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Modern-day spectroscopy 
rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

                   

+ electroweak sector

∑
f

ψf (iγμDμ − mf) ψf −
1
4

Tr[GμνGμν]

0.38

0.40

0.42

0.44

0.46

0.48

12 16 20 24

Woss, Dudek, 
Edwards, Thomas, Wilson (2020)



Modern-day spectroscopy 

Amplitudes on the real axis

rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism
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Scattering theory & EFTs

Modern-day spectroscopy 

Amplitudes on the real axis

Analytic continuation: poles, 
widths, form factors,…  

rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism
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Scattering theory & EFTs

Modern-day spectroscopy 

Amplitudes on the real axis

Nature of states, patterns in the spectrum, …

rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism
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Lattice QCD 
Only systematically improvable tool (available) for QCD,

Confirm experimental observations,
Guide experimental searches, 
Compliment experimental efforts.

 Large collaborations with broad set of expertise, 
Theoretical formalism,
Algorithmic developments,
Production runs,
Data analysis. 

most states in PDG, …

exotic states,…

resonant form factors and structure.

akin to experiments



La

Lattice QCD in a nut shell
lattice spacing: 
finite volume: 

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

Dµ = ( ((L/a)3 ⇥ (T/a)



La

Lattice QCD in a nut shell
lattice spacing: 
finite volume: 
quark masses
Euclidean spacetime:  
Importance sampling

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

tM → − itE

QFT in real time : 

QFT in imaginary time : 

Z = ∫ 𝒟φ(x) eiS[φ]

ZE = ∫ 𝒟φ(x) e−SE[φ]



Lattice QCD in a nut shell
lattice spacing: 
finite volume: 
quark masses
Euclidean spacetime:  
Importance sampling 
Correlation functions, …

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

tM → − itE
C2pt.(tE) ⌘ h0|O(tE)O

†(0)|0i =
X

n

cne
�EntE
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Lattice QCD in a nut shell

never free
no asymptotic states
no scattering

lattice spacing: 
finite volume: 
quark masses
Euclidean spacetime:  
Importance sampling 
Correlation functions, … 

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

tM → − itE



Figure 43: Lattice results and FLAG averages for the isovector axial charge gu�d
A for Nf = 2,

2 + 1 and 2 + 1 + 1 flavour calculations. Also shown is the experimental result as quoted in
the PDG [165].

axial charge by the interval 1.218  gu�d

A
 1.274, where the lower bound is identified

with the result of PNDME 18, while the upper bound is the weighted average plus the
scaled 1� uncertainty. Hence, for Nf = 2+1+1 we quote gu�d

A
= 1.246(28) as the FLAG

estimate, where the central value marks the mid-point of the interval, and half the width
is taken to be the error.

For QCD with Nf = 2 + 1 dynamical quarks, the calculations of �QCD 18 [101],
Mainz 19 [102] and NME 21 [965] are free of red tags, while the calculation by PACS 18A
[843] and LHPC 19 [845] do not o↵er enough control over lattice artefacts according to
the FLAG criteria. Since the result by NME 21 was published only as a preprint by the
FLAG deadline, it does not qualify for being included in a global average. Hence, for
Nf = 2 + 1 we compute a weighted average from �QCD 18 [101] and Mainz 19 [102],
assuming no correlations between the two calculations. This yields gu�d

A
= 1.248(23) with

�2/dof = 0.07.
Due to the modified criteria for excited-state contamination, none of the results ob-

tained in two-flavour QCD qualify for a global average. Nonetheless, we find it instructive
to show the results for Nf = 2 together with the calculations with Nf = 2+1 and 2+1+1
and the respective FLAG estimates in Fig. 43.

To summarize, the FLAG averages for the axial charge read

Nf = 2 + 1 + 1 : gu�d

A
= 1.246(28) Refs. [98–100], (430)

Nf = 2 + 1 : gu�d

A
= 1.248(23) Ref. [101, 102], (431)

Within errors, these averages are compatible with the result of gu�d

A
= 1.2724(23) quoted

by the PDG. While the most recent lattice calculations reproduce the axial charge at the
level of a few percent or even better, the experimental result is more precise by an order
of magnitude.
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“Simple quantities” from lattice QCD
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finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Lüscher (1986, 1991)

…. RB (2014) 

Purely hadronic amplitudes

bound state and
resonance poles

?

?

?

?

? ?

?

?
?

?

?

?

?

? ?

?

?
?

Jackura [Tuesday Morning]



Narrow-width approximation
Ob ⇠ q̄ �b qUsing a large number [10-30] of local ops, 

mπ=391 MeV
Dudek, Edwards, Guo, Thomas (2013)
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Narrow-width approximation
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Narrow-width approximation
Ob ⇠ q̄ �b qUsing a large number [10-30] of local ops, 
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Spectrum analysis 
det


F�1
⇡⇡ +M⇡⇡,⇡⇡ M⇡⇡,KK

M⇡⇡,KK F�1
KK

+MKK,KK

�
= 0Above -threshold, spectrum satisfies:

 No one-to-one correspondence, 
 Parameterize amplitude and perform global fit. 

KK

Ansatz: K�1(s) =

0

@
a+ bs c+ ds e
c+ ds f g

e g h

1

A

�2/Ndof =
44.0

57� 8
= 0.90

57 energy levels
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Spectrum analysis 
det


F�1
⇡⇡ +M⇡⇡,⇡⇡ M⇡⇡,KK

M⇡⇡,KK F�1
KK

+MKK,KK

�
= 0Above -threshold, spectrum satisfies:

 No one-to-one correspondence, 
 Parameterize amplitude and perform global fit. 

KK
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Tensors: the f2’s
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<latexit sha1_base64="3n2kBpzn1zoQZfSZbCpKndspHMo="></latexit><latexit sha1_base64="3n2kBpzn1zoQZfSZbCpKndspHMo="></latexit><latexit sha1_base64="3n2kBpzn1zoQZfSZbCpKndspHMo="></latexit><latexit sha1_base64="3n2kBpzn1zoQZfSZbCpKndspHMo="></latexit>



Many other calculations

700 900 1100

30

60

90

120

150

180

0

30

60

0.2

0.4

0.6

0.8

1

0.02

0.002

1250 1300 1350 1400 1450 1500

-150

-100

-50

1250 1300 1350 1400 1450 1500

60
0

40
0

20
0

2150 2200 2250 2300 2350 2400

22002100 2300 2400

0.2

0

0.4

0.6

0.8

1.0

5000 1000 1500 2000 2500

2100 2200 2300

600

400

200

0

πω-πφ and the b1

 in the  and  Kπ κ K⋆

 and the Dπ D⋆
0

0.2

0.4

0.5

0.7

0.8

1.0

2250 2300 2350 2400

D⇡{1S0 ! 1S0}

16
20
24

 (+1)

⇢i⇢j |tij |2

Ecm/MeV

JP = 0+

0.2

0.4

0.5

0.7

0.8

1.0

2350 2400 2450 2500 2550

D⇤⇡{3S1 ! 3S1}

D⇤⇡{3D1 ! 3D1}

D⇤⇡{3S1 $ 3D1}

16
20
24

 (+1)

Ecm/MeV

JP = 1+

0.2

0.4

0.5

0.7

0.8

1.0

2350 2400 2450 2500 2550

D⇤⇡{3D2 ! 3D2}

D⇡{1D2 ! 1D2}

D⇡{1D2}$ D⇤⇡{3D2}

20
24

Ecm/MeV

JP = 2+

 & the  and the D⋆π D1 D2

RB

RB

RB



4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5

4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5

m
2 1
3
/m

2 ⇡
m

2 1
3
/m

2 ⇡

m2
12/m

2
⇡

2⇥ 108

3⇥ 108

4⇥ 108

5⇥ 108

1⇥ 108

3⇥ 108

5⇥ 108

7⇥ 108

mπ=391 MeV 
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The three-body frontier 
(3  channel, )π+ mπ ∼ 390 MeV

103 energy levels described by 
three numbers:  mπ, aππ, 𝒦3,iso

m2
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The spectrum just isn’t enough!
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time
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γ⋆γ⋆ → ππ not total pipe dream
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time
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π
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Two key ingredients: time & asymptotic states

γ⋆

γ⋆γ⋆ → ππ



Scattering theory & EFTs

Modern-day spectroscopy 

Amplitudes on the real axis

Nature of states, patterns in the spectrum, …

rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism

Analytic continuation: poles, 
widths, form factors,…  Challenging but not impossible 

 Enhancement of operator basis, 
Tetraquarks, glueballs, pentraquarks, three-particles, ….

 Contraction costs, 
Cost grows with the number of externals legs…

 Extensions of finite-volume formalism,
Multi-channel 3-body, spin, etc.
 Electroweak processes, … 

Scattering theory,
 “Earnest amplitudes”, analytic continuations,… 
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The vast majority of hadrons observed in nature are not stable under the strong inter-
action, rather they are resonances whose existence is deduced from enhancements in
the energy dependence of scattering amplitudes. The study of hadron resonances of-
fers a window into the workings of quantum chromodynamics (QCD) in the low-energy
non-perturbative region, and in addition, many probes of the limits of the electroweak
sector of the Standard Model consider processes which feature hadron resonances. From
a theoretical standpoint, this is a challenging field: the same dynamics that binds quarks
and gluons into hadron resonances also controls their decay into lighter hadrons, so a
complete approach to QCD is required. Presently, lattice QCD is the only available tool
that provides the required non-perturbative evaluation of hadron observables. In this
article, we review progress in the study of few-hadron reactions in which resonances and
bound-states appear using lattice QCD techniques. We describe the leading approach
which takes advantage of the periodic finite spatial volume used in lattice QCD calcula-
tions to extract scattering amplitudes from the discrete spectrum of QCD eigenstates in
a box. We explain how from explicit lattice QCD calculations, one can rigorously gar-
ner information about a variety of resonance properties, including their masses, widths,
decay couplings, and form factors. The challenges which currently limit the field are
discussed along with the steps being taken to resolve them.
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Two “musts” for few-body systems:
Generalized eigenvalue problem (GEVP), 

large basis of ops,

diagonalization, 

Finite-volume formalisms.

C2pt.
ab (t,P) ⌘ h0|Ob(t,P)O†

a(0,P)|0i =
X

n

Zb,nZ
⇤
a,ne

�Ent

2 minimum requirements
GEVP with large basic is necessary

but not sufficient to trust spectrum!

Ob ⇠ q̄ �b q,⇡⇡,KK, . . . ,
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C(t)~v(n)(t, t0) = �n(t, t0)C(t0)~v
(n)(t, t0)
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