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QUANTUM CHROMODYNAMICS

m Asymptotic freedom: "
"like QED", but only at high energies AN

m Confinement: 4N\
at low energies the gluons bind the R
quarks together to form the hadrons [ o oy

m Approaches to describe the Low-energy regime of QCD:

Dispersion theory Experimental data

@ e

Effective field theories «———— Lattice QCD

Artist: Xavier Cortada




HADRON INTERACTIONS

m One hadron, e.g. 7 — 7v,, decay constant from Lattice-QCD
m Two hadrons, e.g. 7 — w7v,

va<:NN\< +VN/\<>< + m +ee

» Good control: form factors (Omnés)
m Three hadrons, e.g. w — 37

e

» Reasonably — good control: Khuri-Treiman
(see also talk by Stamen)

m Huge progress on few-hadron dynamics from Lattice QCD,
see talks by: Hanlon, Jackura, Doring



THE PION VECTOR FORM FACTOR

m photon conversion into two pions
e — () (BW)I0) = ilp — PF-(S),

m F.(s) contain the s dependent response of the = to J,(0)

m Key object in many hadronic reactions, e.g. muon (g — 2)

m Good pedagogic advent towards the challenges in the
description of low-energy QCD




CHIRAL PERTURBATION THEORY

o

opt 2Ly () s 2y, ] 2
Fz(S)pr = 1+ P2 Si= 9672F2 Ax(s,p*) + EAK(&H )]
m Drawbacks:
40 * -« xPTatO(p)
» limited energy range . «  Belle data (2008)
O 4
> IR (s)Idy) ocsvs |FE(s)lqep o< 1/s o
> Non-predictive: E:i 20
divergent calculations o
10
80 = 0.5 R 1‘; ..... 20

"

m Solution: Dispersion theory (No need of a Lagrangian)




WARM-UP: PION FORM FACTOR

7(p) Cag—1) @)

] Unitarity disc| MN\/<} MNVQX
() ) N )

discF,(s) = 2ilmF,(S) = 2io4(S)F,(s)t™(s) = 2iF(s) sin &1(s)e 1) |
m Watson’s theorem:
ImF(S) = |F(s)e () sindl(s)e )g(s — 4m?),

= O (S) = 63(s),

m Analytic solution, Omnés equation:

o : / o0 1 /
Fo(s) = 1/ wdsl’ Q(s) = exp {S ds/51(5)}

w2 S —S T Jue (S —s—lg)



OMNES EQUATION

m Diagrammatic interpretation

i ™ T ™ ™ T ™
WVV<:\AM/\< +VM\<>< +WW\©©<+»-«
™ i p il T T .

51 (s) [degree]

PRD 83, 074004 (2011)

m Solution depends solely on the P-wave phase shift of 77
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POLYNOMIAL AMBIGUITY

m Most general solution: F,(s) = P(s)Q3(s)

B P(s) =1+ as, with « = 0.11 GeV~2 due to inelasticities

40 — P(s) x Q(s) p(770)
—— )
30 - xPTatO(ph)
(3]
% Belle data (2008)
<




THREE-BODY DECAYS: w — 37

m Decay amplitude for w — 777~ 7°
M(s,t,u) = cuvape'ptpepaF(s,t,u),
1
IM(s, t,u))? = A (stu — mZ(mj, — m2)?) | F(s,t,u)]> = P(s, t,u)| F(s,t,u)]?,
B If no dynamics: |F(s,t,u)|> =1 = |[M(s,t,u)[* follows P-wave distribution

P 1n 1961, w spin and parity from w — 37 was consistent with a P-wave

P Current w — 3 precision Dalitz analyses show deviation from the P-wave

W Dalitz plot parameters: X = = = VZcos¢,Y = %= =Zsing,

F(Z, o) = |NP [1 + 207 + 262 sin 3¢ + 272 + 0(25/2)} :
Reference a X 10° B x 10° v x 103
BESIII [PRD98, 112007 (2018)] 120.2(7.1)(3.8) 29.5(8.0)(5.3) —
WASA-at-COSY [PLB770, 418 (2017)]  133(41) 37(54) —
BESIII [PRD98, 112007 (2018)] 111(18) 25(10) 22(29)

8]



KHURI-TREIMAN REPRESENTATION

m Decomposition of the amplitude (considering only P-waves)

F(s,t,u) = F(s)+ F(t)+ F(u),

diSC[ ™ } = ™

discF(s) = 2i (f(S) + fA(s)) 0(s — 4m2)sin §(s)e0C) |

> §(s): P-wave 77 scattering phase shifts

> F(s): s-channel projections of F(t), F(u)

9



KHURI-TREIMAN REPRESENTATION

m Unsubtracted solution:

F(s) = Qs) (a+5/°o C’S'S"‘W)ﬁ(s')> |

™ Jum, S R )

#6) = 3 Ba-2)F(s.2)),

—ql

» Subtraction constants: free parameters not fixed by unitarity
m Complications: Integration contour for F(s)

» Generates cuts in several variables (3-particle cuts)

» Discontinuity is complex

m Physical interpretation
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SOLUTION BY NUMERICAL ITERATION

4 o ‘ .
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SOLUTION BY NUMERICAL ITERATION

~ : ~
w- 3 s 7\ @3 P
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SOLUTION BY NUMERICAL ITERATION

f ;. ] '
6 —— Omnes w- 31 4 6f —— Omnes ¢ -3 =
H A\ H ,\\
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w — 37 DALITZ PLOT PARAMETERS

Reference (Bonn, JPAC) ax103 [ x103 v x 103
BESIII 11(18) 25(10)  22(29)
Omnes [EPIC (72 2014,(2012)] 16(4)  28(2) 16(2)
KT unsub [EPIC (72 2014,(2012)]  77(4) 26(2) 5(2)
Omnes [PRD91, 094029 (2015)] 113 27 24

KT unsub [PRD91, 094029 (2015)] 80 27 8

B Someone is wrong: experiment? KT. eqs? something particular?

W Solution: Once subtracted KT

Fs) = Q)

s2 [ ds' sind(s') F(s))
/ —_— —_—
s /4,,@ 57 [a(s)[(5~5) |

(9 f o8 N T(c! .
b = b/a= 11/ ds’sin 6(s") F(s') — 0.55e° 15 Gey 2
4

ar Jum 5% IS



KHURI-TREIMAN REPRESENTATION

JPAC Coll, EP) C80 (2020) no.12, 1107

. ’F(S) = a[Fa(s) + be(s)] —— IMiter. =--==- 2™iter. -—== 3 jter 4 ter.
s2 [ ds’ sind(s) Fa(s')
A = Q 1+ — —
a(s) (s) |1+ 7w Jumz 57 1Q(s)|(s' —5) 2
2 oo 7 < Y= / |
Fb(s) = Q(S) S+S—/ EM . 00 02 04 06 085 10 00 02 04 06 08 10
iy 4’"3( s/2 ‘Q(S/)‘(Slfs) x‘(GeV“") ‘ ‘ b‘(cevf)

00 02 04 06 08 10 00 02 04 06 08 1.0
s (Gev?) s (Gev?)

B Subtraction constant from Dalitz parameters

bpit ~2.9¢"°M GeV=2 vs bs, = 0.55€°"5 GeV 2



w — m°v* FORM FACTOR

m Dispersive representation JPAC Coll, EPJ C80 (2020) no.12, 1107

%%M furo(S) = |fumo(0)] €0 ©)

n+‘\ ':‘ﬂ’ i S /oo ds’ p3(sl) FX*(SI) 1w—>37r(s,)
T’_‘O',"";;' 1272 4m2 (S/)3/2 (S/ _ S) )
W |f, .0(0)| from data: 6l o
2
I'(w — 71'0»}/) = e(n;T ‘fwwo (O)| I

B Data: Fur(S) = ¢ f“”“ [NA60( 09,16), A2('17)]

B ¢, .0(0) only free parameter

0
B Two minima are found (low and high) o -

MET




COMBINED w — 3™ AND w — Wo’y* ANALYSIS

Reference o x10® fx10% 5 x 103 JPAC Coll, EPJ C80 (2020) n0.12, 1107
BESIII 111(18) 25(10) 22(29)
low 112(15)  23(6) 29(6)
high 109(14)  26(6) 19(5)
"W
[ - high ¢,-0(0) gpac -
[ —— low ¢0(0) (I/\\/ }:
) i MAMI(17)
Jumo(8) I NAGO(‘16) i
fur0(0) NA60(‘09)
Fiim(s) = a’Q(s)
- VMD

Ce v v v v e b e
0 0.1 0.2 0.3 0.4 0.5 0.6
Vs (GeV)

W Only 1sub KT describes both Dalitz-param and form factor



J/1 — 37 DECAYS

m Completely analogous formalism
m Larger phase space, but the decay is still dominated by the p

m BESIII data [PLB 710 (2012)]

m JPAC (preliminary) analysis7:00

000F
e BESIII data (2012)
» Two-body 600000f o Fi(s) = aQ(s) [Fi(s) = 0]
o — — KT 0 sul
» KT unsub basic E 500000¢ — KTlsul))
features <~ 400000}
o
> KT 1-sub improves g 300000}
o =
the description = e
100000f
bpit = 0.20(1)e*%8( GeV 2, ;
8.0 0.5 1.0 1.5 2.0 25 3.0
by, = 0.16€>%3 GeV 2 e (Gel]




INCLUSION OF F-WAVE

m Isobar decomposition of the amplitude

F(s,t,u) = F(s)+ F(t)+ F(u)
+ &2(S)Py(zs)H(S) + £ (t)P3(2e)H(t) + £ (u)P3(zu)H(u)

m Exchange of a p3(1690) in the s-channel:

m?
— P3
") = PO —s—im,l,(s)” "

0.0 0.5 1.0 15 2.0 25 3.0 35
Vs [GeV]



J/1 — 37 DECAYS

m Larger phase space, but the decay is still dominated by the p
m BESIII data [PLB 710 (2012)]

m JPAC (preliminary) analysis:
700000

o BESIII data (2012)
> Two-body 600000 KT 1sw

» KT unsub basic
features

—:— KT 1 sub + F wave

500000

I
o
S
o
S
)

» KT 1-sub improves 300000

the description

Events/2.4 MeV

200000
» KT 1-sub+F-wave 100000

describe better
m,. ~ 1.5 GeV.




OUTLOOK

m Khuri-Treiman equations:

>

v

vV v vy

Dispersive representation for 3-particle Final-State
Interactions

Based on fundamental principles: analyticity, unitarity and
crossing symmetry

Input: w7 scattering phase shifts
Resonance shape affected by left-hand cuts / 3-body effects
Predictive power (subtraction constants)

Experimental data well described

21/ 21



DISPERSIVE REPRESENTATION

m Dispersion relation with subtractions:

3 C /
a1s+—s +S/ ds’ #(s) - ]
A

T Jum2 (s')3(s" —s —Ig)

Fi(s) = exp

m Form Factor

phase ¢(S): e Watsoh’s theorem: (—M—) ‘ “ 9 -7 _
G(8) = Srnsrn(9) L TTTTT
i ‘ Models:
Z ¢;BW(s)
15 2.0
Vs [GeV]



BEYOND THE ELASTIC REGION

m P(s) =1+ as, with « = 0.11 GeV~2 due to inelasticities

101

~ 1

=

k L]

& o100 #
—— Q(s) “ +++
- yPTatO(p*) + + V

001 & Belle data (2008)
0.0 0.5 1.0 15 2.0 2.5 3.0



BEYOND THE ELASTIC APPROXIMATION

| ] Built an 200 Watson’s theorem: ¢« “aP o= T
effective A(5) = Ormsrn(s) T
p h ase: Models
Z c;BW(s)

Vs [GeV]

Gonzalez-Solis and Roig, Eur.Phys.] C79 (2019) no.5, 436

m Fit to data:

200
— Roy [&](5)] — p(770)
—— Sou=m? e 10
IS0 et p(1450)
3 —— seu=10 GeV? 1
@ 2 =
v oo =
= 100p - = = « Belle data (2008)
= & 0100
s — Our analysis
el 0010
0.001
840 0.5 1.0 1.5 2.0 0.0 05 1.0 15 2.0 25 3.0
s [Gev?

Vs [GeV]



m Most general solution: F,(s) = P(s)Q3(s)

POLYNOMIAL AMBIGUITY

m To find the constraint on P(s), we need lims_,o, Q2;(S)

m Assume §;(s > A?) = nx

N2 1! 00 1!
sl & ds’ /51/(5) +§/ ds’ /51/(5)
T Jum  S'(S'=S) 7w Jp s'(s

2(s)

AN —s
N2 ’

n

exp {constant — nlog (

. 1 —
sILrQo Qi(s) x s

m Assume lims_,o F-(S) o< s™,
Fr(s) = P""(s)3(s),

—S)

N2 S1( ! 0o
1 04(S 1
exp{ —— ds’ 1(, ) +n/ ds’( - -
™ Amg‘_ S A2 s"—s

} : (1)
;)} @



LOW-ENERGY OBSERVABLES

Gonzalez-Solis and Roig, Eur.Phys.) C79 (2019) no.5, 436
—
— Pich et al.'01
——@— Bijnens et al.'02
—e— Masjuan et al.'08

4 Lattice JLQCD and TWQCD'19

—e— Dumm et al."13
o Celis etal. '14
o~ Ananthanarayan et al.'17
[ Hanhart et al. '17
o Colangelo et al.'"19

——e—— PDG

L This work'19 (Fit)

10 11 12 13 14
()} 1GeV 2]




KHURI-TREIMAN REPRESENTATION

m Once subtracted solution:

a+b's+ = / dSM], (6)
T Ju

F(s) = Qs) ma 52 [Q(3)](s' = 9)

b = ba— 11/00 ds'sin §(s') F(s')

= 0.55e°™5 GeV 2
an Jym S? |Q2(s")] 2

F($) = alFal(s) + bF(S)] 7a)
Fa(s) = Q(s) |1+ 7T/mz zsm , (7b)
) = a9 [s+ 5 [~ EIANBEN g




w — 3m DECAYS AND w — Wo’y* FORM FACTOR

PA i Eur.Phys.). .
TN 71'07* form factor JPAC Collaboration, Eur.Phys.). C80 (2020) no.12, 1107

100 ——————— R
[ - high ¢,.0 0) ]
" | low ¢,70(0) ‘L\/ {:
, [ MAMI(1T) ,
Jumo(5) | 1 NAGO(‘16) i
Sant fum0(0) NAG0(‘09)
W | Flim(s) = a’Q(s)
at A Ar- == VMD
_._i ;—--’.--. |
w _ 7_‘,D
> Surprise:
briw = 3.15(22)e*S30W Gev 2,
bSum—rule = O~55e0'15I G€V72

00T oz 03 0d 05 06
Vs (GeV)
m Only 1 sub KT describes both Dalitz-parameters and form
factor




m Dalitz plot parameters:

X = \tf;R‘:: s v:SCRf: P,
IFZ, )P = NP [1+20Z+2823/%sin3¢ + 2722 + 0(25/2)} ,

Reference a x 103 B x 103 v x 103
BESIII 120.2(8.1) 29.5(9.6) —
Omnes 130(5) 31(2) —
KT unsub 79(5) 26(2) —
KT 1 sub (this work) 120.1(7.7)(0.7) 30.2(4.3)(2.5) —
BESIII 111(18) 25(10) 22(29)
Oomneés 116(4) 28(2) 16(2)
KT unsub 77(4) 26(2) 5(2)
KT 1 sub (this work) 109(14)(2) 26(6)(2) 19(5)(s)

B v isnonzeroata3~ o level



KT 1 SUB VS OMNES

. . JPAC Collaboration, Eur.Phys.). C80 (2020) no.2, 1107
m Accidental cancellation of |F(s,t, u)|?

|F(S,t =u, u)|2

2.8

2.6

24

2.2

-10°
_—
j — ‘Fsim(&t:u)lz 8 i
L 7T ‘F(s,t,u)|2 i 2.4
I 13 23
[ N w
| i Il
i | E 22
i | &=
| | 2.1
:\ TN I T T T AT Y T A [N R R N N NN N \;
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Vs (GeV)

-106
T T T T | T ]
- — | Faim(s, £, u)|? 1
Ly o [F(s,t,u)l® |
L Lol Lol T - L ]
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Re F7(s)

Re Fy(s)

ONCE SUB. ISOBAR AMPLITUDES F(S): ¢(2S) — 37

6 ——Omnes !
—-—1st iteration
5 :
~—— 2nd iteration
@ [—3rd iteration
0 < s ;
—=Omnés ¢ L'é 3f -+ 4th iteration
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-2 ; hN :
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FITS TO THE /l/)(25) — 37 DI-PION DISTRIBUTION

JPAC Collaboration, in progress

o BESII (2012) | i {
2000F —— P(s) x Omnés : H
<+« KT 1 sub (P wave) {*
—_ —— KT 1 sub (P+F waves)
& 1500
A
>
= 1000}
E
3
500+
0,

0.5 1.0 15 2.0 25 3.0 35
m. [GeV]



ONCE SUBTRACTED ISOBAR AMPLITUDES F(S): ¢ — 3T

—— Omnés :
b —- 1stiteration !
*+* 2nd iteration !
— 3rd iteration !

6f —— Omnes

—~ 4 :
) — 3rd iteration |
= 3F — 4th iteration :
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—— Sthiteration |

2 i

—— 1stiteration !

* 2nd iteration
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([ = 6th iteration -t
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* 2nd iteration
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@\: _________ % 3} — athiteration
= 0 - e
E —— Omnes i : E of == 5th iteration i
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* 2nd iteration | 1 H
— 3rd iteration !
—4f — 4thiteration : 0 —
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| 6th iteration ! _
0.0 0.2 0.4 0.6 0.8 1.0 6.0 0.2 0.4 0.6 0.8
Vs [GeV] Vs [GeV]




FIT RESULTS

m P+F waves

Data set b ®p Cx10° ¢ dx 103 ¢qg m,, [MeV] T, [MeV]
BESIII 2012 0.20(1) 2.88(1) 3.87(2) 3.72(1) 1.42(1) 0.59(1) = 1689 =161
JPAC Collaboration, to appear soon
700 000 ° BESIII (2012)
—— P-wave
600 000F —  P+F-wave
& 500000f
1
= 400000
)
» 300000
5]
[_5 200000
100 000¢
O,

0.5 1.0 15 2.0 25 3.0
Man [GeV]



CONTRIBUTION OF THE F-WAVE: /)3(1690) EXCHANGE

m Exchange of a p3(1690) in the s-channel:

m2
P3
m2 —s—im,l,(s)’

03 P3

P(s)

> Energy-dependent width

rl‘s (S)

Vs
NG

7%(5)7

p"r(mia

Zo(2o — 15)% + 9(225 — 5)2
Z(z —15)%> + 9(2z — 5)?

rﬁpfr(s) yZo = rﬁpir(mfg) )

r . 20+1
e (B05) e

)

0.0 0.5 1.0 15 2.0 25 3.0 35
Vs [GeV]



OMNES-LIKE CONTRIBUTION OF THE F-WAVE

200
00,

73
S

m Extraction of the F-wave phase:

F—wave Phase Shift
)
S

3
S

IHIH(S) | model

ReH (S) |Inode1 ' 10 12 14 1.6 18 20 22 24
Vs [Gev]

tands(s) =

m Omnes: !

H(S) = Q3(S) = exp [S /OO ds’ 53(5/)]

T Jumz s''s'—s

Qs08)

0.0 0.5 1.0 1.5 2.0 25 3.0 3.5
Vs [GeV]



o(s)

Re F,

1-SUB SOLUTION FOR J/¢ — 37
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