys. J. C 79, no. 1, 56 (2019)

e.g. Triangle singularities
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Rescattering effects
• On-shell exchanges induce kinematic singularities
• Ultimately, requires understanding to not confuse with dynamical enhancements
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Figure 2.8: The intensities of the J
PC-sectors summed over the partial waves in the COMPASS basis. The left plot shows

projections of the non-symmetrized Deck model to the non-symmetrized basis, the middle plot shows the projections of
the symmetrized Deck model to the symmetrized basis. The right plot shows the e↵ect of the “thresholding” while the
amplitude as well as the basis is kept non-symmetrized.

the basis contains several waves with S = 0 which share exactly the same quantum numbers but di↵er by the line shape
of the ⇡⇡-amplitude. The line shape of the [⇡⇡]S Deck amplitude (see Fig. 2.4) is similar to the ⇡⇡ ! ⇡⇡ amplitude
shown in the left panel of Fig. 2.2 (the di↵erence comes from the �-dependence of the pion propagator), while in the basis
we have three functions with the predetermined line shapes: (⇡⇡)S , f0(980), and f0(1500). The decomposition obtained
in the algebraic-projection method is shown in Fig. 2.9. The description is far from being perfect: the shape is tilted
and contains artifacts. As we can see on the left panel of the Fig. 2.9, the f0(1500) Breit-Wigner amplitude is eventually
preferred over the (⇡⇡)S-isobar for the description of the ⇡

+
⇡

� spectrum of the Deck. It also causes a prominent f0(1500)
peak in the ⇡⇡ spectrum which is not present in the original Deck model on the right panel of the Fig. 2.9.

Problems in description of the amplitude lead to deviations of the integral intensity from the one calculated in the
model (in contrast to the PWA technique, the number over events per bin is not constrained). The largest e↵ect is
observed in the J

PC = 0�+ sector as can be seen by comparing the green distribution in the middle panel of Fig. 2.7
with the orange line in the middle-top panel of Fig. 2.9. The splitting of the total 0�+ intensity into contributions of the
individual waves is presented in Fig. 2.10. One finds a peak around 1GeV on the right panel in both f0(980)⇡ S-wave
and f0(1500)⇡ S-wave, however, not in the total intensity. These two waves largely interfere in the expansion series. It
has nothing to do with the physics: due to the pure model for the scalar waves, the found decomposition is preferred in
the numerical procedure. The left plot of Fig. 2.10 shows how the decomposition changes when the wave with f0(1500) is
artificially excluded from the basis below 1.7 GeV and the wave with the f0(980) is only added to the basis above 1.3 GeV.

As we mention above, the symmetrization introduces a non-orthogonality in the basis. It causes a “leakage” between
waves. An example of this issue is shown in Fig. 2.11: S = 3 is not part of our Deck model, however, the J

PC
M

✏ =
2�+0+

⇢3⇡ P -wave gets non-zero weight, when the symmetrized amplitude is expanded in the symmetrized basis.

2.5 Conclusions

We have explored three models for the Deck process which parametrize the exchange-pion propagator di↵erently; the
partial-wave expansion have been performed. The analytic decomposition of the amplitude allowed us to simplify the
problem of the partial wave projection to a single integral over one scattering angle. The model with a simple, scalar
propagator for the exchanged pion, was found to be inconsistent with the data at the high energy. The two models with
a modified propagator look closer the partial waves obtained from the analysis of the COMPASS data, especially for the
sectors where no prominent resonances are known, e.g. J

PC = 3�+ and J
PC = 4�+. We have observed a similarity

between the Deck projections and the background-like structures of the COMPASS PWA results for J
PC = 0�+, 1�+,

2�+, and 3++ sectors. We saw that the Deck intensity for the 0�+ sector might develop a prominent peak structure
around 1 GeV. The relevance of this structure to an observation of the ⇡(1300) strongly motivates a further investigation.
We found that the Deck process also contributes significantly to 1+�, shading the exotic ⇡1(1600) signal.

Possible problems of the Deck amplitude expansion in a truncated set of waves with the predetermined isobars was
discussed. Using an algebraic projection method, we found that the summed intensities for J

PC
M

✏ are rather well

17

e.g., Deck Effect
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Rescattering effects
• On-shell exchanges induce kinematic singularities
• Ultimately, requires understanding to not confuse with dynamical enhancements
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AJ et al. [JPAC] 
Eur. Phys. J. C 79, no. 1, 56 (2019)
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Phys. Rev. D 100, 034508 (2019)
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Challenges for three-body dynamics
On-shell scattering governed by integral equations
• Practical implementation — numerical inversion 
• Practical systematic — truncation of partial waves (cf. isobar model)
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Three-Body Dynamics

Connecting to finite-volume spectra
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Finite-volume quantization condition
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Three-Body Dynamics

Examine toy-model —
• Assume exchange dominance — No short-range three-body forces
• Scalar system — 
• Two-hadron pair forms bound state — 

J = 0

20
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Methodology not limited to below 3-body threshold

• Allows for calculation of breakup / recombination amplitude
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Additional details concerning the S-wave integral equa-
tions are presented in Secs. III and IVof the Supplemental
Material [56], where we also describe the propagation of
the uncertainties of mπa0 and K3;iso into the predicted
amplitude. (See also Ref. [84] for more details on express-
ing the three-particle amplitude via a truncated partial wave
series and Ref. [85] for a discussion of integral equations
and their solutions in a resonant three-hadron channel.)
Summary.—In this work we have presented the first

lattice QCD determination of the energy-dependent three-
to-three scattering amplitude for three pions with maximal
isospin. The calculation proceeded in three steps: (i) deter-
mining finite-volume energies with πþπþπþ quantum
numbers, (ii) using the framework of Ref. [4] to extract
two- and three-body K matrices from these, and (iii) apply-
ing the results of Ref. [5] to convert these to the three-
hadron scattering amplitude, by solving known integral
equations. The three steps are summarized, respectively, by
Figs. 1, 2, and 3.

Having established this general workflow, it is now well
within reach to rigorously extract three-hadron resonance
properties from lattice QCD calculations. In particular the
formalism has recently been extended to three-pion states
with any value of isospin in Ref. [42]. This should enable
studies, for example, of the ω, h1, and a1 resonances. The
main outstanding challenges here include rigorous resonant
parametrizations of the intermediate three-body K matrix,
as well as a better understanding of the analytic continu-
ation required to identify the resonance pole position.
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FIG. 3. Top: Dalitz-like plot of m4
πjM3j2 for

ffiffiffiffiffi
s3

p ¼ 3.7m
with final kinematics fixed to fp021 ; p022 g ¼ f0.01m2

π ; 0.7m2
πg

⇒ fm0
12; m

0
13g ¼ f2.1mπ; 2.25mπg. Bottom: Same total energy,

now with incoming and outgoing kinematics set equal, as
discussed in the text.
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FIG. 2. The a1 pole positions from FVU (darker blue indicates
higher sample density). The PDG result [1] and its uncertain-
ties are included as the orange rectangle. The ⇡⇢ branch point
is indicated by the red cross and a naive chiral extrapolation
with red stars (from m⇡ = 139 MeV to m⇡ = 224 MeV).
The crude two-body Breit-Wigner/Lüscher approximation is
indicated with black contours.

momenta is performed on a complex contour, avoiding
singularities for both real and complex-valued

p
s. See

supplement D [108] for technical details and the projec-
tion T

c
�0� ! T

c
`0`.

For each of the obtained parameter sets, we search for
singularities of T c

`0` on the second Riemann sheet. The
resulting pole positions are depicted in blue in Fig. 2.
As expected from the previous discussion of parameter
correlation a precise determination of the a1 pole posi-
tion requires more input. Surprisingly, the distribution
of poles is indeed finite with a stronger concentration
around heavier a1. This is apparent as the darker blue
regions indicate higher sample density.

Putting our results into perspective: 1) We compare
them to an approximate procedure employed earlier [96],
assuming a stable ⇢-meson. In that, using Lüscher’s
method [116, 117] the finite-volume spectrum is mapped
to phase-shifts. Subsequently, a simple Breit-Wigner
parametrization is used to determine the pole positions.
The resulting confidence regions are depicted by the black
(un-shaded) contours in Fig. 2. It appears that this Breit-
Wigner approach has only small overlap with the full
FVU at lower masses, demonstrating the need for using
the full three-body quantization condition; 2) We depict
the current PDG values [1] as

p
s ⇡ M � i�/2 in Fig. 2.

The real part of the PDG mass overlaps with our predic-
tions, but the PDG width is at least twice as large. This

is expected since the pion mass in our case is heavier than
the physical one, resulting in a reduced phase space for
resonance decay; 3) We perform a chiral extrapolation
of fits to experimental data [93]. The corresponding pole
determination at the physical point is the first of its kind
with a three-body unitary amplitude. Then, increasing
the pion mass appearing in the loops and parameters of
K

�1
n only (see supplement D [108] for technical details),

we obtain the second red star in Fig. 2. It confirms the
expectation of the a1 becoming heavier and narrower, al-
though this does not lead to an overlap with the pole
region from LQCD.
Finally, one can ask whether an explicit singularity

in our parametrization leads to a bias towards the ex-
istence of an a1(1260). Removing that pole and allowing
for one more term in the Laurent expansion, i.e., setting
C`0` := (c+ c

0
s)�`00�`0, one obtains fits that all lead to a

pole in the ⇡⇢ amplitude. While those poles are concen-
trated close to the real axis at

p
s ⇡ 1.04 GeV, i.e., too

light and too narrow, the exercise shows that a1 poles are
dynamically generated as demanded by LQCD data even
if no explicit singularities are present in the parametriza-
tion of C.
The pole residues of the amplitude factorize [93],

Res(T c
`0`(

p
s)) = g̃`0 g̃` in terms of couplings g̃S and g̃D,

analogously to the usual branching ratios but indepen-
dent of background terms [1]. Their 1-� regions are shown
in Fig. 3 as a function of real spectator momentum.
Clearly there are systematics attached (e.g. the missing
⇡� channel) to this first determination of the resonance
coupling, which can be addressed once the LQCD dataset
is increased. The calculation of pole position and residues
for a three-body unitary amplitude is another novelty of
this work.

Summary — In this letter we have presented the first

FIG. 3. The 1-� confidence regions for the couplings g̃S and
g̃D defined by pole residues (see text).
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Additional details concerning the S-wave integral equa-
tions are presented in Secs. III and IVof the Supplemental
Material [56], where we also describe the propagation of
the uncertainties of mπa0 and K3;iso into the predicted
amplitude. (See also Ref. [84] for more details on express-
ing the three-particle amplitude via a truncated partial wave
series and Ref. [85] for a discussion of integral equations
and their solutions in a resonant three-hadron channel.)
Summary.—In this work we have presented the first

lattice QCD determination of the energy-dependent three-
to-three scattering amplitude for three pions with maximal
isospin. The calculation proceeded in three steps: (i) deter-
mining finite-volume energies with πþπþπþ quantum
numbers, (ii) using the framework of Ref. [4] to extract
two- and three-body K matrices from these, and (iii) apply-
ing the results of Ref. [5] to convert these to the three-
hadron scattering amplitude, by solving known integral
equations. The three steps are summarized, respectively, by
Figs. 1, 2, and 3.

Having established this general workflow, it is now well
within reach to rigorously extract three-hadron resonance
properties from lattice QCD calculations. In particular the
formalism has recently been extended to three-pion states
with any value of isospin in Ref. [42]. This should enable
studies, for example, of the ω, h1, and a1 resonances. The
main outstanding challenges here include rigorous resonant
parametrizations of the intermediate three-body K matrix,
as well as a better understanding of the analytic continu-
ation required to identify the resonance pole position.
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FIG. 2. The a1 pole positions from FVU (darker blue indicates
higher sample density). The PDG result [1] and its uncertain-
ties are included as the orange rectangle. The ⇡⇢ branch point
is indicated by the red cross and a naive chiral extrapolation
with red stars (from m⇡ = 139 MeV to m⇡ = 224 MeV).
The crude two-body Breit-Wigner/Lüscher approximation is
indicated with black contours.

momenta is performed on a complex contour, avoiding
singularities for both real and complex-valued

p
s. See

supplement D [108] for technical details and the projec-
tion T

c
�0� ! T

c
`0`.

For each of the obtained parameter sets, we search for
singularities of T c

`0` on the second Riemann sheet. The
resulting pole positions are depicted in blue in Fig. 2.
As expected from the previous discussion of parameter
correlation a precise determination of the a1 pole posi-
tion requires more input. Surprisingly, the distribution
of poles is indeed finite with a stronger concentration
around heavier a1. This is apparent as the darker blue
regions indicate higher sample density.

Putting our results into perspective: 1) We compare
them to an approximate procedure employed earlier [96],
assuming a stable ⇢-meson. In that, using Lüscher’s
method [116, 117] the finite-volume spectrum is mapped
to phase-shifts. Subsequently, a simple Breit-Wigner
parametrization is used to determine the pole positions.
The resulting confidence regions are depicted by the black
(un-shaded) contours in Fig. 2. It appears that this Breit-
Wigner approach has only small overlap with the full
FVU at lower masses, demonstrating the need for using
the full three-body quantization condition; 2) We depict
the current PDG values [1] as

p
s ⇡ M � i�/2 in Fig. 2.

The real part of the PDG mass overlaps with our predic-
tions, but the PDG width is at least twice as large. This

is expected since the pion mass in our case is heavier than
the physical one, resulting in a reduced phase space for
resonance decay; 3) We perform a chiral extrapolation
of fits to experimental data [93]. The corresponding pole
determination at the physical point is the first of its kind
with a three-body unitary amplitude. Then, increasing
the pion mass appearing in the loops and parameters of
K

�1
n only (see supplement D [108] for technical details),

we obtain the second red star in Fig. 2. It confirms the
expectation of the a1 becoming heavier and narrower, al-
though this does not lead to an overlap with the pole
region from LQCD.
Finally, one can ask whether an explicit singularity

in our parametrization leads to a bias towards the ex-
istence of an a1(1260). Removing that pole and allowing
for one more term in the Laurent expansion, i.e., setting
C`0` := (c+ c

0
s)�`00�`0, one obtains fits that all lead to a

pole in the ⇡⇢ amplitude. While those poles are concen-
trated close to the real axis at

p
s ⇡ 1.04 GeV, i.e., too

light and too narrow, the exercise shows that a1 poles are
dynamically generated as demanded by LQCD data even
if no explicit singularities are present in the parametriza-
tion of C.
The pole residues of the amplitude factorize [93],

Res(T c
`0`(

p
s)) = g̃`0 g̃` in terms of couplings g̃S and g̃D,

analogously to the usual branching ratios but indepen-
dent of background terms [1]. Their 1-� regions are shown
in Fig. 3 as a function of real spectator momentum.
Clearly there are systematics attached (e.g. the missing
⇡� channel) to this first determination of the resonance
coupling, which can be addressed once the LQCD dataset
is increased. The calculation of pole position and residues
for a three-body unitary amplitude is another novelty of
this work.

Summary — In this letter we have presented the first

FIG. 3. The 1-� confidence regions for the couplings g̃S and
g̃D defined by pole residues (see text).
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Three-body resonances in the '4 theory
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Abstract: We study the properties of three-body resonances using a lattice complex scalar
'
4 theory with two scalars, with parameters chosen such that one heavy particle can decay

into three light ones. We determine the two- and three-body spectra for several lattice
volumes using variational techniques, and then analyze them with two versions of the three-
particle finite-volume formalism: the Relativistic Field Theory approach and the Finite-
Volume Unitarity approach. We find that both methods provide an equivalent description
of the energy levels, and we are able to fit the spectra using simple parametrizations of the
scattering quantities. By solving the integral equations of the corresponding three-particle
formalisms, we determine the pole position of the resonance in the complex energy-plane
and thereby its mass and width. We find very good agreement between the two methods
at different values of the coupling of the theory.
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Few-Body Physics from QCD

Path to few-body physics from QCD
• Link finite-volume spectra and matrix elements to scattering amplitudes
• Tools: Lattice QCD, Scattering Theory, & Effective Field Theory
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Lattice QCD Spectra &  
Matrix Elements

Scattering & 
Transition Amplitudes

Bound & Resonant 
State Properties



Hadronic Structure & Electroweak Probes

Can we get more than the spectrum?
• Want to know the substructure of the excited hadrons
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Summary

Lattice QCD, EFTs, & Scattering theory combined provide useful tools to extract physics from QCD

• Rapid development in formalisms relating lattice QCD observables to amplitudes

• Scattering phenomenology is advancing in tandem
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Few-body interactions play a key role in many outstanding problems in nuclear & hadron physics

Much more to come!

Latest developments in three-body scattering & two-body matrix elements

• First applications appearing in literature

• Can address increasingly complicated processes




