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Overview

Two novelties from this study: [LHCb-PAPER-2022-044]

1 Aligned polarimeter vector field for Λ+
c → pK−π+

2 Fast computations with symbolic amplitude models
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What can we learn by measuring polarization of hadrons?

Polarization = preferred orientation of the spin of a particle in space
Mechanism of quark hadronization [Brambilla:2010cs, Faccioli:2010kd, Butenschoen:2012px]

BSM searches with Λ0
b → Λ+

c ℓ
−ν

[Konig:1993wz, Dutta:2015ueb, Shivashankara:2015cta, Li:2016pdv, Li:2016pdv, Datta:2017aue,
Ray:2018hrx, DiSalvo:2018ngq, Penalva:2019rgt, Ferrillo:2019owd]
E.g. sign of longitudinal polarization of Λ+

c provides a test for left-handedness of b → c current

BSM searches with measurement of EDM with charmed mesons (SELDOM)
Hadron spectroscopy, extending decay chains (next slide)
✓ Λ0

b → J/ψpK with J/ψ → µ+µ−

✓ B → J/ψpΛ with Λ → pπ−

? B+ → Λ+
c Λ

−
c K

+ with Λ+
c → pK−π+

? Ω−
b → Ξ+

c π
−K− with Ξ+

c → pK−π+

https://web.infn.it/SELDOM
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What can we learn by measuring polarization of hadrons?

Polarization determined from two-body final states

Λ0
b → J/ψ(→ µ+µ−)pK− [LHCb:2015yax]

Λ0
b is prompt (unpolarized)

2D distribution is sensitive to P+
c spin

J/ψ → µ+µ− adds sensitivity for P+
c parity

Ξ0
b → J/ψ(→ µ+µ−)pΛ(→ pπ−) [LHCb:2019aci]

Pcs in J/ψΛ0

Λ0 → pK− adds sensitivity to the Pcs spin
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[LHCb:2021ptx]

Hard to determine polarization, because three-body decay

pentaquark searches: Λ0
b → Λ+

c (→ pK−π+)D0K−

heavy-baryon spectroscopy:
Bb → BcKπ with BQ ∈ {Λ+

Q, Σ
+
Q , Ξ

+
Q , Ω

0
Q}

e.g. Ω−
b → Ξ+

c K
−π− with Ξ+

c → pK−π+ [LHCb:2021ptx]
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Measuring polarization – two-body decays
Decay of a fermion is special – baryon in the final state averages angular distributions

Example: Λ → pπ−

HλΛ,λp =
〈
p, λp;π−|Tweak|Λ, λΛ

〉
2
Γ

dΓ
d cos θ = 1 + Pα cos θ , AF B = αP

P = |P⃗ | polarization, for J = 1/2, there are just tree d.o.f.
α is the asymmetry parameter (analyzing power of the decay)

Appears only when both PV and PC

α = |H+|2−|H−|2
|H+|2+|H−|2 = −2Re(HS

∗HP )
|HS |2+|HP |2

S-wave – parity violating (PV); P -wave – parity conserving (PC):
Λ (jP = 1/2+) → p (jP = 1/2+) π−(jP = 0−)
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Measuring polarization – two-body decays
Decay of a fermion is special – baryon in the final state averages angular distributions

Example: Λ → pπ−

HλΛ,λp =
〈
p, λp;π−|Tweak|Λ, λΛ

〉
2
Γ

dΓ
d cos θ = 1 + Pα cos θ , AF B = αP

P = |P⃗ | polarization, for J = 1/2, there are just tree d.o.f.
α is the asymmetry parameter (analyzing power of the decay)

Appears only when both PV and PC

α = |H+|2−|H−|2
|H+|2+|H−|2 = −2Re(HS

∗HP )
|HS |2+|HP |2

S-wave – parity violating (PV); P -wave – parity conserving (PC):
Λ (jP = 1/2+) → p (jP = 1/2+) π−(jP = 0−)

If we know α, we can measure P .
But what about multibody decays?
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Measuring polarization – polarimetry in τ decays
[Tsai:1971vv, Kuhn:1991cc, Davier:1992nw, Kuhn:1995nn, Kuhn:1982di, Kuhn:1993ra, Hagiwara:1989fn]

Idea: similar relation for τ lepton decays,

Φ
Γ

dΓ
dΦ ∝ 1 + P⃗ · h⃗ .

P⃗ is a polarization of τ
h⃗ is a polarimeter vector

Polarimeter vector of the τ lepton in the SM

Direction depends on the final state, e.g.
for τ− → π−ντ decay, h⃗ ↑↑ p⃗π−

for τ− → ℓντνℓ decay, h⃗ ↑↑ p⃗νℓ

Unit vector: |⃗h| = 1.
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Measuring polarization – general multibody decays?
→ Dalitz-Plot Decomposition (DPD)

Factorization of variables describing dynamics and polarization [JPAC:2019ufm]:

Tν0,{λ}(ϕ, θ, χ; τ) =
∑
ν

D1/2
ν0,ν

(ϕ, θ, χ) Aν,{λ}(τ)

Polarization d.o.f.
Euler angles in active ZYZ convention
rotation of the system as rigid body
polarization affects angular distribution

Dynamic d.o.f.
Mandelstam variables of the subsystems
describes resonances in the decay

Λ+
c → pK−π+
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Model-agnostic representation of the decay rate

Using the SU(2) → SO(3) homomorphism, we get our polarized master formula,

|M(ϕ, θ, χ, τ)|2 = I0(τ)
1 +

3∑
i,j=1

PiRij(ϕ, θ, χ)αj(τ)
 ,

where
I0(τ) is the unpolarized intensity
R(ϕ, θ, χ) = RZ(ϕ)RY (θ)RZ(χ) defines the
decay plane orientation.
α(τ) is the aligned polarimeter vector field,

α⃗(τ) =
∑

ν′,ν,{λ}
A∗

ν′,{λ}σ⃗ν′,νAν,{λ}
/

I0(τ) .

It is specific for the decay, does not depend on the production mechanism.
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Model-agnostic representation of the decay rate

Using the SU(2) → SO(3) homomorphism, we get our polarized master formula,

|M(ϕ, θ, χ, τ)|2 = I0(τ)
1 +

3∑
i,j=1

PiRij(ϕ, θ, χ)αj(τ)
 ,

where
Determining polarization
1 provide I0(τ) and α⃗(τ)
2 measure |M(ϕ, θ, χ, τ)|2

3 get P⃗ from fit

This studyI0(τ) is the unpolarized intensity
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decay plane orientation.
α(τ) is the aligned polarimeter vector field,
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Another application: extending amplitude models
Example: B+ → Λ+

c Λ−
c K+, Λc → pKπ

Normally, without polarization taken into account:

I
(
m2

Λ+
c K+ ,m

2
Λ−
c K+

)
=

∑
ν0,ν̄0

∣∣∣OB
ν0,ν̄0

(m2
Λ+
c K+ ,m

2
Λ−
c K+)

∣∣∣2

Physics motivation
exotic structures in Λ+

c Λ
−
c

studies of Ξc
∗∗ in Λ+

c K

[BaBar:2007xtc, Belle:2017jrt,
Belle:2018yob, LHCb:2022vns]

Polarimeter provides 10 additional degrees of freedom:

I
(
m2

Λ+
c K+ ,m

2
Λ−
c K+ ;ϕ, θ, χ,m2

pK− ,m2
K−π+ ; ϕ̄, θ̄, χ̄,m2

pK+ ,m2
K+π−

)
=∑

ν0,ν̄0,ν,ν̄

∑
ν′

0,ν̄′
0,ν′,ν̄′

OB∗
ν′

0,ν̄′
0
(m2

Λ+
c K+ ,m

2
Λ−
c K+)OB

ν0,ν̄0
(m2

Λ+
c K+ ,m

2
Λ−
c K+)

×D
1/2∗
ν′

0,ν′(ϕ, θ, χ)D1/2
ν0,ν(ϕ, θ, χ)XΛ+

c

ν′,ν(m2
pK− ,m2

K−π+)

×D
1/2∗
ν̄′

0,ν̄′(ϕ̄, θ̄, χ̄)D1/2
ν̄0,ν̄(ϕ̄, θ̄, χ̄)XΛ−

c

ν̄′,ν̄(m2
pK+ ,m2

K+π−)

Xν′,ν(τ) =
I0(τ)

2

(
1 + α⃗(τ) · σ⃗P

)
ν′,ν

No need to fit these d.o.f.
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Optional simplification: averaging over dynamic variables

Can the dynamic variables τ be integrated over, i.e disregarded in the analysis?

8π

Γ
d3Γ

dϕ d cos θ dχ
= 1 +

3∑
i,j=1

PiRij(ϕ, θ, χ)αj ,

where α⃗ is averaged aligned polarimeter vector.

Advantage / Disadvantage

+ Only need know three numbers in order to determine polarization.
− Uncertainty on P⃗ with averaged α⃗ is worse than with the full α⃗(τ) field. [Davier:1992nw]



Polarimetry of
Λc → pKπ

Remco de Boer

Theory
Importance of
polarization

Polarimetry

Implementation
Symbolic models

Self-documenting
workflow

Data input

Cross-checks

Results
Polarimeter field

Uncertainties

Averaged polarimeter
vector

Data availability

Summary

12 / 26

Analysis strategy

Strategy

Implement Λ+
c → pK−π+ models from [LHCb-PAPER-2022-002] with DPD

Compute α⃗ for every point of the pK−π+ Dalitz plot
Propagate uncertainties of the angular analysis

Results

Four distributions I0, αx, αy, and αz, computed on a grid of mpK ×mπK

Statistical and systematic uncertainties for each grid point
Averaged polarimeter vector values αx, αy, and αz

Proved loss of precision when using the averaged α⃗ vector
Example of how to use these results, e.g. CPV properties of α⃗
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Implementation
Cross-check in two programming languages

This analysis has been performed in two languages:

ThreeBodyDecay.jl

Both implementations have been carefully documented on an interactive webpage

symbolic amplitude models

Next slides

https://github.com/mmikhasenko/ThreeBodyDecay.jl
https://compwa-org.rtfd.io
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A new technique: symbolic amplitude models

JaX

The Python implementation follows a new workflow
that is facilitated by packages from the
ComPWA Project (compwa-org.rtfd.io):

1 Formulate amplitude model symbolically
with a Computer Algebra System

2 Use that symbolic expression as template to a
computational back-end, such as a
differentiable programming framework

We selected JAX as the fastest back-end

https://compwa-org.readthedocs.io
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A new technique: symbolic amplitude models

JaX

Advantages of this workflow:
Computational implementation is outsourced to fast,
optimized back-ends from the Machine Learning and
data science community
Out-of-the-box GPU and multi-threading support
Very easy to implement other parametrizations
without having to worry about performance
CAS simplifications result in performance boosts
Symbolic amplitude models result in a
self-documenting workflow

Works especially well for large computational models

Optional: fit with iminuit,
SciPy, NLopt, ...

https://iminuit.rtfd.io
https://scipy.org
https://nlopt.rtfd.io
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Living documentation
Maintaining reproducible and understandable analysis results

Self-documenting workflow
Our analysis results are
automatically rendered as static
webpages from Jupyter and
Pluto notebooks:
lc2pkpi-polarimetry.docs.cern.ch
(CERN SSO until on arXiv)

The Python and Julia
dependencies are pinned, so
that the analysis is fully
reproducible in around 2 hours

Generated by the CAS

https://lc2pkpi-polarimetry.docs.cern.ch
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Input from LHCb

[LHCb-PAPER-2022-002] provides:

a default amplitude model
several alternative models with different
dynamics parametrizations
parameter values with error bars for
each model

Present paper implements:

default model and alternative models
formulated with DPD [JPAC:2019ufm]

helicity couplings have been remapped
guaranteed identical dynamics
lineshapes
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Cross-checks
Visual comparison of the default amplitude model of [LHCb-PAPER-2022-002]

[LHCb-PAPER-2022-002]
(binned data)

This analysis
(model evaluated on each Dalitz point)
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Cross-checks
Numerical test using code from LHCb-PAPER-2022-002

Comparison for a single point in phase space
resonance lineshapes,
helicity amplitude per resonance

Absolute differences at most 0.01%.
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Main analysis result
Aligned polarimeter vector field in Dalitz plot coordinates

α⃗(τ)

I0(τ)

|M(ϕ, θ, χ, τ)|2 =

I0(τ)

1 +
3∑

i,j=1
PiRij(ϕ, θ, χ)αj(τ)
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Understanding the polarimeter field
Example: Λ+

c → Λ(1520)
(

→ pK−
)

π+

α⃗ of individual contributions points in z-direction
when the resonance is aligned with z

Aligned Misaligned
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Propagation of uncertainties

Uncertainties over the polarimeter field
have two components:

1 Statistical + Systematic:
parameter resampling of the default
model using parameter error bars
parameter error bars include both
stat. and syst. uncertainties,
added in quadrature
take RMS over the resulting
parameter-resampled distributions

2 Model:
determined from all alternative models
only central values of alternative models
are considered
take min-max of the extrema

[LHCb-PAPER-2022-002, p. 19]
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Propagated uncertainties on the polarimeter field

We compute α⃗(i)(τ) over a phase space sample, with i one of the parameter
resamplings or one of the alterative amplitude models.

Uncertainties are then visualized separately, using

vector norm:
∣∣∣α⃗(i) − α⃗default

∣∣∣
solid angle:

δΩ(i) =
∫ 2π

0

∫ θ

0
dϕ d cos θ = 2π

(
1 − cos θ(i)

)
with cos θ(i) = α⃗(i)·α⃗default

|α⃗(i)||α⃗default| .
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Propagated uncertainties on the polarimeter field

Model uncertainties
dominate over stat.&syst.

vector norm
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Propagated uncertainties on the polarimeter field

Small uncertainties on
vector field directions

solid angle



Polarimetry of
Λc → pKπ

Remco de Boer

Theory
Importance of
polarization

Polarimetry

Implementation
Symbolic models

Self-documenting
workflow

Data input

Cross-checks

Results
Polarimeter field

Uncertainties

Averaged polarimeter
vector

Data availability

Summary

24 / 26

Averaged polarimeter vector

Defining the averaged polarimeter vector as αj =
∫
I0αjdnτ

/ ∫
I0 dnτ , we get:

αx =
(
−62.6 ± 4.5+8.4

−14.8
)

× 10−3 ,

αy =
(
+8.9 ± 8.9+9.1

−12.7
)

× 10−3 , (due to interference)
αz =

(
−278.0 ± 23.7+12.6

−40.4
)

× 10−3 ,

|α| =
(
669.4 ± 9.3+15.3

−10.4
)

× 10−3 . (≈ |α| × 2.35)

First uncertainty is stat.&syst (std.), second is model (extrema of alternative models).

Spherical coordinates (less correlated resampling uncertainty):

|α| =
(
+285.1 ± 24.0+37.9

−13.8
)

× 10−3 ,

θ (α) =
(
+0.929 ± 0.002+0.017

−0.011
)

× π , (small error!)
ϕ (α) =

(
+0.955 ± 0.045+0.067

−0.028
)

× π .
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Averaged polarimeter vector

Defining the averaged polarimeter vector as αj =
∫
I0αjdnτ

/ ∫
I0 dnτ , we get:

αx =
(
−62.6 ± 4.5+8.4

−14.8
)

× 10−3 ,

αy =
(
+8.9 ± 8.9+9.1

−12.7
)

× 10−3 , (due to interference)
αz =

(
−278.0 ± 23.7+12.6

−40.4
)

× 10−3 ,

|α| =
(
669.4 ± 9.3+15.3

−10.4
)

× 10−3 . (≈ |α| × 2.35)

First uncertainty is stat.&syst (std.), second is model (extrema of alternative models).

Spherical coordinates (less correlated resampling uncertainty):

|α| =
(
+285.1 ± 24.0+37.9

−13.8
)

× 10−3 ,

θ (α) =
(
+0.929 ± 0.002+0.017

−0.011
)

× π , (small error!)
ϕ (α) =

(
+0.955 ± 0.045+0.067

−0.028
)

× π .



Polarimetry of
Λc → pKπ

Remco de Boer

Theory
Importance of
polarization

Polarimetry

Implementation
Symbolic models

Self-documenting
workflow

Data input

Cross-checks

Results
Polarimeter field

Uncertainties

Averaged polarimeter
vector

Data availability

Summary

25 / 26

Data availability
Justification of the 100x100 grid

α⃗(τ) and I0(τ) available in grid form:

For propagating uncertainties:
grids for default model and for all
alternative models
100 parameter resamplings of the
default model

Grid size in δmpK ∼ ΓΛ(1520)

Toy fits of P⃗ with grids of
100x100, 200x200, 500x500
⇒ negligible extra uncertainty

lc2pkpi-polarimetry.docs.cern.ch

https://lc2pkpi-polarimetry.docs.cern.ch
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Summary

New result: computed polarimeter field for a three-body baryon decay from
recent Λ+

c → pK−π+ amplitude analysis by LHCb
The computed polarimeter field is offered for re-use in other analyses involving Λc

New approach: symbolic amplitude models with JAX as computational back-end
Extensive documentation on lc2pkpi-polarimetry.docs.cern.ch + analysis note show:

applications of the polarimeter grids
how to perform computations with symbolic amplitude models with the DPD formalism

Computational workflow an be easily adapted to other channels

https://lc2pkpi-polarimetry.docs.cern.ch
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Summary

New result: computed polarimeter field for a three-body baryon decay from
recent Λ+

c → pK−π+ amplitude analysis by LHCb
The computed polarimeter field is offered for re-use in other analyses involving Λc

New approach: symbolic amplitude models with JAX as computational back-end
Extensive documentation on lc2pkpi-polarimetry.docs.cern.ch + analysis note show:

applications of the polarimeter grids
how to perform computations with symbolic amplitude models with the DPD formalism

Computational workflow an be easily adapted to other channels

Welcome to contact us for (1) applying the polarimeter fields
or (2) trying computations with symbolic amplitude models!

https://lc2pkpi-polarimetry.docs.cern.ch
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SU(2) → SO(3) homomorphism
Finding a general expression for α⃗(τ)

The polarized decay rate is given by:

|M|2 =
∑

ν0,ν′
0,{λ}

Rν′
0,ν0T ∗

ν′
0,{λ}Tν0,{λ}, Rν′

0,ν0 = 1
2

(
1 + P⃗ · σ⃗P

)
ν′

0,ν0

Trick for factoring out polarization [Cornwell:1997ke]

SU(2) is double cover of SO(3) spin 1/2, 4π rotation
Explicit homomorphism with the non-trivial centre:

ϕ : SU(2) → SO(3), ϕ(d) = R ,

ϕ(d) = 1
2Tr

[
D1/2∗(ϕ, θ, χ)σP

i D
1/2(ϕ, θ, χ)σP

j

]
= Rij(ϕ, θ, χ),

Tν0,{λ} =
∑
ν

D
1/2
ν0,ν(ϕ, θ, χ)Aν,{λ}
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Appendix: α⃗ for baryon + vector
Example: Λ+

c → K∗∗(→ π+K−)p aligned to p

1/2± → 1/2+ ⊗ 0− 1/2± → 1/2+ ⊗ 1− 1/2± → 1/2− ⊗ 0−
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Cross-checks
Equality of choice of alignment

Intensity distributions are exactly the same for each DPD alignment
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