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Quantum Chromodynamics

Asymptotic freedom:
"like QED", but only at high energies

Con�nement:
at low energies the gluons bind the
quarks together to form the hadrons

Approaches to describe the Low-energy regime of QCD:
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Hadron interactions

One hadron, e.g. τ → πντ , decay constant from Lattice-QCD

Two hadrons, e.g. τ → ππντ

π

π
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π

π

π

π

π

π
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π

+ · · ·

π

π

π

π

I Good control: form factors (Omnès)
Three hadrons, e.g. ω → 3π

ω

π

π

π

ω

π

π

π ω

π

π

π

I Reasonably→ good control: Khuri-Treiman
(see also talk by Stamen)

Huge progress on few-hadron dynamics from Lattice QCD,
see talks by: Hanlon, Jackura, Doring
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The pion vector form factor

photon conversion into two pions

=

π−

π0 π0

π−

+

π−

π0
π, K

π, K

+

π0

π−

+

π0

π−
−→ 〈π+(p)π−(p′)|Jµ(0)|0〉 = i(p− p′)µFπ(s) ,

Fπ(s) contain the s dependent response of the ππ to Jµ(0)

Key object in many hadronic reactions, e.g. muon (g− 2)

µ µ

Hadrons

Good pedagogic advent towards the challenges in the
description of low-energy QCD
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Chiral perturbation theory

=

π−

π0 π0

π−

+

π−

π0
π, K

π, K

+

π0

π−

+

π0

π−

Fπ(s)|O(p4)
χPT = 1 +

2Lr9(µ)

F2π
s− s

96π2F2π

(
Aπ(s, µ2) +

1
2
AK(s, µ2)

)
,

Drawbacks:
I limited energy range

I |FπV (s)|O(p4)
χPT ∝ s vs |FπV (s)|QCD ∝ 1/s

I Non-predictive:
divergent calculations
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Solution: Dispersion theory (No need of a Lagrangian)
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Warm-up: Pion Form Factor

Unitarity:
disc[ ] =

π(q − l)

π(l)

π(p)

π(p′)

π(p)

π(p′)

discFπ(s) = 2iImFπ(s) = 2iσπ(s)Fπ(s)t1∗1 (s) = 2iFπ(s) sin δ11(s)e−iδ
1
1(s) ,

Watson’s theorem:

ImFπ(s) = |Fπ(s)|eiδFπ (s) sin δ11(s)e−iδ
1
1(s)θ(s− 4m2

π) ,

⇒ δFπ(s) = δ11(s) ,

Analytic solution, Omnès equation:

Fπ(s) =
1
2πi

∫ ∞
4m2

π

discFπ(s′)
s′ − s ds′ , Ω(s) = exp

{
s
π

∫ ∞
4M2π

ds′ δ11(s′)
s′(s′ − s− iε)

}
,
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Omnès equation

Diagrammatic interpretation
π

π

= +

π

π

π

π

π

π

+

π

π

+ · · ·

π

π

π

π

Solution depends solely on the P-wave phase shift of ππ

PRD 83, 074004 (2011)
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Polynomial ambiguity

Most general solution: Fπ(s) = P(s)Ω1
1(s)

P(s) = 1+ αs, with α = 0.11 GeV−2 due to inelasticities
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Three-body decays: ω → 3π

Decay amplitude for ω → π+π−π0

M(s, t,u) = iεµναβεµpν+pα−p
β
0F(s, t,u) ,

|M(s, t,u)|2 =
1
4
(
stu−m2

π(m2
V −m2

π)2
)
|F(s, t,u)|2 = P(s, t,u)|F(s, t,u)|2 ,

If no dynamics: |F(s, t,u)|2 = 1⇒ |M(s, t,u)|2 follows P-wave distribution

I In 1961, ω spin and parity from ω → 3π was consistent with a P-wave

I Current ω → 3π precision Dalitz analyses show deviation from the P-wave

Dalitz plot parameters: X = t−u√
3Rω

=
√
Z cosφ , Y = sc−s

Rω =
√
Z sinφ ,

|F(Z, φ)|2 = |N|2
[
1+ 2αZ + 2βZ3/2 sin 3φ+ 2γZ2 +O(Z5/2)

]
,

Reference α× 103 β × 103 γ × 103
BESIII [PRD98, 112007 (2018)] 120.2(7.1)(3.8) 29.5(8.0)(5.3) —
WASA-at-COSY [PLB770, 418 (2017)] 133(41) 37(54) —
BESIII [PRD98, 112007 (2018)] 111(18) 25(10) 22(29)
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Khuri-Treiman representation

Decomposition of the amplitude (considering only P-waves)

F(s, t,u) = F(s) + F(t) + F(u) ,

disc[ ] =
V

π

π

π
V

π

π

π

discF(s) = 2i
(
F(s) + F̂(s)

)
θ(s− 4m2

π)sin δ(s)e−iδ(s) ,

I δ(s): P-wave ππ scattering phase shifts

I F̂(s): s-channel projections of F(t),F(u)
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Khuri-Treiman representation

Unsubtracted solution:

F(s) = Ω(s)
(
a+

s
π

∫ ∞
4m2

π

ds′
s′

sin δ(s′) F̂(s′)
|Ω(s′)| (s′ − s)

)
,

F̂(s) = 3
∫ 1

−1

dzs
2 (1− z2s)F(t(s, zs)) ,

I Subtraction constants: free parameters not �xed by unitarity
Complications: Integration contour for F̂(s)
I Generates cuts in several variables (3-particle cuts)
I Discontinuity is complex

Physical interpretation

ω

π

π

π

ω

π

π

π ω

π

π

π
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Solution by numerical iteration
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Solution by numerical iteration
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Solution by numerical iteration
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ω → 3π Dalitz plot parameters

Reference (Bonn, JPAC) α× 103 β × 103 γ × 103
BESIII 111(18) 25(10) 22(29)
Omnès [EPJC C72 2014,(2012)] 116(4) 28(2) 16(2)
KT unsub [EPJC C72 2014,(2012)] 77(4) 26(2) 5(2)
Omnès [PRD91, 094029 (2015)] 113 27 24
KT unsub [PRD91, 094029 (2015)] 80 27 8

Someone is wrong: experiment? KT. eqs? something particular?

Solution: Once subtracted KT

F(s) = Ω(s)
[
a+ b′s+

s2
π

∫ ∞
4m2

π

ds′
s′2

sin δ(s′) F̂(s′)
|Ω(s′)|(s′ − s)

]
,

b ≡ b′/a =
1
a
1
π

∫ ∞
4m2

π

ds′
s′2

sin δ(s′) F̂(s′)
|Ω(s′)| = 0.55e0.15i GeV−2
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Khuri-Treiman representation

F(s) = a [Fa(s) + b Fb(s)]

Fa(s) = Ω(s)
[
1 +

s2

π

∫ ∞
4m2π

ds′

s′2
sin δ(s′) F̂a(s′)
|Ω(s′)|(s′ − s)

]
,

Fb(s) = Ω(s)
[
s +

s2

π

∫ ∞
4m2π

ds′

s′2
sin δ(s′) F̂b(s′)
|Ω(s′)|(s′ − s)

]
.

Subtraction constant from Dalitz parameters

bFit ' 2.9e1.90(1)i GeV−2 vs bsr = 0.55e0.15i GeV−2
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JPAC Coll, EPJ C80 (2020) no.12, 1107
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ω → π0γ∗ form factor

Dispersive representation

fωπ0(s) = |fωπ0(0)| eiφωπ0 (0)

+
s

12π2

∫ ∞
4m2

π

ds′

(s′)3/2
p3(s′) FVπ∗(s′) fω→3π1 (s′)

(s′ − s) ,

JPAC Coll, EPJ C80 (2020) no.12, 1107

|fωπ0 (0)| from data:

Γ(ω → π0γ) =
e2(m2ω−m

2
π0 )3

96πm3ω
|fωπ0 (0)|2 ,

Data: Fωπ(s) = fωπ(s)
fωπ(0)

[NA60(’09,’16), A2(’17)]

φωπ0 (0) only free parameter

Two minima are found (low and high)
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NNA60

√
χ2

A2
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16 21



Combined ω → 3π and ω → π0γ∗ analysis
JPAC Coll, EPJ C80 (2020) no.12, 1107Reference α× 103 β × 103 γ × 103

BESIII 111(18) 25(10) 22(29)
low 112(15) 23(6) 29(6)
high 109(14) 26(6) 19(5)
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Only 1 sub KT describes both Dalitz-param and form factor
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J/ψ → 3π decays
Completely analogous formalism
Larger phase space, but the decay is still dominated by the ρ

BESIII data [PLB 710 (2012)]

JPAC (preliminary) analysis:

I Two-body
I KT unsub basic
features

I KT 1-sub improves
the description

bFit = 0.20(1)e2.68(1)i GeV−2 ,

bsr = 0.16e2.43i GeV−2
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Inclusion of F-wave

Isobar decomposition of the amplitude

F(s, t,u) = F(s) + F(t) + F(u)

+ κ2(s)P′3(zs)H(s) + κ2(t)P′3(zt)H(t) + κ2(u)P′3(zu)H(u) ,

Exchange of a ρ3(1690) in the s-channel:

H(s) = P(s)
m2
ρ3

m2
ρ3 − s− imρ3Γρ3(s)

,

J/ψ gρ3πJ/ψ

π0

π+

π−

gρ3ππ
ρ0

3

––––
––––
––––
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H
(s
)

Abs

Re

Im

19 21



J/ψ → 3π decays

Larger phase space, but the decay is still dominated by the ρ

BESIII data [PLB 710 (2012)]

JPAC (preliminary) analysis:

I Two-body
I KT unsub basic
features

I KT 1-sub improves
the description

I KT 1-sub+F-wave
describe better
mππ ∼ 1.5 GeV.
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Outlook

Khuri-Treiman equations:

I Dispersive representation for 3-particle Final-State
Interactions

I Based on fundamental principles: analyticity, unitarity and
crossing symmetry

I Input: ππ scattering phase shifts
I Resonance shape a�ected by left-hand cuts / 3-body e�ects
I Predictive power (subtraction constants)
I Experimental data well described
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Dispersive representation

Dispersion relation with subtractions:

FπV (s) = exp

[
α1s+

α2
2 s

2 +
s3
π

∫ scut

4m2
π

ds′ φ(s′)
(s′)3(s′ − s− iε)

]
,

Form Factor
phase φ(s):
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π

π
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π
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π



Beyond the elastic region

P(s) = 1+ αs, with α = 0.11 GeV−2 due to inelasticities
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Beyond the elastic approximation

Built an
e�ective
phase:
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Polynomial ambiguity

Most general solution: Fπ(s) = P(s)Ω1
1(s)

To �nd the constraint on P(s), we need lims→∞Ω1
1(s)

Assume δ11(s > Λ2) = nπ

Ω1
1(s) = exp

{
s
π

∫ Λ2

4m2
π

ds′ δ11(s′)
s′(s′ − s) +

s
π

∫ ∞
Λ2

ds′ δ11(s′)
s′(s′ − s)

}
, (1)

= exp

{
− 1
π

∫ Λ2

4m2
π

ds′ δ
1
1(s′)
s′ + n

∫ ∞
Λ2

ds′
(

1
s′ − s −

1
s′

)}
, (2)

= exp

{
constant− n log

(
Λ2 − s

Λ2

)}
, (3)

lim
s→∞

Ω1
1(s) ∝ s−n (4)

Assume lims→∞ Fπ(s) ∝ sm ,
Fπ(s) = Pm+n(s)Ω1

1(s) , (5)



Low-energy observables

〈r2〉πV = 6α1
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Khuri-Treiman representation

Once subtracted solution:

F(s) = Ω(s)
[
a+ b′s+

s2
π

∫ ∞
4m2

π

ds′
s′2

sin δ(s′) F̂(s′)
|Ω(s′)|(s′ − s)

]
, (6)

b ≡ b′/a =
1
a
1
π

∫ ∞
4m2

π

ds′
s′2

sin δ(s′) F̂(s′)
|Ω(s′)| = 0.55e0.15i GeV−2

F(s) = a [Fa(s) + b Fb(s)] , (7a)

Fa(s) = Ω(s)
[
1+

s2
π

∫ ∞
4m2

π

ds′
s′2

sin δ(s′) F̂a(s′)
|Ω(s′)|(s′ − s)

]
, (7b)

Fb(s) = Ω(s)
[
s+

s2
π

∫ ∞
4m2

π

ds′
s′2

sin δ(s′) F̂b(s′)
|Ω(s′)|(s′ − s)

]
. (7c)



ω → 3π decays and ω → π0γ∗ form factor

ω → π0γ∗ form factor JPAC Collaboration, Eur.Phys.J. C80 (2020) no.12, 1107

I Surprise:

bFit = 3.15(22)e2.03(14)i GeV−2 ,

bSum−rule = 0.55e0.15i GeV−2
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Only 1 sub KT describes both Dalitz-parameters and form
factor



ω → 3π

Dalitz plot parameters:

X =
t− u√
3Rω

=
√
Z cosφ , Y =

sc − s
Rω

=
√
Z sinφ ,

|F(Z, φ)|2 = |N|2
[
1+ 2αZ + 2βZ3/2 sin 3φ+ 2γZ2 +O(Z5/2)

]
,

Reference α× 103 β × 103 γ × 103
BESIII 120.2(8.1) 29.5(9.6) —
Omnès 130(5) 31(2) —
KT unsub 79(5) 26(2) —
KT 1 sub (this work) 120.1(7.7)(0.7) 30.2(4.3)(2.5) —
BESIII 111(18) 25(10) 22(29)
Omnès 116(4) 28(2) 16(2)
KT unsub 77(4) 26(2) 5(2)
KT 1 sub (this work) 109(14)(2) 26(6)(2) 19(5)(4)

γ is non zero at a 3 ∼ σ level



KT 1 sub vs Omnès

Accidental cancellation of |F(s, t,u)|2
JPAC Collaboration, Eur.Phys.J. C80 (2020) no.12, 1107
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Once sub. isobar amplitudes F(s): ψ(2S)→ 3π

----

-·--·-

––––
––––
⋯⋯

––––

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

-4

-2

0

2

4

s [GeV]

R
e
F
a (
s)

Omnès

1st iteration

2nd iteration

3rd iteration

4th iteration

5th iteration

----

-·--·-

––––

––––

⋯⋯

––––

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

1

2

3

4

5

6

s [GeV]

Im
F
a (
s)

Omnès

1st iteration

2nd iteration

3rd iteration

4th iteration

5th iteration

----

-·--·-

––––
––––
⋯⋯

––––

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

-4

-2

0

2

4

s [GeV]

R
e
F
b(
s)

Omnès

1st iteration

2nd iteration

3rd iteration

4th iteration

5th iteration

----

-·--·-

––––

––––

⋯⋯

––––

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0

1

2

3

4

5

6

s [GeV]

Im
F
b(
s)

Omnès

1st iteration

2nd iteration

3rd iteration

4th iteration

5th iteration



Fits to the ψ(2S)→ 3π di-pion distribution

JPAC Collaboration, in progress

●
●
●
●
●●
●●
●
●●●

●

●

●●

●●
●
●

●
●
●●●●

●

●

●
●
●
●
●
●●
●●

●

●
●

●

●

●
●●

●
●
●
●
●

●
●
●

●●●●
●

●●

●

●

●●●●

●
●

●
●

●
●●

●
●

●●
●
●

●

●

●
●●●

●●●●
●●
●●
●●
●●

●●

----
······
––––

0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

500

1000

1500

2000

mππ [GeV]

E
ve
nt
s
[J
/ψ

→
3π

]

BESIIl (2012)

P(s) × Omnès

KT 1 sub (P wave)

KT 1 sub (P+F waves)



Once subtracted isobar amplitudes F(s): φ→ 3π
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Fit results

P+F waves
Data set b φb c× 103 φc d× 103 φd mρ3 [MeV] Γρ3 [MeV]
BESIII 2012 0.20(1) 2.88(1) 3.87(2) 3.72(1) 1.42(1) 0.59(1) = 1689 = 161

JPAC Collaboration, to appear soon
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Contribution of the F-wave: ρ3(1690) exchange

Exchange of a ρ3(1690) in the s-channel:

H(s) = P(s)
m2
ρ3

m2
ρ3 − s− imρ3Γρ3(s)

,

I Energy-dependent width

Γρ3(s) =
Γρ3mρ3√

s

(
pπ(s)
pπ(m2

ρ3)

)2`+1 (
F`R(s)

)2
,

pπ(s) =

√
s
2 σπ(s) ,

F`=3R (s) =

√
z0(z0 − 15)2 + 9(2z0 − 5)2

z(z− 15)2 + 9(2z− 5)2
,

z = r2Rp2π(s) , z0 = r2Rp2π(m2
ρ3) ,

J/ψ gρ3πJ/ψ
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Omnès-like contribution of the F-wave

Extraction of the F-wave phase:

tan δ3(s) =
ImH(s)|model

ReH(s)|model
,

Omnès:

H(s) = Ω3(s) ≡ exp

[
s
π

∫ ∞
4m2

π

ds′
s′

δ3(s′)
s′ − s

]
,
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1-sub solution for J/ψ → 3π
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