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Amplitude analyses
• Unitarity

• Analiticity

• Crossing

Observables

QCD
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Decays

<latexit sha1_base64="9B6OxrlviARmhP7L1Kd1e68ba0w="></latexit>

|JMi |pCMi |µi =
Z

d⌦|✓�ih✓� | JMi |pCMi |µi

<latexit sha1_base64="WKiLV9W5Te/P/LbqjrAyhvOhQds="></latexit>

=

Z
d⌦Y M

J (✓,�)|✓�i |pCMi |µi

<latexit sha1_base64="6EyVQrq5Z58DvhzYaJcx9TEisBU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmrRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpfHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyGaM9Q==</latexit>a
<latexit sha1_base64="vQorJwCNhGiJhWHwf1dqC5Y0osM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmkG/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVK/S6PowgncArn4MEV1OEWGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/yeqM9g==</latexit>

b
<latexit sha1_base64="ttQIqrfiGdidoILCahzKvIUbK7k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmqxfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpfHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fy26M9w==</latexit>c

No spin

<latexit sha1_base64="/Q1TIYKffmcxEDkRtdFiSIapB98=">AAACKXicbVDLSgMxFM34tr6qLt0Ei6AgZUZEXRbcqCAo2Id0asmkdzqhmQfJHaGM8ztu/BU3Coq69UdMHwtfBxIO55xLco+XSKHRtt+ticmp6ZnZufnCwuLS8kpxda2m41RxqPJYxqrhMQ1SRFBFgRIaiQIWehLqXu944NdvQWkRR1fYT6AVsm4kfMEZGqldrJxuuxgAsl3qJoHYMbeKE4ypK8HHu+t2dpbfZOf5z5SrRDfAu5tsL28XS3bZHoL+Jc6YlMgYF+3is9uJeRpChFwyrZuOnWArYwoFl5AX3FRDwniPdaFpaMRC0K1suGlOt4zSoX6szImQDtXvExkLte6HnkmGDAP92xuI/3nNFP2jViaiJEWI+OghP5XUNDGojXaEAo6ybwjjSpi/Uh4wxTiacgumBOf3yn9Jba/sHJT3L/dLldNxHXNkg2ySbeKQQ1IhJ+SCVAkn9+SRvJBX68F6st6sj1F0whrPrJMfsD6/AEavpro=</latexit>

I(✓,�) /
��Y M

J (✓,�)
��2

<latexit sha1_base64="39WHspgu2t+35gCkrpGoMCZOLLs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMeFFPEcwDkiXMTmaTMbOzy0yvEEL+wYsHRbz6P978GyfJHjRa0FBUddPdFSRSGHTdLye3srq2vpHfLGxt7+zuFfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0dXMbz1ybUSs7nGccD+iAyVCwShaqYm927I57RVLbsWdg/wlXkZKkKHeK352+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5tVNyYpU+CWNtSyGZqz8nJjQyZhwFtjOiODTL3kz8z+ukGF76E6GSFLlii0VhKgnGZPY66QvNGcqxJZRpYW8lbEg1ZWgDKtgQvOWX/5LmWcU7r1TvqqXaTRZHHo7gGMrgwQXU4Brq0AAGD/AEL/DqxM6z8+a8L1pzTjZzCL/gfHwDzHyOpw==</latexit>

tJ(s)
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Decays

<latexit sha1_base64="WKiLV9W5Te/P/LbqjrAyhvOhQds="></latexit>

=

Z
d⌦Y M

J (✓,�)|✓�i |pCMi |µi

No spin

Spherical harmonics

<latexit sha1_base64="/Q1TIYKffmcxEDkRtdFiSIapB98=">AAACKXicbVDLSgMxFM34tr6qLt0Ei6AgZUZEXRbcqCAo2Id0asmkdzqhmQfJHaGM8ztu/BU3Coq69UdMHwtfBxIO55xLco+XSKHRtt+ticmp6ZnZufnCwuLS8kpxda2m41RxqPJYxqrhMQ1SRFBFgRIaiQIWehLqXu944NdvQWkRR1fYT6AVsm4kfMEZGqldrJxuuxgAsl3qJoHYMbeKE4ypK8HHu+t2dpbfZOf5z5SrRDfAu5tsL28XS3bZHoL+Jc6YlMgYF+3is9uJeRpChFwyrZuOnWArYwoFl5AX3FRDwniPdaFpaMRC0K1suGlOt4zSoX6szImQDtXvExkLte6HnkmGDAP92xuI/3nNFP2jViaiJEWI+OghP5XUNDGojXaEAo6ybwjjSpi/Uh4wxTiacgumBOf3yn9Jba/sHJT3L/dLldNxHXNkg2ySbeKQQ1IhJ+SCVAkn9+SRvJBX68F6st6sj1F0whrPrJMfsD6/AEavpro=</latexit>

I(✓,�) /
��Y M

J (✓,�)
��2

<latexit sha1_base64="9B6OxrlviARmhP7L1Kd1e68ba0w="></latexit>

|JMi |pCMi |µi =
Z

d⌦|✓�ih✓� | JMi |pCMi |µi

<latexit sha1_base64="6EyVQrq5Z58DvhzYaJcx9TEisBU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmrRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpfHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyGaM9Q==</latexit>a
<latexit sha1_base64="vQorJwCNhGiJhWHwf1dqC5Y0osM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmkG/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVK/S6PowgncArn4MEV1OEWGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/yeqM9g==</latexit>

b
<latexit sha1_base64="ttQIqrfiGdidoILCahzKvIUbK7k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmqxfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpfHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fy26M9w==</latexit>c

<latexit sha1_base64="39WHspgu2t+35gCkrpGoMCZOLLs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMeFFPEcwDkiXMTmaTMbOzy0yvEEL+wYsHRbz6P978GyfJHjRa0FBUddPdFSRSGHTdLye3srq2vpHfLGxt7+zuFfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0dXMbz1ybUSs7nGccD+iAyVCwShaqYm927I57RVLbsWdg/wlXkZKkKHeK352+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5tVNyYpU+CWNtSyGZqz8nJjQyZhwFtjOiODTL3kz8z+ukGF76E6GSFLlii0VhKgnGZPY66QvNGcqxJZRpYW8lbEg1ZWgDKtgQvOWX/5LmWcU7r1TvqqXaTRZHHo7gGMrgwQXU4Brq0AAGD/AEL/DqxM6z8+a8L1pzTjZzCL/gfHwDzHyOpw==</latexit>

tJ(s)
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<latexit sha1_base64="BANNH/Lv3fZSv+dyp8rIVl4q3MU="></latexit>

T (s, t) = 16K⇡
X

`

(2`+ 1)P`(cos ✓)t`(s)

Scattering
p1

p2

p3

p4

1 3

2 4

<latexit sha1_base64="1BdpOIudk9KIQ66sxWmqsWC8/cE=">AAACB3icbZDLSsNAFIYn9VbrLepSkGARKkJJSlE3QtGNywr2Ak0Mk+mkHTq5MHMilJCdG1/FjQtF3PoK7nwbp20W2npgho//P4eZ83sxZxJM81srLC2vrK4V10sbm1vbO/ruXltGiSC0RSIeia6HJeUspC1gwGk3FhQHHqcdb3Q98TsPVEgWhXcwjqkT4EHIfEYwKMnVD+WlzakPldhNrexU3bXMFmwwhJN7ha5eNqvmtIxFsHIoo7yarv5l9yOSBDQEwrGUPcuMwUmxAEY4zUp2ImmMyQgPaE9hiAMqnXS6R2YcK6Vv+JFQJwRjqv6eSHEg5TjwVGeAYSjnvYn4n9dLwL9wUhbGCdCQzB7yE25AZExCMfpMUAJ8rAATwdRfDTLEAhNQ0ZVUCNb8yovQrlWts2r9tl5uXOVxFNEBOkIVZKFz1EA3qIlaiKBH9Ixe0Zv2pL1o79rHrLWg5TP76E9pnz9liJkG</latexit>

s = (p1 + p2)
2

<latexit sha1_base64="iXW448rhy+6KwpfIn/+v1QAl/po=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0tSi7oRim5cVrAPaGKYTCft0MmDmRuhhOzc+CtuXCji1l9w5984bbPQ6oF7OZxzLzP3eDFnEkzzSyssLC4trxRXS2vrG5tb+vZOW0aJILRFIh6Jrocl5SykLWDAaTcWFAcepx1vdDXxO/dUSBaFtzCOqRPgQch8RjAoydX34cLm1IdK7KZWdqz6SWYLNhjC0V1ay1y9bFbNKYy/xMpJGeVouvqn3Y9IEtAQCMdS9iwzBifFAhjhNCvZiaQxJiM8oD1FQxxQ6aTTOzLjUCl9w4+EqhCMqfpzI8WBlOPAU5MBhqGc9ybif14vAf/cSVkYJ0BDMnvIT7gBkTEJxegzQQnwsSKYCKb+apAhFpiAiq6kQrDmT/5L2rWqdVqt39TLjcs8jiLaQweogix0hhroGjVRCxH0gJ7QC3rVHrVn7U17n40WtHxnF/2C9vENa+GZCg==</latexit>

t = (p1 � p3)
2

<latexit sha1_base64="EMY4mAjAbOnnNT49McxvckqkUn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSRS1ItQ8KK3ivYD2lA220m7dLOJu5tCafs7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYU1FiaRYpRGPZMMnCjkTWNVMc2zEEknoc6z7/ZupXx+gVCwSj3oYoxeSrmABo0QbyRs/tFvIeUGdja/ddi7vFJ0Z7GXipiQPKSrt3FerE9EkRKEpJ0o1XSfW3ohIzSjHSbaVKIwJ7ZMuNg0VJETljWZHT+xTo3TsIJKmhLZn6u+JEQmVGoa+6QyJ7qlFbyr+5zUTHVx5IybiRKOg80VBwm0d2dME7A6TSDUfGkKoZOZWm/aIJFSbnLImBHfx5WVSOy+6F8XSfSlfvkvjyMAxnEABXLiEMtxCBapA4Qme4RXerIH1Yr1bH/PWFSudOYI/sD5/AM+dkYE=</latexit>

|S`(s)| = 1

Remember?

<latexit sha1_base64="aFNa1tchT61M3pOS3dZLvODvqqU=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIUTdC0Y3uKrUPaGKZTCbp0MkkzEyEErvwV9y4UMStv+HOv3HSZqGtBwYO59zLPXO8hFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd22jFOBSQvHLBZdD0nCKCctRRUj3UQQFHmMdLzhVe53HoiQNOZ3apQQN0IhpwHFSGmpb+43YfPe8VEYEnHhREgNPC+7GffNilW1JoDzxC5IBRRo9M0vx49xGhGuMENS9mwrUW6GhKKYkXHZSSVJEB6ikPQ05Sgi0s0m+cfwSCs+DGKhH1dwov7eyFAk5Sjy9GSeUM56ufif10tVcO5mlCepIhxPDwUpgyqGeRnQp4JgxUaaICyozgrxAAmEla6srEuwZ788T9onVfu0WrutVeqXRR0lcAAOwTGwwRmog2vQAC2AwSN4Bq/gzXgyXox342M6umAUO3vgD4zPH3HdlcI=</latexit>

SS† = I
Elastic unitarity a → a

<latexit sha1_base64="NThfCCMiozytf/Pbueby2cf60uE=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhXsJuCOpFCHjRW0TzgGwMs7O9yZDZBzOzQlhy9eKvePGgiFf/wJt/4yRZQRMLGoqqbrq73JgzqSzry8gtLa+sruXXCxubW9s75u5eU0aJoNCgEY9E2yUSOAuhoZji0I4FkMDl0HKHFxO/dQ9Csii8VaMYugHph8xnlCgt9Ux803OA85I8Poe7tIIZdjzgivyo455ZtMrWFHiR2Bkpogz1nvnpeBFNAggV5UTKjm3FqpsSoRjlMC44iYSY0CHpQ0fTkAQgu+n0kzE+0oqH/UjoChWeqr8nUhJIOQpc3RkQNZDz3kT8z+skyj/rpiyMEwUhnS3yE45VhCexYI8JoIqPNCFUMH0rpgMiCFU6vIIOwZ5/eZE0K2X7pFy9rhZrV1kceXSADlEJ2egU1dAlqqMGougBPaEX9Go8Gs/Gm/E+a80Z2cw++gPj4xuFzpj/</latexit>

S`(s) = e2i�`(s)
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<latexit sha1_base64="BANNH/Lv3fZSv+dyp8rIVl4q3MU="></latexit>

T (s, t) = 16K⇡
X

`

(2`+ 1)P`(cos ✓)t`(s)

Scattering
p1

p2

p3

p4

1 3

2 4

<latexit sha1_base64="1BdpOIudk9KIQ66sxWmqsWC8/cE=">AAACB3icbZDLSsNAFIYn9VbrLepSkGARKkJJSlE3QtGNywr2Ak0Mk+mkHTq5MHMilJCdG1/FjQtF3PoK7nwbp20W2npgho//P4eZ83sxZxJM81srLC2vrK4V10sbm1vbO/ruXltGiSC0RSIeia6HJeUspC1gwGk3FhQHHqcdb3Q98TsPVEgWhXcwjqkT4EHIfEYwKMnVD+WlzakPldhNrexU3bXMFmwwhJN7ha5eNqvmtIxFsHIoo7yarv5l9yOSBDQEwrGUPcuMwUmxAEY4zUp2ImmMyQgPaE9hiAMqnXS6R2YcK6Vv+JFQJwRjqv6eSHEg5TjwVGeAYSjnvYn4n9dLwL9wUhbGCdCQzB7yE25AZExCMfpMUAJ8rAATwdRfDTLEAhNQ0ZVUCNb8yovQrlWts2r9tl5uXOVxFNEBOkIVZKFz1EA3qIlaiKBH9Ixe0Zv2pL1o79rHrLWg5TP76E9pnz9liJkG</latexit>

s = (p1 + p2)
2

<latexit sha1_base64="iXW448rhy+6KwpfIn/+v1QAl/po=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0tSi7oRim5cVrAPaGKYTCft0MmDmRuhhOzc+CtuXCji1l9w5984bbPQ6oF7OZxzLzP3eDFnEkzzSyssLC4trxRXS2vrG5tb+vZOW0aJILRFIh6Jrocl5SykLWDAaTcWFAcepx1vdDXxO/dUSBaFtzCOqRPgQch8RjAoydX34cLm1IdK7KZWdqz6SWYLNhjC0V1ay1y9bFbNKYy/xMpJGeVouvqn3Y9IEtAQCMdS9iwzBifFAhjhNCvZiaQxJiM8oD1FQxxQ6aTTOzLjUCl9w4+EqhCMqfpzI8WBlOPAU5MBhqGc9ybif14vAf/cSVkYJ0BDMnvIT7gBkTEJxegzQQnwsSKYCKb+apAhFpiAiq6kQrDmT/5L2rWqdVqt39TLjcs8jiLaQweogix0hhroGjVRCxH0gJ7QC3rVHrVn7U17n40WtHxnF/2C9vENa+GZCg==</latexit>

t = (p1 � p3)
2

<latexit sha1_base64="EMY4mAjAbOnnNT49McxvckqkUn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSRS1ItQ8KK3ivYD2lA220m7dLOJu5tCafs7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYU1FiaRYpRGPZMMnCjkTWNVMc2zEEknoc6z7/ZupXx+gVCwSj3oYoxeSrmABo0QbyRs/tFvIeUGdja/ddi7vFJ0Z7GXipiQPKSrt3FerE9EkRKEpJ0o1XSfW3ohIzSjHSbaVKIwJ7ZMuNg0VJETljWZHT+xTo3TsIJKmhLZn6u+JEQmVGoa+6QyJ7qlFbyr+5zUTHVx5IybiRKOg80VBwm0d2dME7A6TSDUfGkKoZOZWm/aIJFSbnLImBHfx5WVSOy+6F8XSfSlfvkvjyMAxnEABXLiEMtxCBapA4Qme4RXerIH1Yr1bH/PWFSudOYI/sD5/AM+dkYE=</latexit>

|S`(s)| = 1

<latexit sha1_base64="lstZPFEtAffPhc9HjcnqJZdOeYA="></latexit>

t̂`(s) =
e2i�`(s) � 1

2i
= sin �`(s) e

i�`(s)

<latexit sha1_base64="JRjRHJgCmt2bZz6PV7nONyqbyL4=">AAACGXicbVDLSgMxFM3UV62vUZdugkWomzJTiroRCm50V8E+oDOUTJppQzOPJneEMsxvuPFX3LhQxKWu/BvTB6KtBwKHc87l5h4vFlyBZX0ZuZXVtfWN/GZha3tnd8/cP2iqKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q2vJn7rnknFo/AOxjFzA9IPuc8pAS11TQu6DhOipE4vHV8SmjpqJCFVWZZW8EjLGXYGBPBPrGsWrbI1BV4m9pwU0Rz1rvnh9CKaBCwEKohSHduKwU2JBE4FywpOolhM6JD0WUfTkARMuen0sgyfaKWH/UjqFwKeqr8nUhIoNQ48nQwIDNSiNxH/8zoJ+BduysM4ARbS2SI/ERgiPKkJ97hkFMRYE0Il13/FdEB0QaDLLOgS7MWTl0mzUrbPytXbarF2M68jj47QMSohG52jGrpGddRAFD2gJ/SCXo1H49l4M95n0ZwxnzlEf2B8fgOd16AR</latexit>

t`(s) =

p
s

2q(s)
t̂`(s)

Remember?

<latexit sha1_base64="aFNa1tchT61M3pOS3dZLvODvqqU=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIUTdC0Y3uKrUPaGKZTCbp0MkkzEyEErvwV9y4UMStv+HOv3HSZqGtBwYO59zLPXO8hFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd22jFOBSQvHLBZdD0nCKCctRRUj3UQQFHmMdLzhVe53HoiQNOZ3apQQN0IhpwHFSGmpb+43YfPe8VEYEnHhREgNPC+7GffNilW1JoDzxC5IBRRo9M0vx49xGhGuMENS9mwrUW6GhKKYkXHZSSVJEB6ikPQ05Sgi0s0m+cfwSCs+DGKhH1dwov7eyFAk5Sjy9GSeUM56ufif10tVcO5mlCepIhxPDwUpgyqGeRnQp4JgxUaaICyozgrxAAmEla6srEuwZ788T9onVfu0WrutVeqXRR0lcAAOwTGwwRmog2vQAC2AwSN4Bq/gzXgyXox342M6umAUO3vgD4zPH3HdlcI=</latexit>

SS† = I

S = 1 + 2iT

Elastic unitarity a → a

Exercise

<latexit sha1_base64="NThfCCMiozytf/Pbueby2cf60uE=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhXsJuCOpFCHjRW0TzgGwMs7O9yZDZBzOzQlhy9eKvePGgiFf/wJt/4yRZQRMLGoqqbrq73JgzqSzry8gtLa+sruXXCxubW9s75u5eU0aJoNCgEY9E2yUSOAuhoZji0I4FkMDl0HKHFxO/dQ9Csii8VaMYugHph8xnlCgt9Ux803OA85I8Poe7tIIZdjzgivyo455ZtMrWFHiR2Bkpogz1nvnpeBFNAggV5UTKjm3FqpsSoRjlMC44iYSY0CHpQ0fTkAQgu+n0kzE+0oqH/UjoChWeqr8nUhJIOQpc3RkQNZDz3kT8z+skyj/rpiyMEwUhnS3yE45VhCexYI8JoIqPNCFUMH0rpgMiCFU6vIIOwZ5/eZE0K2X7pFy9rhZrV1kceXSADlEJ2egU1dAlqqMGougBPaEX9Go8Gs/Gm/E+a80Z2cw++gPj4xuFzpj/</latexit>

S`(s) = e2i�`(s)
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Scattering How do we parameterize?

<latexit sha1_base64="9AhOd7iQWKfbZ78n4Tl3t15CRqo="></latexit>

eikL+2i�(k) = eik0 = 1 ! knL+ 2� (kn) = 2n⇡<latexit sha1_base64="Q8Y2S+E3NyspwKG7D+IbhNY0wgI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRoi4LbnRXwT6gCWEyuW2HTh6dmQglFDf+ihsXirj1K9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlFZW19Y3ypuVre2d3T1z/6At41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KPr3O88gJAsju7VJAE3JIOI9RklSkueeeQEwBXxMgc4n2JHshDGmOBxxTOrVs2aAS8TuyBVVKDpmV9OENM0hEhRTqTs2Vai3IwIxSiHacVJJSSEjsgAeppGJATpZrMXpvhUKwHux0JXpPBM/T2RkVDKSejrzpCooVz0cvE/r5eq/pWbsShJFUR0vqifcqxinOeBAyaAKj7RhFDB9K2YDokgVOnU8hDsxZeXSfu8Zl/U6nf1auO2iKOMjtEJOkM2ukQNdIOaqIUoekTP6BW9GU/Gi/FufMxbS0Yxc4j+wPj8AVPxlsI=</latexit>

�` ' aq

<latexit sha1_base64="RDwEL9LBemzH6LkG6yBUgpeT4rg="></latexit>

t`(s) =

p
s

2q(s)
sin �`(s)e

i�`(s) / a

Total cross section??

Lets assume that we are at threshold (q=0) or that the interaction is small 
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Scattering How do we parameterize?

Lets assume that we are at threshold (q=0) or that the interaction is small 

Total cross section??

<latexit sha1_base64="9AhOd7iQWKfbZ78n4Tl3t15CRqo="></latexit>

eikL+2i�(k) = eik0 = 1 ! knL+ 2� (kn) = 2n⇡

<latexit sha1_base64="V3wrGwM0OBb9z0Hlk341SsHRLcs=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUKHWmFHVZcGN3FewDOmPJpLdtaDIzJhmhDP0MN/6KGxeKuO3OvzF9LLT1QMLhnHtJzvEjzpS27W8rtba+sbmV3s7s7O7tH2QPjxoqjCWFOg15KFs+UcBZAHXNNIdWJIEIn0PTH95M/eYTSMXC4F6PIvAE6QesxyjRRupkL6oCuwW3oDsucJ5X59iNZBjpELuK9QUxt4BHXDYyw+Sh1Mnm7KI9A14lzoLk0AK1TnbidkMaCwg05USptmNH2kuI1IxyGGfcWEFE6JD0oW1oQAQoL5kFG+Mzo3RxL5TmBBrP1N8bCRFKjYRvJgXRA7XsTcX/vHase9dewoIo1hDQ+UO9mGOTe9oS7jIJVPORIYRKZv6K6YBIQrXpMmNKcJYjr5JGqehcFst35VyluqgjjU7QKcojB12hCrpFNVRHFD2jV/SOPqwX6836tL7moylrsXOM/sCa/AD90J6J</latexit>

Im t`(s) / � ' 4⇡a2

<latexit sha1_base64="Q8Y2S+E3NyspwKG7D+IbhNY0wgI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRoi4LbnRXwT6gCWEyuW2HTh6dmQglFDf+ihsXirj1K9z5N07aLLT1wIXDOfdy7z1+wplUlvVtlFZW19Y3ypuVre2d3T1z/6At41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KPr3O88gJAsju7VJAE3JIOI9RklSkueeeQEwBXxMgc4n2JHshDGmOBxxTOrVs2aAS8TuyBVVKDpmV9OENM0hEhRTqTs2Vai3IwIxSiHacVJJSSEjsgAeppGJATpZrMXpvhUKwHux0JXpPBM/T2RkVDKSejrzpCooVz0cvE/r5eq/pWbsShJFUR0vqifcqxinOeBAyaAKj7RhFDB9K2YDokgVOnU8hDsxZeXSfu8Zl/U6nf1auO2iKOMjtEJOkM2ukQNdIOaqIUoekTP6BW9GU/Gi/FufMxbS0Yxc4j+wPj8AVPxlsI=</latexit>

�` ' aq

<latexit sha1_base64="RDwEL9LBemzH6LkG6yBUgpeT4rg="></latexit>

t`(s) =

p
s

2q(s)
sin �`(s)e

i�`(s) / a
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Scattering

<latexit sha1_base64="ehQfWLQLZbbx9CG0DbROIeruzuY=">AAACGnicbVBNS8NAEN34WetX1aOXxSLUQ0tSinoseFAPgoKtQhPDZjupS3eTuLsRSujv8OJf8eJBEW/ixX/j9kPQ1gcDj/dmmJkXJJwpbdtf1szs3PzCYm4pv7yyurZe2NhsqjiVFBo05rG8DogCziJoaKY5XCcSiAg4XAXdo4F/dQ9SsTi61L0EPEE6EQsZJdpIfsHRvgucl9QedhUTcIfdUBKalc/cYyIE6WdnN9WyKjP8I/iFol2xh8DTxBmTIhrj3C98uO2YpgIiTTlRquXYifYyIjWjHPp5N1WQENolHWgZGhEBysuGr/XxrlHaOIylqUjjofp7IiNCqZ4ITKcg+lZNegPxP6+V6vDQy1iUpBoiOloUphzrGA9ywm0mgWreM4RQycytmN4SE402aeZNCM7ky9OkWa04+5XaRa1YPx3HkUPbaAeVkIMOUB2doHPUQBQ9oCf0gl6tR+vZerPeR60z1nhmC/2B9fkNfSCf8A==</latexit>

t`(s) '
�M�

M2 � s� iM�

Low energy expansion

Does a polynomial contain a pole?

Is a polynomial unitary??
<latexit sha1_base64="P+Sz4/s3ilhTvwWi1HJgVuTYGic=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBEqSNktRb0IBS/2VsH+QHct2TTbhibZJckKZdsH8OKrePGgiFcfwJtvY9ouoq0DIcPMfCTf+BGjStv2l7W0vLK6tp7ZyG5ube/s5vb2GyqMJSZ1HLJQtnykCKOC1DXVjLQiSRD3GWn6g6uJ37wnUtFQ3OphRDyOeoIGFCNtpE4uX+Xuqe64hLGCOrl0ZT80Nxz9SKO7kknZRXsKuEiclORBilon9+l2QxxzIjRmSKm2Y0faS5DUFDMyzrqxIhHCA9QjbUMF4kR5yXSZMTw2ShcGoTRHaDhVf08kiCs15L5JcqT7at6biP957VgHF15CRRRrIvDsoSBmUIdw0gzsUkmwZkNDEJbU/BXiPpIIa9Nf1pTgzK+8SBqlonNWLN+U85VqWkcGHIIjUAAOOAcVcA1qoA4weABP4AW8Wo/Ws/Vmvc+iS1Y6cwD+wPr4BnlBmgU=</latexit>

Im t`(s) = ⇢(s)|t`(s)|2

<latexit sha1_base64="sEhPem4eaACkdhi1IkCYrb1Gg0o=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjtpiSlqJtCwY1upIJ9QJOGyXTSDp1M4sxEKCEf4MZfceNCEbd+gDv/xmmbhbYeGDiccy537vEiRqUyzW9jZXVtfWMzt5Xf3tnd2y8cHLZlGAtMWjhkoeh6SBJGOWkpqhjpRoKgwGOk440vp37ngQhJQ36nJhFxAjTk1KcYKS25haJybcJYSZbrtoyD/o2b8LqZwhJyObzvJ1WelnXKrJgzwGViZaQIMjTdwpc9CHEcEK4wQ1L2LDNSToKEopiRNG/HkkQIj9GQ9DTlKCDSSWbHpPBUKwPoh0I/ruBM/T2RoEDKSeDpZIDUSC56U/E/rxcr/8JJKI9iRTieL/JjBlUIp83AARUEKzbRBGFB9V8hHiGBsNL95XUJ1uLJy6RdrVhnldptrdi4zurIgWNwAkrAAuegAa5AE7QABo/gGbyCN+PJeDHejY95dMXIZo7AHxifP9Jemjs=</latexit>

t`(s) =
NX

n=0

(anq
2n)
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<latexit sha1_base64="Kl0u4Uf/hLOyRijjocvmKYiT2vM=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1U5JS1I1QcKO7CvYBTSiT6aQdOplJZyZCCdm68VfcuFDErX/gzr9x2mahrQcuHM65l3vvCWJGlXacb2tldW19Y7OwVdze2d3btw8OW0okEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB6Hrqtx+IVFTwez2JiR+hAachxUgbqWdDTw5FWZ1deaFEOPXUWOpUZVlahWMjZ7Bnl5yKMwNcJm5OSiBHo2d/eX2Bk4hwjRlSqus6sfZTJDXFjGRFL1EkRniEBqRrKEcRUX46+ySDp0bpw1BIU1zDmfp7IkWRUpMoMJ0R0kO16E3F/7xuosNLP6U8TjTheL4oTBjUAk5jgX0qCdZsYgjCkppbIR4iE4k24RVNCO7iy8ukVa2455XaXa1Uv83jKIBjcALKwAUXoA5uQAM0AQaP4Bm8gjfryXqx3q2PeeuKlc8cgT+wPn8Avs+ZwQ==</latexit>

⇢(s) =

p
s

2q(s)

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)

Scattering General elastic param.

By virtue of unitarity

Freedom to choose

Phase space

<latexit sha1_base64="3Dyo4ON9Je/xV/tJnDHsxSDOhPE=">AAACCnicbVDJSgNBEO2JW4zbqEcvrUGIlzgjQb0IAS96i2AWyITQ06kkTXoWu2uEMOTsxV/x4kERr36BN//GznLQ6IOCx3tVVNXzYyk0Os6XlVlYXFpeya7m1tY3Nrfs7Z2ajhLFocojGamGzzRIEUIVBUpoxApY4Euo+4PLsV+/B6VFFN7iMIZWwHqh6ArO0Ehte/+uoI+oxyOkXgcksnbqgZQjo15Qlx5T1rbzTtGZgP4l7ozkyQyVtv3pdSKeBBAil0zrpuvE2EqZQsEljHJeoiFmfMB60DQ0ZAHoVjp5ZUQPjdKh3UiZCpFO1J8TKQu0Hga+6QwY9vW8Nxb/85oJds9bqQjjBCHk00XdRFKM6DgX2hEKOMqhIYwrYW6lvM8U42jSy5kQ3PmX/5LaSdE9LZZuSvny9SyOLNkjB6RAXHJGyuSKVEiVcPJAnsgLebUerWfrzXqftmas2cwu+QXr4xsE65iU</latexit>

q(s) cot �`(s) = 1/a
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<latexit sha1_base64="Kl0u4Uf/hLOyRijjocvmKYiT2vM=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1U5JS1I1QcKO7CvYBTSiT6aQdOplJZyZCCdm68VfcuFDErX/gzr9x2mahrQcuHM65l3vvCWJGlXacb2tldW19Y7OwVdze2d3btw8OW0okEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB6Hrqtx+IVFTwez2JiR+hAachxUgbqWdDTw5FWZ1deaFEOPXUWOpUZVlahWMjZ7Bnl5yKMwNcJm5OSiBHo2d/eX2Bk4hwjRlSqus6sfZTJDXFjGRFL1EkRniEBqRrKEcRUX46+ySDp0bpw1BIU1zDmfp7IkWRUpMoMJ0R0kO16E3F/7xuosNLP6U8TjTheL4oTBjUAk5jgX0qCdZsYgjCkppbIR4iE4k24RVNCO7iy8ukVa2455XaXa1Uv83jKIBjcALKwAUXoA5uQAM0AQaP4Bm8gjfryXqx3q2PeeuKlc8cgT+wPn8Avs+ZwQ==</latexit>

⇢(s) =

p
s

2q(s)

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)

Scattering General elastic param.

By virtue of unitarity

Freedom to choose

How does it look in a box?

a < 0 → repulsion

a > 0 → atraction

Non-interacting

Phase space

<latexit sha1_base64="3Dyo4ON9Je/xV/tJnDHsxSDOhPE=">AAACCnicbVDJSgNBEO2JW4zbqEcvrUGIlzgjQb0IAS96i2AWyITQ06kkTXoWu2uEMOTsxV/x4kERr36BN//GznLQ6IOCx3tVVNXzYyk0Os6XlVlYXFpeya7m1tY3Nrfs7Z2ajhLFocojGamGzzRIEUIVBUpoxApY4Euo+4PLsV+/B6VFFN7iMIZWwHqh6ArO0Ehte/+uoI+oxyOkXgcksnbqgZQjo15Qlx5T1rbzTtGZgP4l7ozkyQyVtv3pdSKeBBAil0zrpuvE2EqZQsEljHJeoiFmfMB60DQ0ZAHoVjp5ZUQPjdKh3UiZCpFO1J8TKQu0Hga+6QwY9vW8Nxb/85oJds9bqQjjBCHk00XdRFKM6DgX2hEKOMqhIYwrYW6lvM8U42jSy5kQ3PmX/5LaSdE9LZZuSvny9SyOLNkjB6RAXHJGyuSKVEiVcPJAnsgLebUerWfrzXqftmas2cwu+QXr4xsE65iU</latexit>

q(s) cot �`(s) = 1/a
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Scattering

<latexit sha1_base64="0LhTFclM0xYVF//Rrdsml097r+A=">AAACG3icbVA9SwNBEN3z2/gVtbRZDEJswl0IahMQbLRTMCaQi8feZpIs7u1ddueEcOR/2PhXbCwUsRIs/DduPgo1Phh4vDfDzLwwkcKg6345c/MLi0vLK6u5tfWNza389s6NiVPNocZjGetGyAxIoaCGAiU0Eg0sCiXUw7uzkV+/B21ErK5xkEArYl0lOoIztFKQL/eL5pD6PEbqt0EiC3yQcqRVqW/SKMhU1R3SIgsU7d9mZTU8DPIFt+SOQWeJNyUFMsVlkP/w2zFPI1DIJTOm6bkJtjKmUXAJw5yfGkgYv2NdaFqqWASmlY1/G9IDq7RpJ9a2FNKx+nMiY5Exgyi0nRHDnvnrjcT/vGaKnZNWJlSSIig+WdRJJcWYjoKibaGBoxxYwrgW9lbKe0wzjjbOnA3B+/vyLLkpl7yjUuWqUji9mMaxQvbIPikSjxyTU3JOLkmNcPJAnsgLeXUenWfnzXmftM4505ld8gvO5zfHlJ9u</latexit>

q(s) cot �`(s) =
X

n=0

(anq
2n)

Low energy expansion

This one can contain a pole

<latexit sha1_base64="np8hsBjGbT+9koOkZN66Vsu9heA=">AAAB/HicbVBNS8NAEN3Ur1q/qj16CRahXkoiRb0IBS96q2A/oClls5m2SzfZsDsRQql/xYsHRbz6Q7z5b9y2OWjrg4HHezPMzPNjwTU6zreVW1vf2NzKbxd2dvf2D4qHRy0tE8WgyaSQquNTDYJH0ESOAjqxAhr6Atr++Gbmtx9BaS6jB0xj6IV0GPEBZxSN1C+WmEQvAIG074EQFX12zfvFslN15rBXiZuRMsnQ6Be/vECyJIQImaBad10nxt6EKuRMwLTgJRpiysZ0CF1DIxqC7k3mx0/tU6ME9kAqUxHac/X3xISGWqehbzpDiiO97M3E/7xugoOr3oRHcYIQscWiQSJslPYsCTvgChiK1BDKFDe32mxEFWVo8iqYENzll1dJ67zqXlRr97Vy/S6LI0+OyQmpEJdckjq5JQ3SJIyk5Jm8kjfryXqx3q2PRWvOymZK5A+szx88ZZSH</latexit>

cot�`(s) = i

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)

Pole at
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Scattering

Low energy expansion
<latexit sha1_base64="0LhTFclM0xYVF//Rrdsml097r+A=">AAACG3icbVA9SwNBEN3z2/gVtbRZDEJswl0IahMQbLRTMCaQi8feZpIs7u1ddueEcOR/2PhXbCwUsRIs/DduPgo1Phh4vDfDzLwwkcKg6345c/MLi0vLK6u5tfWNza389s6NiVPNocZjGetGyAxIoaCGAiU0Eg0sCiXUw7uzkV+/B21ErK5xkEArYl0lOoIztFKQL/eL5pD6PEbqt0EiC3yQcqRVqW/SKMhU1R3SIgsU7d9mZTU8DPIFt+SOQWeJNyUFMsVlkP/w2zFPI1DIJTOm6bkJtjKmUXAJw5yfGkgYv2NdaFqqWASmlY1/G9IDq7RpJ9a2FNKx+nMiY5Exgyi0nRHDnvnrjcT/vGaKnZNWJlSSIig+WdRJJcWYjoKibaGBoxxYwrgW9lbKe0wzjjbOnA3B+/vyLLkpl7yjUuWqUji9mMaxQvbIPikSjxyTU3JOLkmNcPJAnsgLeXUenWfnzXmftM4505ld8gvO5zfHlJ9u</latexit>

q(s) cot �`(s) =
X

n=0

(anq
2n)

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)

Simple, yet powerful
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Scattering

Low energy expansion

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)

<latexit sha1_base64="0LhTFclM0xYVF//Rrdsml097r+A=">AAACG3icbVA9SwNBEN3z2/gVtbRZDEJswl0IahMQbLRTMCaQi8feZpIs7u1ddueEcOR/2PhXbCwUsRIs/DduPgo1Phh4vDfDzLwwkcKg6345c/MLi0vLK6u5tfWNza389s6NiVPNocZjGetGyAxIoaCGAiU0Eg0sCiXUw7uzkV+/B21ErK5xkEArYl0lOoIztFKQL/eL5pD6PEbqt0EiC3yQcqRVqW/SKMhU1R3SIgsU7d9mZTU8DPIFt+SOQWeJNyUFMsVlkP/w2zFPI1DIJTOm6bkJtjKmUXAJw5yfGkgYv2NdaFqqWASmlY1/G9IDq7RpJ9a2FNKx+nMiY5Exgyi0nRHDnvnrjcT/vGaKnZNWJlSSIig+WdRJJcWYjoKibaGBoxxYwrgW9lbKe0wzjjbOnA3B+/vyLLkpl7yjUuWqUji9mMaxQvbIPikSjxyTU3JOLkmNcPJAnsgLeXUenWfnzXmftM4505ld8gvO5zfHlJ9u</latexit>

q(s) cot �`(s) =
X

n=0

(anq
2n)

<latexit sha1_base64="0LhTFclM0xYVF//Rrdsml097r+A=">AAACG3icbVA9SwNBEN3z2/gVtbRZDEJswl0IahMQbLRTMCaQi8feZpIs7u1ddueEcOR/2PhXbCwUsRIs/DduPgo1Phh4vDfDzLwwkcKg6345c/MLi0vLK6u5tfWNza389s6NiVPNocZjGetGyAxIoaCGAiU0Eg0sCiXUw7uzkV+/B21ErK5xkEArYl0lOoIztFKQL/eL5pD6PEbqt0EiC3yQcqRVqW/SKMhU1R3SIgsU7d9mZTU8DPIFt+SOQWeJNyUFMsVlkP/w2zFPI1DIJTOm6bkJtjKmUXAJw5yfGkgYv2NdaFqqWASmlY1/G9IDq7RpJ9a2FNKx+nMiY5Exgyi0nRHDnvnrjcT/vGaKnZNWJlSSIig+WdRJJcWYjoKibaGBoxxYwrgW9lbKe0wzjjbOnA3B+/vyLLkpl7yjUuWqUji9mMaxQvbIPikSjxyTU3JOLkmNcPJAnsgLeXUenWfnzXmftM4505ld8gvO5zfHlJ9u</latexit>

q(s) cot �`(s) =
X

n=0

(anq
2n)

Elastic param.

<latexit sha1_base64="fqusHTLLzMIONY8uI/KqnsjAykQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJREinoseNFbBfsBTQib7aZdupuE3Y1YQv+KFw+KePWPePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpbX1jc6u8XdnZ3ds/sA+rHZVkktA2SXgieyFWlLOYtjXTnPZSSbEIOe2G45uZ332kUrEkftCTlPoCD2MWMYK1kQK7is9D5OkEeSoTAUMkYIFdc+rOHGiVuAWpQYFWYH95g4RkgsaacKxU33VS7edYakY4nVa8TNEUkzEe0r6hMRZU+fn89ik6NcoARYk0FWs0V39P5FgoNRGh6RRYj9SyNxP/8/qZjq79nMVppmlMFouijCPz6ywINGCSEs0nhmAimbkVkRGWmGgTV8WE4C6/vEo6F3X3st64b9Sad0UcZTiGEzgDF66gCbfQgjYQeIJneIU3a2q9WO/Wx6K1ZBUzR/AH1ucPtvmToA==</latexit>

a+ b !
X

i

ci

What happens when we have many channels?
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K-matrix

<latexit sha1_base64="GXKnG2rbXVaU980oW0i67Dxk9TU=">AAACW3icjVFNSwMxFMyuX7VWrYonL8EiVISyK6IeBS+KlwpWC91lyaavbTD7YfJWKEv/pCc9+FfEbNtDbXtwIGSYeUOSSZhKodFxvix7ZXVtfaO0Wd6qbO/sVvf2n3WSKQ4tnshEtUOmQYoYWihQQjtVwKJQwkv4elv4L++gtEjiJxym4EesH4ue4AyNFFQVBh5IWdennhYRvNGHIC+EkVHOZrjw1CAx+//tZQmvm6AOqjWn4YxBF4k7JTUyRTOofpgczyKIkUumdcd1UvRzplBwCaOyl2lIGX9lfegYGrMItJ+PuxnRE6N0aS9RZsVIx+psImeR1sMoNJMRw4Ge9wpxmdfJsHft5yJOM4SYTw7qZZJiQouiaVco4CiHhjCuhLkr5QOmGEfzHWVTgjv/5EXyfN5wLxsXjxe1m/tpHSVyRI5JnbjkityQO9IkLcLJJ/mxNqyS9W2v2GW7Mhm1rWnmgPyBffgLXqG0Bw==</latexit>

t`(s) ' K`(s) +K`(s)i⇢(s)K`(s) +K`(s)i⇢(s)K`(s)i⇢(s)K`(s) + . . .

<latexit sha1_base64="HHbiV20emKgqi+ckV1fKVX9BltA=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgxCbsSlDLgI1iE8FcILsss5OTZMjsxZlZISwpbHwVGwtFbH0IO9/G2WQLTfxh4Oc753Dm/H7MmVSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC2jRFBo0YhHousTCZyF0FJMcejGAkjgc+j448us3nkAIVkU3qlJDG5AhiEbMEqURp5ZVp4DnFfliSNZAPf4xkszMNXEMytWzZoJLxs7NxWUq+mZX04/okkAoaKcSNmzrVi5KRGKUQ7TkpNIiAkdkyH0tA1JANJNZ0dM8bEmfTyIhH6hwjP6eyIlgZSTwNedAVEjuVjL4H+1XqIGF27KwjhRENL5okHCsYpwlgjuMwFU8Yk2hAqm/4rpiAhClc6tpEOwF09eNu3Tmn1Wq9/WK43rPI4iKqMjVEU2OkcNdIWaqIUoekTP6BW9GU/Gi/FufMxbC0Y+c4j+yPj8Ackul5M=</latexit>

t`(s) ' K`(s)

<latexit sha1_base64="6nD4drZFOIirx6UYwLVt+bgI0p0=">AAACJ3icbZDLSsNAFIYn3q23qks3wSIoaEmkqBtFcKO4qWBrIYlhMj1ph04uzJwIJfRt3PgqbgQV0aVv4rTNwtuBgY//P4cz5w9SwRVa1ocxMTk1PTM7N19aWFxaXimvrjVVkkkGDZaIRLYCqkDwGBrIUUArlUCjQMBN0Dsb+jd3IBVP4mvsp+BFtBPzkDOKWvLLJ+i7IMS22jm+9PMhDjS7u66AEB17j7uym2jluyl5p4vebb5nD/xyxapaozL/gl1AhRRV98vPbjthWQQxMkGVcmwrRS+nEjkTMCi5mYKUsh7tgKMxphEoLx/dOTC3tNI2w0TqF6M5Ur9P5DRSqh8FujOi2FW/vaH4n+dkGB55OY/TDCFm40VhJkxMzGFoZptLYCj6GiiTXP/VZF0qKUMdbUmHYP8++S8096v2QbV2VaucXhRxzJENskm2iU0OySk5J3XSIIzck0fyQl6NB+PJeDPex60TRjGzTn6U8fkFmq6lNw==</latexit>

t`(s) = K`(s) [1� i⇢(s)K`(s)]
�1

Effective for coupled-channel problems

Geometric series

First-order approx.

Higher orders

+ ⋯ + + ⋯

<latexit sha1_base64="fa0Iojog5QYg/xg5d30yxJ/EJiU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQtsNGK0O9CAMvipcJ7gXaOtIs3cLStCSpMMo+gxe/ihcPinj15M1vY7ZV0M0/BH75P89D8vz9mFGpLOvLyC0tr6yu5dcLG5tb2zvm7l5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7wYlJv3xMhacRv1SgmXoj6nAYUI6WtrllWXZcwVpLlc+f6Lq3Y4597hUJXDCJN3sw3i1bVmgougp1BEWRqdM1PtxfhJCRcYYakdGwrVl6KhKKYkXHBTSSJER6iPnE0chQS6aXTlcbwSDs9GERCH67g1P09kaJQylHo684QqYGcr03M/2pOooIzL6U8ThThePZQkDCoIjjJB/aoIFixkQaEBdV/hXiABMJKp1jQIdjzKy9C67hqn1RrN7Vi/SqLIw8OwCEoARucgjq4BA3QBBg8gCfwAl6NR+PZeDPeZ605I5vZB39kfHwDVdWcCA==</latexit>

t`(s) = [K�1
` (s)� i⇢(s)]�1
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<latexit sha1_base64="O0QTcyp4n8Ulu1YGE8mcCPvbCpw=">AAACCnicbVDJSgNBEO1xjXEb9eilNQjxEmYkqBch4EXJJYJZIDMOPZ2apEnPQnePEIacvfgrXjwo4tUv8Obf2FlATXxQ8Hiviqp6fsKZVJb1ZSwsLi2vrObW8usbm1vb5s5uQ8apoFCnMY9FyycSOIugrpji0EoEkNDn0PT7lyO/eQ9Csji6VYME3JB0IxYwSpSWPPOg6mUOcD4syuOL6l3mdEi3C2L4o3pmwSpZY+B5Yk9JAU1R88xPpxPTNIRIUU6kbNtWotyMCMUoh2HeSSUkhPZJF9qaRiQE6WbjV4b4SCsdHMRCV6TwWP09kZFQykHo686QqJ6c9Ubif147VcG5m7EoSRVEdLIoSDlWMR7lgjtMAFV8oAmhgulbMe0RQajS6eV1CPbsy/OkcVKyT0vlm3Khcj2NI4f20SEqIhudoQq6QjVURxQ9oCf0gl6NR+PZeDPeJ60LxnRmD/2B8fENydiaXA==</latexit>

K`(s) = K†
` (s)

<latexit sha1_base64="ofZRfprcniF1WE4TvkgJc3td4SI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRom6Eghulmwp9QRvDZDpph04mYWYilJCFG3/FjQtF3PoR7vwbp21AbT1w4cw59zL3Hi9iVCrL+jJyK6tr6xv5zcLW9s7unrl/0JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+p17IiQNeVNNIuIEaMipTzFSWnLNYt1N+oSxtCxPLut3STP9ebtmyapYM8BlYmekBDI0XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTQjyWJEB6jIelpylFApJPMjkjhsVYG0A+FLq7gTP09kaBAykng6c4AqZFc9Kbif14vVv6Fk1AexYpwPP/IjxlUIZwmAgdUEKzYRBOEBdW7QjxCAmGlcyvoEOzFk5dJ+7Rin1Wqt9VS7SaLIw+K4AiUgQ3OQQ1cgwZoAQwewBN4Aa/Go/FsvBnv89ackc0cgj8wPr4B8i+Xrg==</latexit>

K`(s) = KT
` (s)

K-matrix

Time reversal
<latexit sha1_base64="4BNVGYiBfffHXrliGitD7OkreXg=">AAACGnicbZDNSgMxFIUz9b/+jbp0EyyCqzIjoi4LbnRX0dZCp5Q76W0bmsmMSaZQWp/Dja/ixoUi7sSNb2NaR9DWC4GT891Lck+YCK6N5306ubn5hcWl5ZX86tr6xqa7tV3VcaoYVlgsYlULQaPgEiuGG4G1RCFEocCbsHc25jd9VJrH8toMEmxE0JG8zRkYazVdPxAgOwIp0NHVKAzU5Bbgbcr79IeFYwYZa7oFr+hNis4KPxMFklW56b4HrZilEUrDBGhd973ENIagDGcC7/JBqjEB1oMO1q2UEKFuDCer3dF967RoO1b2SEMn7u+JIURaD6LQdkZgunqajc3/WD017dPGkMskNSjZ90PtVFAT03FOtMUVMiMGVgBT3P6Vsi4oYMammbch+NMrz4rqYdE/Lh5dHhVKF1kcy2SX7JED4pMTUiLnpEwqhJF78kieyYvz4Dw5r87bd2vOyWZ2yJ9yPr4AeomhLw==</latexit>

ha|S|bi ⌘ hb|S|ai

Unitarity

<latexit sha1_base64="czaWvc+XbrPtweUsSC7MD2GbFEk=">AAACInicbZDLSsNAFIYn9VbrLerSzWARKmJJpHhZCAU3ipuK9gJNCJPppB06mYSZiVBCn8WNr+LGhaKuBB/GaRtBWw8M/Hz/OZw5vx8zKpVlfRq5ufmFxaX8cmFldW19w9zcasgoEZjUccQi0fKRJIxyUldUMdKKBUGhz0jT71+M/OY9EZJG/E4NYuKGqMtpQDFSGnnm2a3nEMZKcv/cCQTCqX1AHdGLNLj+cYapfTgLPbNola1xwVlhZ6IIsqp55rvTiXASEq4wQ1K2bStWboqEopiRYcFJJIkR7qMuaWvJUUikm45PHMI9TTowiIR+XMEx/T2RolDKQejrzhCpnpz2RvA/r52o4NRNKY8TRTieLAoSBlUER3nBDhUEKzbQAmFB9V8h7iGdlNKpFnQI9vTJs6JxVLaPy5WbSrF6lcWRBztgF5SADU5AFVyCGqgDDB7AE3gBr8aj8Wy8GR+T1pyRzWyDP2V8fQO32aKV</latexit>

S`(s) =
1 + i⇢(s)K`(s)

1� i⇢(s)K`(s)

<latexit sha1_base64="eAqbbWNq/xWbb1ztYvpD2q4MSFQ=">AAACEHicbZDLSsNAFIYnXmu9RV26CRaxbkoiRd0IBTe6q2gv0MQwmZy0QycXZiZCCXkEN76KGxeKuHXpzrdx0nahrT8MfPznHOac30sYFdI0v7WFxaXlldXSWnl9Y3NrW9/ZbYs45QRaJGYx73pYAKMRtCSVDLoJBxx6DDre8LKodx6ACxpHd3KUgBPifkQDSrBUlqsf3bo2MFYVxxO4z2wf9/vAc2Vd2CGWAx5mVu7qFbNmjmXMgzWFCpqq6epfth+TNIRIEoaF6FlmIp0Mc0kJg7xspwISTIa4Dz2FEQ5BONn4oNw4VI5vBDFXL5LG2P09keFQiFHoqc5iQzFbK8z/ar1UBudORqMklRCRyUdBygwZG0U6hk85EMlGCjDhVO1qkAHmmEiVYVmFYM2ePA/tk5p1Wqvf1CuN62kcJbSPDlAVWegMNdAVaqIWIugRPaNX9KY9aS/au/YxaV3QpjN76I+0zx9BIpzG</latexit>

S`(s)S
†
` (s) = 1

Basic requirements
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<latexit sha1_base64="O0QTcyp4n8Ulu1YGE8mcCPvbCpw=">AAACCnicbVDJSgNBEO1xjXEb9eilNQjxEmYkqBch4EXJJYJZIDMOPZ2apEnPQnePEIacvfgrXjwo4tUv8Obf2FlATXxQ8Hiviqp6fsKZVJb1ZSwsLi2vrObW8usbm1vb5s5uQ8apoFCnMY9FyycSOIugrpji0EoEkNDn0PT7lyO/eQ9Csji6VYME3JB0IxYwSpSWPPOg6mUOcD4syuOL6l3mdEi3C2L4o3pmwSpZY+B5Yk9JAU1R88xPpxPTNIRIUU6kbNtWotyMCMUoh2HeSSUkhPZJF9qaRiQE6WbjV4b4SCsdHMRCV6TwWP09kZFQykHo686QqJ6c9Ubif147VcG5m7EoSRVEdLIoSDlWMR7lgjtMAFV8oAmhgulbMe0RQajS6eV1CPbsy/OkcVKyT0vlm3Khcj2NI4f20SEqIhudoQq6QjVURxQ9oCf0gl6NR+PZeDPeJ60LxnRmD/2B8fENydiaXA==</latexit>

K`(s) = K†
` (s)

<latexit sha1_base64="ofZRfprcniF1WE4TvkgJc3td4SI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRom6Eghulmwp9QRvDZDpph04mYWYilJCFG3/FjQtF3PoR7vwbp21AbT1w4cw59zL3Hi9iVCrL+jJyK6tr6xv5zcLW9s7unrl/0JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+p17IiQNeVNNIuIEaMipTzFSWnLNYt1N+oSxtCxPLut3STP9ebtmyapYM8BlYmekBDI0XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTQjyWJEB6jIelpylFApJPMjkjhsVYG0A+FLq7gTP09kaBAykng6c4AqZFc9Kbif14vVv6Fk1AexYpwPP/IjxlUIZwmAgdUEKzYRBOEBdW7QjxCAmGlcyvoEOzFk5dJ+7Rin1Wqt9VS7SaLIw+K4AiUgQ3OQQ1cgwZoAQwewBN4Aa/Go/FsvBnv89ackc0cgj8wPr4B8i+Xrg==</latexit>

K`(s) = KT
` (s)

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)
<latexit sha1_base64="B/XQI6hMrQaJnIEVbfBAlhZgrbE=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCIpZERN0IghvFTQVbhSaWyfTUDp1kwsyJUEIfwo2v4saFIm5duPNtnF4EbwcGPv7/HM6cP0qlMOh5H87Y+MTk1HRhpjg7N7+w6C4t14zKNIcqV1Lpq4gZkCKBKgqUcJVqYHEk4TLqHPf9y1vQRqjkArsphDG7SURLcIZWarhbZ9f5tt9rBCDlhtk8pIFuKws04App0ASJ7MtsuCWv7A2K/gV/BCUyqkrDfQ+aimcxJMglM6bueymGOdMouIReMcgMpIx32A3ULSYsBhPmg6N6dN0qTdpS2r4E6UD9PpGz2JhuHNnOmGHb/Pb64n9ePcPWQZiLJM0QEj5c1MokRUX7CdGm0MBRdi0wroX9K+VtphlHm2PRhuD/Pvkv1HbK/l5593y3dHQ6iqNAVska2SA+2SdH5IRUSJVwckceyBN5du6dR+fFeR22jjmjmRXyo5y3T/UYnO4=</latexit>

K�1
` (s) = ⇢(s) cot �`(s)

K-matrix

Combining the two together

}

In the elastic region we can recover
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<latexit sha1_base64="O0QTcyp4n8Ulu1YGE8mcCPvbCpw=">AAACCnicbVDJSgNBEO1xjXEb9eilNQjxEmYkqBch4EXJJYJZIDMOPZ2apEnPQnePEIacvfgrXjwo4tUv8Obf2FlATXxQ8Hiviqp6fsKZVJb1ZSwsLi2vrObW8usbm1vb5s5uQ8apoFCnMY9FyycSOIugrpji0EoEkNDn0PT7lyO/eQ9Csji6VYME3JB0IxYwSpSWPPOg6mUOcD4syuOL6l3mdEi3C2L4o3pmwSpZY+B5Yk9JAU1R88xPpxPTNIRIUU6kbNtWotyMCMUoh2HeSSUkhPZJF9qaRiQE6WbjV4b4SCsdHMRCV6TwWP09kZFQykHo686QqJ6c9Ubif147VcG5m7EoSRVEdLIoSDlWMR7lgjtMAFV8oAmhgulbMe0RQajS6eV1CPbsy/OkcVKyT0vlm3Khcj2NI4f20SEqIhudoQq6QjVURxQ9oCf0gl6NR+PZeDPeJ60LxnRmD/2B8fENydiaXA==</latexit>

K`(s) = K†
` (s)

<latexit sha1_base64="ofZRfprcniF1WE4TvkgJc3td4SI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRom6Eghulmwp9QRvDZDpph04mYWYilJCFG3/FjQtF3PoR7vwbp21AbT1w4cw59zL3Hi9iVCrL+jJyK6tr6xv5zcLW9s7unrl/0JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+p17IiQNeVNNIuIEaMipTzFSWnLNYt1N+oSxtCxPLut3STP9ebtmyapYM8BlYmekBDI0XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTQjyWJEB6jIelpylFApJPMjkjhsVYG0A+FLq7gTP09kaBAykng6c4AqZFc9Kbif14vVv6Fk1AexYpwPP/IjxlUIZwmAgdUEKzYRBOEBdW7QjxCAmGlcyvoEOzFk5dJ+7Rin1Wqt9VS7SaLIw+K4AiUgQ3OQQ1cgwZoAQwewBN4Aa/Go/FsvBnv89ackc0cgj8wPr4B8i+Xrg==</latexit>

K`(s) = KT
` (s)

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)
<latexit sha1_base64="B/XQI6hMrQaJnIEVbfBAlhZgrbE=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCIpZERN0IghvFTQVbhSaWyfTUDp1kwsyJUEIfwo2v4saFIm5duPNtnF4EbwcGPv7/HM6cP0qlMOh5H87Y+MTk1HRhpjg7N7+w6C4t14zKNIcqV1Lpq4gZkCKBKgqUcJVqYHEk4TLqHPf9y1vQRqjkArsphDG7SURLcIZWarhbZ9f5tt9rBCDlhtk8pIFuKws04App0ASJ7MtsuCWv7A2K/gV/BCUyqkrDfQ+aimcxJMglM6bueymGOdMouIReMcgMpIx32A3ULSYsBhPmg6N6dN0qTdpS2r4E6UD9PpGz2JhuHNnOmGHb/Pb64n9ePcPWQZiLJM0QEj5c1MokRUX7CdGm0MBRdi0wroX9K+VtphlHm2PRhuD/Pvkv1HbK/l5593y3dHQ6iqNAVska2SA+2SdH5IRUSJVwckceyBN5du6dR+fFeR22jjmjmRXyo5y3T/UYnO4=</latexit>

K�1
` (s) = ⇢(s) cot �`(s)

K-matrix

Combining the two together

} <latexit sha1_base64="wMCa8W5ryvFF3bsDzDBY9/0En8s=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWobooiRR1IxTcKN1UsBdoY5hMJ+3QySTMTIQSCr6KGxeKuPU53Pk2TtsIWv1h4OM/53DO/H7MqFS2/WnkFhaXllfyq4W19Y3NLXN7pymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g5qbfuiZA04rdqFBM3RH1OA4qR0pZn7tW8LmGsJI8uanfH3+yZRbtsT2X9BSeDImSqe+ZHtxfhJCRcYYak7Dh2rNwUCUUxI+NCN5EkRniI+qSjkaOQSDednj+2DrXTs4JI6MeVNXV/TqQolHIU+rozRGog52sT879aJ1HBuZtSHieKcDxbFCTMUpE1ycLqUUGwYiMNCAuqb7XwAAmElU6soENw5r/8F5onZee0XLmpFKvXWRx52IcDKIEDZ1CFK6hDAzCk8AjP8GI8GE/Gq/E2a80Z2cwu/JLx/gUvdJRg</latexit>

K`(s) = K⇤
` (s)

The K-matrix is real !!

In the elastic region we can recover
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<latexit sha1_base64="Y0rgrXkejtBxtUhMZg9W3e5Vlh0=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoOoTbiToDZCwEaxiWBUyB3H3t7ELNm7PXbnhHDkJ9j4V2wsFLG1tPPfuIkp/HowzOO9GXbnRZkUBl33wylNTc/MzpXnKwuLS8sr1dW1S6NyzaHNlVT6OmIGpEihjQIlXGcaWBJJuIr6xyP/6ha0ESq9wEEGQcJuUtEVnKGVwur2WVj4IOVwx+we+bqnbKc+V0j9GCSycGRaLazW3Lo7Bv1LvAmpkQlaYfXdjxXPE0iRS2ZMx3MzDAqmUXAJw4qfG8gY77Mb6FiasgRMUIwPGtItq8S0q7StFOlY/b5RsMSYQRLZyYRhz/z2RuJ/XifH7mFQiDTLEVL+9VA3lxQVHaVDY6GBoxxYwrgW9q+U95hmHG2GFRuC9/vkv+Ryr+7t1xvnjVrzdBJHmWyQTbJDPHJAmuSEtEibcHJHHsgTeXbunUfnxXn9Gi05k5118gPO2yfrC5vq</latexit>

K`(s) = ⇢(s) cot �`(s)

<latexit sha1_base64="/qPXiC9LwismBMif8yag0XiG/ZE="></latexit>

Ki j
` (s) =

X

n=0

ging
j
n

m2
n � s

+ P i j(s)

<latexit sha1_base64="HJvjI95QSmzgFrbUvZ5ifjFY3/g=">AAACDXicbVDLSsNAFJ34rPUVdelmsArtpiSlqJtCwY3ipoJ9QBPDZDpph04mcWYilJAfcOOvuHGhiFv37vwbp4+Fth64cDjnXu69x48Zlcqyvo2l5ZXVtfXcRn5za3tn19zbb8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH16M/fYDEZJG/FaNYuKGqM9pQDFSWvLM42svdQhjWVGWatCRSeilvGZlsIg8Du/v0grPSp5ZsMrWBHCR2DNSADM0PPPL6UU4CQlXmCEpu7YVKzdFQlHMSJZ3EklihIeoT7qachQS6aaTbzJ4opUeDCKhiys4UX9PpCiUchT6ujNEaiDnvbH4n9dNVHDuppTHiSIcTxcFCYMqguNoYI8KghUbaYKwoPpWiAdIIKx0gHkdgj3/8iJpVcr2abl6Uy3Ur2Zx5MAhOAJFYIMzUAeXoAGaAINH8AxewZvxZLwY78bHtHXJmM0cgD8wPn8AZ1qaiA==</latexit>

K`(s) =
X

n=0

(anq
2n)
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K-matrix

Toolkit to amplitude fitting
Good for easy data

Good for overlapping resonances
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Scattering
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● Kaminski et al.
■ Grayer et al. b)
◆ Hyams et al. 75
□ Na48/2 et al.
○ K->2π et al.

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)

My fits

I sheet clear of poles
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Scattering
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● Kaminski et al.
■ Grayer et al. b)
◆ Hyams et al. 75
□ Na48/2 et al.
○ K->2π et al.

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)

My fits

I sheet clear of poles

Analiticity
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Scattering

<latexit sha1_base64="OkQZc+mwcki2u5n05s4eUc4SMyg="></latexit>

�sc(r, t)| {z }
Effect

=

Z 1

�1
dt0g(r, t� t0)�in(r, t

0)| {z }
Cause

<latexit sha1_base64="5DxslkAqOdrRiwz7ChxbsXlZVJE="></latexit>

�in(r, t) ⌘ �
Z 1

0
dE A(E)e�ikr�iEt

<latexit sha1_base64="MflG4urm0bSrixLI4FHUgeJgQeo="></latexit>

�sc(r, t) =

Z 1

0
dE A(E)[S(E)� 1]eikr�iEt = 2⇡

Z 1

0
dE A(E)e�ikr�iEtG(r, E)

Incoming wavepacket

Scattered wavepacket

Redefinition

Remember?
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Scattering

<latexit sha1_base64="OkQZc+mwcki2u5n05s4eUc4SMyg="></latexit>

�sc(r, t)| {z }
Effect

=

Z 1

�1
dt0g(r, t� t0)�in(r, t

0)| {z }
Cause

THE THEORY MUST BE CAUSAL !!
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Scattering

<latexit sha1_base64="OkQZc+mwcki2u5n05s4eUc4SMyg="></latexit>

�sc(r, t)| {z }
Effect

=

Z 1

�1
dt0g(r, t� t0)�in(r, t

0)| {z }
Cause

<latexit sha1_base64="n9Y0Pi/PtGT4AWOpw6Y26NWy4cA=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKUC9CwIveIpgHJkuYncwmQ2Znl5leIYT8hRcPinj1b7z5N06SPWhiQUNR1U13V5BIYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+mfvOJayNi9YCjhPsR7SsRCkbRSo+kX+ogTc+u3W6h6JbdGcgy8TJShAy1buGr04tZGnGFTFJj2p6boD+mGgWTfJLvpIYnlA1pn7ctVTTixh/PLp6QU6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDKHwuVpMgVmy8KU0kwJtP3SU9ozlCOLKFMC3srYQOqKUMbUt6G4C2+vEwa52Xvoly5rxSrd1kcOTiGEyiBB5dQhVuoQR0YKHiGV3hzjPPivDsf89YVJ5s5gj9wPn8A+3OP2Q==</latexit>

g(⌧) = 0
<latexit sha1_base64="PsIQx+RZ7idehIIb3nSXwy1jC0o=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG9WHalqAeFghe9VbAfsF1KNs22odlkSWaFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XaWlldW19YLG8XNre2d3dLeftOoVFPWoEoo3Q6JYYJL1gAOgrUTzUgcCtYKh7cTv/XEtOFKPsIoYUFM+pJHnBKwkt8Bkt7AGZxcu91S2a24U+BF4uWkjHLUu6WvTk/RNGYSqCDG+J6bQJARDZwKNi52UsMSQoekz3xLJYmZCbLpyWN8bJUejpS2JQFP1d8TGYmNGcWh7YwJDMy8NxH/8/wUoqsg4zJJgUk6WxSlAoPCk/9xj2tGQYwsIVRzeyumA6IJBZtS0Ybgzb+8SJrnFe+iUn2olmv3eRwFdIiO0Cny0CWqoTtURw1EkULP6BW9OeC8OO/Ox6x1yclnDtAfOJ8/GeyQgw==</latexit>

⌧ = t� t0 < 0

<latexit sha1_base64="N99HCRQp+HYGKqIIOBVNbcn+pzY="></latexit>

G(r, E) =
1

2⇡

Z 1

0
d⌧g(r, ⌧)eiE⌧

THE THEORY MUST BE CAUSAL !!

So that
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Scattering

<latexit sha1_base64="N99HCRQp+HYGKqIIOBVNbcn+pzY="></latexit>

G(r, E) =
1

2⇡

Z 1

0
d⌧g(r, ⌧)eiE⌧

<latexit sha1_base64="/GhC2ISg/H4ROiIoHRNI0jugg40="></latexit>

�sc(r, t) = 2⇡

Z 1

0
dE A(E)e�ikr�iEtG(r, E)

For   is well behavedE in ℂ+ → E2 in ℂ → G

No poles in I sheet

<latexit sha1_base64="Gp1pbOVt4E0nqWQY0Jsy3mt8qOc=">AAACB3icbZC7SgNBFIbPeo3xtmopyGAQkibshqA2QsBGuwjmAskmzE5mkyGzF2ZmhbBsZ+Or2FgoYusr2Pk2TpItNPGHgZ/vnMOZ87sRZ1JZ1rexsrq2vrGZ28pv7+zu7ZsHh00ZxoLQBgl5KNoulpSzgDYUU5y2I0Gx73LacsfX03rrgQrJwuBeTSLq+HgYMI8RrDTqmye0lxQThrrRiKWlXiW90qBSnINS2jcLVtmaCS0bOzMFyFTvm1/dQUhinwaKcCxlx7Yi5SRYKEY4TfPdWNIIkzEe0o62AfapdJLZHSk602SAvFDoFyg0o78nEuxLOfFd3eljNZKLtSn8r9aJlXfpJCyIYkUDMl/kxRypEE1DQQMmKFF8og0mgum/IjLCAhOlo8vrEOzFk5dNs1K2z8vVu2qhdpvFkYNjOIUi2HABNbiBOjSAwCM8wyu8GU/Gi/FufMxbV4xs5gj+yPj8ASvDmEI=</latexit>

e(i�)
2

= e2(i�)
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Scattering

<latexit sha1_base64="UpobXFe15bhQPZHPvoyjqzvRh8c=">AAACAHicbVC7TgJBFL2LL8TXqoWFzURiAhRk1xC1MSGx0Q6DIAksm9lhgAmzj8zMmpANjb9iY6Extn6GnX/jAFsoeJKbnDnn3sy9x4s4k8qyvo3Myura+kZ2M7e1vbO7Z+4fNGUYC0IbJOShaHlYUs4C2lBMcdqKBMW+x+mDN7qe+g+PVEgWBvdqHFHHx4OA9RnBSkuueVR3O5TzguyWilf1bil9FV0zb5WtGdAysVOShxQ11/zq9EIS+zRQhGMp27YVKSfBQjHC6STXiSWNMBnhAW1rGmCfSieZHTBBp1rpoX4odAUKzdTfEwn2pRz7nu70sRrKRW8q/ue1Y9W/dBIWRLGiAZl/1I85UiGapoF6TFCi+FgTTATTuyIyxAITpTPL6RDsxZOXSfOsbJ+XK3eVfPU2jSMLx3ACBbDhAqpwAzVoAIEJPMMrvBlPxovxbnzMWzNGOnMIf2B8/gBuPZUM</latexit>

S`(s
⇤) = S⇤

` (s)

<latexit sha1_base64="0SfzFaYSOwuY61odAzPfPaQQXSQ=">AAACA3icbVC7SgNBFJ31GeNr1U6bwSAkhWFXgtoIARsthAjmAckaZiezyZDZBzN3hbAEbPwVGwtFbP0JO//GyWYLTTxwuYdz7mXmHjcSXIFlfRsLi0vLK6u5tfz6xubWtrmz21BhLCmr01CEsuUSxQQPWB04CNaKJCO+K1jTHV5O/OYDk4qHwR2MIub4pB9wj1MCWuqa+52a4kUoXaTdKmF2nxxzfINh3DULVtlKgeeJnZECylDrml+dXkhjnwVABVGqbVsROAmRwKlg43wnViwidEj6rK1pQHymnCS9YYyPtNLDXih1BYBT9fdGQnylRr6rJ30CAzXrTcT/vHYM3rmT8CCKgQV0+pAXCwwhngSCe1wyCmKkCaGS679iOiCSUNCx5XUI9uzJ86RxUrZPy5XbSqF6ncWRQwfoEBWRjc5QFV2hGqojih7RM3pFb8aT8WK8Gx/T0QUj29lDf2B8/gDZApXE</latexit>

 (t) =  (0)e�iMt

<latexit sha1_base64="Tyb5GaCMVcfDglHrd+rFpepYYc0=">AAACIHicbZDLSgNBEEV74ju+Rl26aQxCFA0zQdSl4EZ3CuYBmRh6OpXYpOdhd40YhnyKG3/FjQtFdKdfYydG0cQLDYdbVVTX9WMpNDrOu5WZmJyanpmdy84vLC4t2yurZR0likOJRzJSVZ9pkCKEEgqUUI0VsMCXUPE7x/165QaUFlF4gd0Y6gFrh6IlOENjNewDbHggZV5v7eLl9jd7cJ2IG1qkwtuhHsItpqdBz/BPd8POOQVnIDoO7hByZKizhv3mNSOeBBAil0zrmuvEWE+ZQsEl9LJeoiFmvMPaUDMYsgB0PR0c2KObxmnSVqTMC5EO3N8TKQu07ga+6QwYXunRWt/8r1ZLsHVYT0UYJwgh/1rUSiTFiPbTok2hgKPsGmBcCfNXyq+YYhxNplkTgjt68jiUiwV3v7B3vpc7Oh3GMUvWyQbJE5cckCNyQs5IiXByRx7IE3m27q1H68V6/WrNWMOZNfJH1scn9v2hpg==</latexit>

t`(s)� t⇤` (s) ⌘ 2i Im t`(s)

But for bound states

Schwarz reflection principle

Above - below the real axis

{
<latexit sha1_base64="Yf9Iv9NFpsF3Ddg8KBilUDgXFVc=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2AR2oplRoq6EQpudFfBXqCdDpk0bUMzmSHJCGXoQ7jxVdy4UMStC3e+jWk7hdr6Q+DjP+dwcn4vZFQqy/oxUiura+sb6c3M1vbO7p65f1CTQSQwqeKABaLhIUkY5aSqqGKkEQqCfI+Ruje4Gdfrj0RIGvAHNQyJ46Mep12KkdKWa54qt0UYy8n82Yzahfz1nNsuzNg1s1bRmggug51AFiSquOZ3qxPgyCdcYYakbNpWqJwYCUUxI6NMK5IkRHiAeqSpkSOfSCeeHDWCJ9rpwG4g9OMKTtz5iRj5Ug59T3f6SPXlYm1s/ldrRqp75cSUh5EiHE8XdSMGVQDHCcEOFQQrNtSAsKD6rxD3kUBY6RwzOgR78eRlqJ0X7Yti6b6ULd8lcaTBETgGOWCDS1AGt6ACqgCDJ/AC3sC78Wy8Gh/G57Q1ZSQzh+CPjK9f0Fec0A==</latexit>

t`(s)� t`(s
⇤) = t`(s)� t⇤` (s)

<latexit sha1_base64="VJcHNn/GHDWLqfu6yZs0mG4LzfU=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBSFKEXQlqIwRstItgEiHZLLOT2WTI7IOZu0JY0vgrNhaK2PoZdv6Nk2QLTTxw4cw59zL3Hi8WXIFlfRu5ldW19Y38ZmFre2d3z9w/aKkokZQ1aSQi+eARxQQPWRM4CPYQS0YCT7C2N7qe+u1HJhWPwnsYx8wJyCDkPqcEtOSaR+B2mRAl1auUr6BXyV5l1yxaVWsGvEzsjBRRhoZrfnX7EU0CFgIVRKmObcXgpEQCp4JNCt1EsZjQERmwjqYhCZhy0tkBE3yqlT72I6krBDxTf0+kJFBqHHi6MyAwVIveVPzP6yTgXzopD+MEWEjnH/mJwBDhaRq4zyWjIMaaECq53hXTIZGEgs6soEOwF09eJq2zqn1erd3VivXbLI48OkYnqIRsdIHq6AY1UBNRNEHP6BW9GU/Gi/FufMxbc0Y2c4j+wPj8AdZllU4=</latexit>

t`(s
⇤) = t⇤` (s)
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Scattering <latexit sha1_base64="TqalvRaMGXDRfIPfGIYCUKv49tw=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4sSRS1I1QdOOyQvqANpbJZJIOnTyYmQgldOfGX3HjQhG3/oI7/8bpY1FbD1w4nHMv997jpZxJZVk/xtLyyuraemGjuLm1vbNr7u03ZJIJQusk4YloeVhSzmJaV0xx2koFxZHHadPr34785iMVkiWxowYpdSMcxixgBCstdc0j58x5yDs+DkMqhteIIQfNCF2zZJWtMdAisaekBFPUuuZ3x09IFtFYEY6lbNtWqtwcC8UIp8NiJ5M0xaSPQ9rWNMYRlW4+/mOITrTioyARumKFxursRI4jKQeRpzsjrHpy3huJ/3ntTAVXbs7iNFM0JpNFQcaRStAoFOQzQYniA00wEUzfikgPC0yUjq6oQ7DnX14kjfOyfVGu3FdK1ZtpHAU4hGM4BRsuoQp3UIM6EHiCF3iDd+PZeDU+jM9J65IxnTmAPzC+fgG5Kpib</latexit>

T � T † = iTT †

<latexit sha1_base64="cw+CMSNCc5IX1X2UNWYg/KaAZvw="></latexit>

ImTi i(s, t = 0) /
X

n

Ti nT
†
n i / �i

tot

Complex function with  0  Branch cutIm f(Re(s))≠ →

Multi-valued function

−S

Unitarity
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Scattering
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□
○
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○○○

○
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● Kaminski et al.
■ Grayer et al. b)
◆ Hyams et al. 75
□ Na48/2 et al.
○ K->2π et al.

<latexit sha1_base64="wTOpzvhIfASQkY3oIt6KhxYGwLk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkpKogguNFdBatCp5RMeqcNzUyG5I5Qhn6MG3/FjQsfuHDjt5i2I6j1QOBwzrnc3BMkUhh03Q9nanpmdm5+YbGwtLyyulZc37g2KtUc6lxJpW8DZkCKGOooUMJtooFFgYSboHc29G/uQBuh4ivsJ9CMWCcWoeAMrdQqHmPLBynLZvfEDzXjmTfIfN1VVqA+V0j9Nkhk3yG6RwXN/UGrWHIr7gh0kng5KZEctVbx1W8rnkYQI5fMmIbnJtjMmEbBJQwKfmogYbzHOtCwNGYRmGY2OnJAd6zSpqHS9sVIR+rPiYxFxvSjwCYjhl3z1xuK/3mNFMOjZibiJEWI+XhRmEqKig4bo22hgaPsW8K4FvavlHeZ7QptrwVbgvf35ElyvV/xDirVy2rp9CKvY4FskW1SJh45JKfknNRInXByTx7JM3lxHpwn5815H0ennHxmk/yC8/kFSlmjWw==</latexit>

t`(s) =
1

⇢(s) cot �`(s)� i⇢(s)

II sheet poles

I sheet clear of poles

My fits

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

Analiticity

Unitarity



The Quest for Exotica Arkaitz Rodas 30

Scattering Pole in II sheet  0 in I sheet↔
<latexit sha1_base64="/Me9wa9eaSAmxNMd13FGzuL47JU=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREiroRCm7srlJ7gSaGyXTSDp1MwsxEKCFv4MZXceNCEbdu3fk2TtMutPXAwM/3n8OZ8/sxo1JZ1rextLyyurZe2Chubm3v7Jp7+20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+KPrid95IELSiN+pcUzcEA04DShGSiPPPGl6DmHsPq3Xs7I8vXICgXBqZ2lToyz3NM48s2RVrLzgorBnogRm1fDML6cf4SQkXGGGpOzZVqzcFAlFMSNZ0UkkiREeoQHpaclRSKSb5vdk8FiTPgwioR9XMKe/J1IUSjkOfd0ZIjWU894E/uf1EhVcuinlcaIIx9NFQcKgiuAkHNingmDFxlogLKj+K8RDpBNROsKiDsGeP3lRtM8q9nmlelst1eqzOArgEByBMrDBBaiBG9AALYDBI3gGr+DNeDJejHfjY9q6ZMxmDsCfMj5/AD2qnDI=</latexit>

SII
` (s) =

1

SI
` (s)

Exercise

<latexit sha1_base64="i2ylX6EPy0B9TTkWbd87f4qm25g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14Kp++XBZa9wWcZThBE7hHAK4hgbcQxNaQCCBZ3iFN094L96797FoLXnFzDH8gff5AyKajlA=</latexit>⇢

Unitarity
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Questions??
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Hybrid
•

• π± − −

• π − −

• η −

•

• ρ −−

• ω − −−

• η′ −

•

• −

• φ − −−

• − −

• −

• −

•

•

• η −

• π − −

• −

•

• π − −

• η −

• − −

−

•

• ω − −−

• −

• ρ −−

• η −

•

• ′

ρ −−

− −

• π − −

• −

• η −

• ω − −−

• ω − −−

• π − −

• φ − −−

• ρ −−

• ρ −−

• −

•

η −

• π − −

−

• φ − −−

• η −

• π − −

ρ −−

−

•

• −

ρ −−

π − −

•

•

π − −

ρ −−

• φ − −−

η −

ρ −−

•

•

ρ −−

±

• ± −

• −

• −

• −

• ∗

• ∗ −

•

•

• ∗ −

• ∗

• ∗

−

−

• ∗ −

• −

• ∗ −

• −

−

∗

∗

• ∗

−

∗ −

−

±

• ± −

• −

• ∗ −

• ∗ ± −

• ∗

∗ ±

•
±

• ∗

• ∗ ±

∗

∗ ±

∗ −

±

• ± −

• ∗±

• ∗ ±

• ±

• ±

• ∗

• ∗ ± −

∗ ± −

∗ ± −

sJ
±

±

• ± −

• −

• ±

• ±

cb ub

• ∗ −

•

•
∗

• ∗

• ∗

•

•

± ∓

• −

• ∗ −

±

•

• ∗

∗
sJ

±

• −

± −

• η −

• /ψ − −−

• χ
• χ

• − −

• χ

• η −

• ψ − −−

• ψ − −−

• ψ − −−

• ψ − −−

χ

• χ

• −

•

• χ

• ± −

• ψ − −−

± −

± −

± −

• χ
• ψ − −−

−

• ψ − −−

−−

± −

ψ − −−

• χ

• ψ − −−

ψ − −−

• ψ − −−

• −

χ

• ψ − −−

χ

• η −

• − −−

• χ

• χ
• − −

• χ

η −

• − −−

• − −−

• χ
• χ

− −

• χ

• − −−

• χ

• χ
• − −−

• −

• −

−−

• − −−

• − −−

<latexit sha1_base64="LPPD8RZdUFGFMqwJ4Ry8+BcDY6g="></latexit>

singlet triplet

` = 0 0�+ 1��

` = 1 1+� (0, 1, 2)++

` = 2 2�+ (1, 2, 3)��

<latexit sha1_base64="P6/oMKm9KApDQyesZI1qKBMa45k="></latexit>

JPC

<latexit sha1_base64="QkXntD+b/SjiwdC3zNwCLwcRF2U=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCRSyJFHUjFLsRVxXsA9o0TKYTO3QyCTMToYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jRYxKZVnfRm5hcWl5Jb9aWFvf2Nwyt3eaMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtbHfeiBC0pDfqVFEnADdc+pTjJSWXHPvppfUa2mpG1HXPrq0e8nJceqaRatsTQDniZ2RIshQd82vbj/EcUC4wgxJ2bGtSDkJEopiRtJCN5YkQniI7klHU44CIp1kcn0KD7XSh34odHEFJ+rviQQFUo4CT3cGSA3krDcW//M6sfIvnITyKFaE4+kiP2ZQhXAcBexTQbBiI00QFlTfCvEACYSVDqygQ7BnX54nzdOyfVau3FaK1assjjzYBwegBGxwDqrgGtRBA2DwCJ7BK3gznowX4934mLbmjGxmF/yB8fkDWsmT4Q==</latexit>

JPC(⇡1) = 1�+
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<latexit sha1_base64="QkXntD+b/SjiwdC3zNwCLwcRF2U=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCRSyJFHUjFLsRVxXsA9o0TKYTO3QyCTMToYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jRYxKZVnfRm5hcWl5Jb9aWFvf2Nwyt3eaMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtbHfeiBC0pDfqVFEnADdc+pTjJSWXHPvppfUa2mpG1HXPrq0e8nJceqaRatsTQDniZ2RIshQd82vbj/EcUC4wgxJ2bGtSDkJEopiRtJCN5YkQniI7klHU44CIp1kcn0KD7XSh34odHEFJ+rviQQFUo4CT3cGSA3krDcW//M6sfIvnITyKFaE4+kiP2ZQhXAcBexTQbBiI00QFlTfCvEACYSVDqygQ7BnX54nzdOyfVau3FaK1assjjzYBwegBGxwDqrgGtRBA2DwCJ7BK3gznowX4934mLbmjGxmF/yB8fkDWsmT4Q==</latexit>

JPC(⇡1) = 1�+

<latexit sha1_base64="RmfPErN9aAH54jNfXb9+0NgKjFU=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQEUsiRd0IxW7EVQX7gDYtk+mkHTqZhJmJEEL8FTcuFHHrh7jzb5y2WWjrgQuHc+7l3nvckFGpLOvbyK2srq1v5DcLW9s7u3vm/kFLBpHApIkDFoiOiyRhlJOmooqRTigI8l1G2u6kPvXbj0RIGvAHFYfE8dGIU49ipLQ0MIt3/aRRT8u9kJ5cW/3k7DSFA7NkVawZ4DKxM1ICGRoD86s3DHDkE64wQ1J2bStUToKEopiRtNCLJAkRnqAR6WrKkU+kk8yOT+GxVobQC4QuruBM/T2RIF/K2Hd1p4/UWC56U/E/rxsp78pJKA8jRTieL/IiBlUAp0nAIRUEKxZrgrCg+laIx0ggrHReBR2CvfjyMmmdV+yLSvW+WqrdZHHkwSE4AmVgg0tQA7egAZoAgxg8g1fwZjwZL8a78TFvzRnZTBH8gfH5A4Qfk2Y=</latexit>

JPC(⇡) = 0�+

<latexit sha1_base64="DRdMfg4UCnJDU9nJSKx3qczeulo=">AAACA3icbVDLSsNAFJ3UV62 vqDvdDBaxRSyJFHUjFLsRVxXsA9q0TKaTduhkEmYmQgkBN/6KGxeKuPUn3Pk3TtsstHrgwuGce7n3HjdkVCrL+jIyC4tLyyvZ1dza+sbmlrm905BBJDCp44AFouUiSRjlpK6oYqQVCoJ8l5GmO6pO/OY9EZIG/E6NQ+L4aMCpRzFSWuqZezfduFZNCh2iUDcuHBWT4qXVjU+OE9gz81bJmgL+JXZK8iBFrWd+dvoBjnzCFWZIyrZthcqJkVAUM5LkOpEkIcIjNCBtTTnyiXTi6Q8JPNRKH3qB0MUVnKo/J2LkSzn2Xd3pIzWU895E/M9rR8q7cGLKw0gRjmeLvIhBFcBJILBPBcGKjTVBWFB9K8RDJBBWOracDsGef/kvaZyW7LNS+bacr1ylcWTBPjgABWCDc1AB16AG6gCDB/AEXsCr8Wg8G2/G+6w1Y6Qzu+AXjI9vC2SV2w==</latexit>

JPC(⌘(
0)) = 0�+

<latexit sha1_base64="Kr3ncWa0uW4EIQ1eP7+zX66WkSo="></latexit>

1p
2

�
|⇡+⇡�i+ (�1)J |⇡�⇡+i

� <latexit sha1_base64="Lg+/u+7+NxxtkV7lTMF1QFR7RHs=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARKr2QlKJuhEI36qqCrYWmLZPppB06uTAzEUrIS7jxVdy4UMSt4M63cZpmoa0/HPj4zznMnN8OGBXSML61zMrq2vpGdjO3tb2zu6fvH7SFH3JMWthnPu/YSBBGPdKSVDLSCThBrs3IvT1pzPr3D4QL6nt3chqQnotGHnUoRlJZA71004+ajbhgBRSqOr00+lGxGJesEjT7Ubkcl6DCamLCgZ43KkYiuAxmCnmQqjnQv6yhj0OXeBIzJETXNALZixCXFDMS56xQkADhCRqRrkIPuUT0ouSqGJ4oZwgdn6vyJEzc3xsRcoWYuraadJEci8XezPyv1w2lc9GLqBeEknh4/pATMih9OIsIDiknWLKpAoQ5VX+FeIw4wlIFmVMhmIsnL0O7WjHPKrXbWr5+ncaRBUfgGBSACc5BHVyBJmgBDB7BM3gFb9qT9qK9ax/z0YyW7hyCP9I+fwB4v5tB</latexit>

JPC(⇡⇡) = 0++, 1��, 2++

<latexit sha1_base64="c9cQ4TULLZM3PpbagUXBcOdtiG4=">AAAB/3icbVBNS8NAEN34WetXVPDiZbGI9VISKeqx4EVvFewHNLFsttN26WYTdjdCSXvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlBzJnSjvNtLS2vrK6t5zbym1vbO7v23n5dRYmkUKMRj2QzIAo4E1DTTHNoxhJIGHBoBIPrid94BKlYJO71MAY/JD3BuowSbaS2fTjyYoY90OQhLZ6ejT1JRI9D2y44JWcKvEjcjBRQhmrb/vI6EU1CEJpyolTLdWLtp0RqRjmM816iICZ0QHrQMlSQEJSfTu8f4xOjdHA3kqaExlP190RKQqWGYWA6Q6L7at6biP95rUR3r/yUiTjRIOhsUTfhWEd4EgbuMAlU86EhhEpmbsW0TySh2kSWNyG48y8vkvp5yb0ole/KhcptFkcOHaFjVEQuukQVdIOqqIYoGqFn9IrerCfrxXq3PmatS1Y2c4D+wPr8ATo7laE=</latexit>

|⇡⌘(
0)i

<latexit sha1_base64="iwef+P+IaoJUS49hF6Zb276ZWQM="></latexit>

JPC(⇡⌘(
0)) = 0++, 1�+, 2++

 dictates final statesJPC

Looking at lightest final states
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<latexit sha1_base64="QkXntD+b/SjiwdC3zNwCLwcRF2U=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCRSyJFHUjFLsRVxXsA9o0TKYTO3QyCTMToYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jRYxKZVnfRm5hcWl5Jb9aWFvf2Nwyt3eaMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtbHfeiBC0pDfqVFEnADdc+pTjJSWXHPvppfUa2mpG1HXPrq0e8nJceqaRatsTQDniZ2RIshQd82vbj/EcUC4wgxJ2bGtSDkJEopiRtJCN5YkQniI7klHU44CIp1kcn0KD7XSh34odHEFJ+rviQQFUo4CT3cGSA3krDcW//M6sfIvnITyKFaE4+kiP2ZQhXAcBexTQbBiI00QFlTfCvEACYSVDqygQ7BnX54nzdOyfVau3FaK1assjjzYBwegBGxwDqrgGtRBA2DwCJ7BK3gznowX4934mLbmjGxmF/yB8fkDWsmT4Q==</latexit>

JPC(⇡1) = 1�+

 dictates final statesJPC



The Quest for Exotica Arkaitz Rodas 35

At odds with theory!!
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<latexit sha1_base64="/Q1TIYKffmcxEDkRtdFiSIapB98=">AAACKXicbVDLSgMxFM34tr6qLt0Ei6AgZUZEXRbcqCAo2Id0asmkdzqhmQfJHaGM8ztu/BU3Coq69UdMHwtfBxIO55xLco+XSKHRtt+ticmp6ZnZufnCwuLS8kpxda2m41RxqPJYxqrhMQ1SRFBFgRIaiQIWehLqXu944NdvQWkRR1fYT6AVsm4kfMEZGqldrJxuuxgAsl3qJoHYMbeKE4ypK8HHu+t2dpbfZOf5z5SrRDfAu5tsL28XS3bZHoL+Jc6YlMgYF+3is9uJeRpChFwyrZuOnWArYwoFl5AX3FRDwniPdaFpaMRC0K1suGlOt4zSoX6szImQDtXvExkLte6HnkmGDAP92xuI/3nNFP2jViaiJEWI+OghP5XUNDGojXaEAo6ybwjjSpi/Uh4wxTiacgumBOf3yn9Jba/sHJT3L/dLldNxHXNkg2ySbeKQQ1IhJ+SCVAkn9+SRvJBX68F6st6sj1F0whrPrJMfsD6/AEavpro=</latexit>

I(✓,�) /
��Y M

J (✓,�)
��2

Hybrid
Remember



The Quest for Exotica Arkaitz Rodas 37

<latexit sha1_base64="WE7oUhvYDBxQJP+zYdeLNU12sHY=">AAACEHicbVDLSgMxFM3UV62vUZdugkV0IWWmFHVTKLixglDBPqAzlkyaaUMzmZBkhFL6CW78FTcuFHHr0p1/Y9rOQlsPBA7n3MvNOYFgVGnH+bYyS8srq2vZ9dzG5tb2jr2711BxIjGp45jFshUgRRjlpK6pZqQlJEFRwEgzGFxO/OYDkYrG/E4PBfEj1OM0pBhpI3Xs4+uy653elD0RQRd6OoZVT8hYGOIpyu+LRusTjTp23ik4U8BF4qYkD1LUOvaX141xEhGuMUNKtV1HaH+EpKaYkXHOSxQRCA9Qj7QN5Sgiyh9NA43hkVG6MIyleVzDqfp7Y4QipYZRYCYjpPtq3puI/3ntRIcX/ohykWjC8exQmDBo4k7agV0qCdZsaAjCkpq/QtxHEmFtOsyZEtz5yIukUSy4Z4XSbSlfqaZ1ZMEBOAQnwAXnoAKuQA3UAQaP4Bm8gjfryXqx3q2P2WjGSnf2wR9Ynz/RaZtF</latexit>

J = 1M = ±1 ! I / sin2 ✓

<latexit sha1_base64="NsYgbS84IERwmxThaolrpBSppM8="></latexit>

J = 2 M = ±1 ! I / cos2 ✓ sin2 ✓

<latexit sha1_base64="/Q1TIYKffmcxEDkRtdFiSIapB98=">AAACKXicbVDLSgMxFM34tr6qLt0Ei6AgZUZEXRbcqCAo2Id0asmkdzqhmQfJHaGM8ztu/BU3Coq69UdMHwtfBxIO55xLco+XSKHRtt+ticmp6ZnZufnCwuLS8kpxda2m41RxqPJYxqrhMQ1SRFBFgRIaiQIWehLqXu944NdvQWkRR1fYT6AVsm4kfMEZGqldrJxuuxgAsl3qJoHYMbeKE4ypK8HHu+t2dpbfZOf5z5SrRDfAu5tsL28XS3bZHoL+Jc6YlMgYF+3is9uJeRpChFwyrZuOnWArYwoFl5AX3FRDwniPdaFpaMRC0K1suGlOt4zSoX6szImQDtXvExkLte6HnkmGDAP92xuI/3nNFP2jViaiJEWI+OghP5XUNDGojXaEAo6ybwjjSpi/Uh4wxTiacgumBOf3yn9Jba/sHJT3L/dLldNxHXNkg2ySbeKQQ1IhJ+SCVAkn9+SRvJBX68F6st6sj1F0whrPrJMfsD6/AEavpro=</latexit>

I(✓,�) /
��Y M

J (✓,�)
��2

Hybrid
Remember?

Tensor waves

Vector waves
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Hybrid Measurement
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Hybrid Measurement

Simple vertex
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s

Hybrid Measurement

Simple vertex

Our amplitude

<latexit sha1_base64="kZuRmfcvia9ff39rGDSPD8Br6Po=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGQVB1pj2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5omn5MwqAxLGyj5pyFz9vZHRSOtJFNjJWUK97M3E/7xuasJrP+MySQ1KtvgoTAUxMZmdTwZcITNiYgllitushI2ooszYkkq2BG/55FXSuqh6l9Xafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDvUOQ+Q==</latexit>P

<latexit sha1_base64="47v8CN7i8zwwu2b4EoNTc9uJyyU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBi94qmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aysrq1vbBa2its7u3v7pYPDho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPRzdRvPqHSPJYPZpxgENGB5H3OqLGS30n443m3VHYr7gxkmXg5KUOOerf01enFLI1QGiao1m3PTUyQUWU4EzgpdlKNCWUjOsC2pZJGqINsduyEnFqlR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+iDcFbfHmZNC4q3mWlel8t1+7yOApwDCdwBh5cQQ1uoQ4+MODwDK/w5kjnxXl3PuatK04+cwR/4Hz+AHQbjnw=</latexit>

⇡�
<latexit sha1_base64="47v8CN7i8zwwu2b4EoNTc9uJyyU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBi94qmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aysrq1vbBa2its7u3v7pYPDho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPRzdRvPqHSPJYPZpxgENGB5H3OqLGS30n443m3VHYr7gxkmXg5KUOOerf01enFLI1QGiao1m3PTUyQUWU4EzgpdlKNCWUjOsC2pZJGqINsduyEnFqlR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+iDcFbfHmZNC4q3mWlel8t1+7yOApwDCdwBh5cQQ1uoQ4+MODwDK/w5kjnxXl3PuatK04+cwR/4Hz+AHQbjnw=</latexit>

⇡�

<latexit sha1_base64="47v8CN7i8zwwu2b4EoNTc9uJyyU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBi94qmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aysrq1vbBa2its7u3v7pYPDho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPRzdRvPqHSPJYPZpxgENGB5H3OqLGS30n443m3VHYr7gxkmXg5KUOOerf01enFLI1QGiao1m3PTUyQUWU4EzgpdlKNCWUjOsC2pZJGqINsduyEnFqlR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+iDcFbfHmZNC4q3mWlel8t1+7yOApwDCdwBh5cQQ1uoQ4+MODwDK/w5kjnxXl3PuatK04+cwR/4Hz+AHQbjnw=</latexit>

⇡�

<latexit sha1_base64="VJ52ihsuwUZbnm5ci7NxkCzNIsE=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISKeqx4EVvFewHNLFstpN26WYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2+/bB8ctlWcSgotGvNYdgOigDMBLc00h24igUQBh04wvp75nUeQisXiXk8S8CMyFCxklGgj9e2yB5o8ZFUvkSyCs2nfrjg1Zw68StycVFCOZt/+8gYxTSMQmnKiVM91Eu1nRGpGOUxLXqogIXRMhtAzVJAIlJ/ND5/iU6MMcBhLU0Ljufp7IiORUpMoMJ0R0SO17M3E/7xeqsMrP2MiSTUIulgUphzrGM9SwAMmgWo+MYRQycytmI6IJFSbrEomBHf55VXSPq+5F7X6Xb3SuM3jKKJjdIKqyEWXqIFuUBO1EEUpekav6M16sl6sd+tj0Vqw8pkj9AfW5w+DAZMH</latexit>

⌘(0)
<latexit sha1_base64="VJ52ihsuwUZbnm5ci7NxkCzNIsE=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISKeqx4EVvFewHNLFstpN26WYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2+/bB8ctlWcSgotGvNYdgOigDMBLc00h24igUQBh04wvp75nUeQisXiXk8S8CMyFCxklGgj9e2yB5o8ZFUvkSyCs2nfrjg1Zw68StycVFCOZt/+8gYxTSMQmnKiVM91Eu1nRGpGOUxLXqogIXRMhtAzVJAIlJ/ND5/iU6MMcBhLU0Ljufp7IiORUpMoMJ0R0SO17M3E/7xeqsMrP2MiSTUIulgUphzrGM9SwAMmgWo+MYRQycytmI6IJFSbrEomBHf55VXSPq+5F7X6Xb3SuM3jKKJjdIKqyEWXqIFuUBO1EEUpekav6M16sl6sd+tj0Vqw8pkj9AfW5w+DAZMH</latexit>

⌘(0)
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Hybrid
Remember?

<latexit sha1_base64="P+Sz4/s3ilhTvwWi1HJgVuTYGic=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBEqSNktRb0IBS/2VsH+QHct2TTbhibZJckKZdsH8OKrePGgiFcfwJtvY9ouoq0DIcPMfCTf+BGjStv2l7W0vLK6tp7ZyG5ube/s5vb2GyqMJSZ1HLJQtnykCKOC1DXVjLQiSRD3GWn6g6uJ37wnUtFQ3OphRDyOeoIGFCNtpE4uX+Xuqe64hLGCOrl0ZT80Nxz9SKO7kknZRXsKuEiclORBilon9+l2QxxzIjRmSKm2Y0faS5DUFDMyzrqxIhHCA9QjbUMF4kR5yXSZMTw2ShcGoTRHaDhVf08kiCs15L5JcqT7at6biP957VgHF15CRRRrIvDsoSBmUIdw0gzsUkmwZkNDEJbU/BXiPpIIa9Nf1pTgzK+8SBqlonNWLN+U85VqWkcGHIIjUAAOOAcVcA1qoA4weABP4AW8Wo/Ws/Vmvc+iS1Y6cwD+wPr4BnlBmgU=</latexit>

Im t`(s) = ⇢(s)|t`(s)|2

<latexit sha1_base64="2kzbYLbrDEcWxZnCt9gC2ofrM5U=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARqpSSSFE3QsGN3VWwF2himEwn7dDJhZmJUEJfwo2v4saFIm4Fd76NkzSIth4Y5uP/z2Hm/G7EqJCG8aUVlpZXVteK66WNza3tHX13ryPCmGPSxiELec9FgjAakLakkpFexAnyXUa67vgq9bv3hAsaBrdyEhHbR8OAehQjqSRHrzZ9aFWRYxHGKuL40uKjUN1QZsrdSco/rqOXjZqRFVwEM4cyyKvl6J/WIMSxTwKJGRKibxqRtBPEJcWMTEtWLEiE8BgNSV9hgHwi7CTbagqPlDKAXsjVCSTM1N8TCfKFmPiu6vSRHIl5LxX/8/qx9C7shAZRLEmAZw95MYMyhGlEcEA5wZJNFCDMqforxCPEEZYqyJIKwZxfeRE6pzXzrFa/qZcbzTyOIjgAh6ACTHAOGuAatEAbYPAAnsALeNUetWftTXuftRa0fGYf/Cnt4xuoAJyp</latexit>

Ima`(s) = ⇢(s)t⇤` (s)a`(s)

 contains the poletℓ(s)

 is simpleaℓ(s)
<latexit sha1_base64="ZwDmfDk08m5VskouAXnYSdS0Ug0="></latexit>

a` i(s) /
X

k

n`
k(s)

h
D`(s)

�1
i

ki

<latexit sha1_base64="fa0Iojog5QYg/xg5d30yxJ/EJiU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQtsNGK0O9CAMvipcJ7gXaOtIs3cLStCSpMMo+gxe/ihcPinj15M1vY7ZV0M0/BH75P89D8vz9mFGpLOvLyC0tr6yu5dcLG5tb2zvm7l5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7wYlJv3xMhacRv1SgmXoj6nAYUI6WtrllWXZcwVpLlc+f6Lq3Y4597hUJXDCJN3sw3i1bVmgougp1BEWRqdM1PtxfhJCRcYYakdGwrVl6KhKKYkXHBTSSJER6iPnE0chQS6aXTlcbwSDs9GERCH67g1P09kaJQylHo684QqYGcr03M/2pOooIzL6U8ThThePZQkDCoIjjJB/aoIFixkQaEBdV/hXiABMJKp1jQIdjzKy9C67hqn1RrN7Vi/SqLIw8OwCEoARucgjq4BA3QBBg8gCfwAl6NR+PZeDPeZ605I5vZB39kfHwDVdWcCA==</latexit>

t`(s) = [K�1
` (s)� i⇢(s)]�1
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Hybrid
<latexit sha1_base64="jq65Be+3MbyWdJXKbkAlfH/v3Ho="></latexit>

DJ
ki(s) =

h
KJ(s)

�1
i

ki
� s

⇡

Z 1

sk

ds0
⇢NJ

ki(s
0)

s0(s0 � s� i✏)

<latexit sha1_base64="fa0Iojog5QYg/xg5d30yxJ/EJiU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQtsNGK0O9CAMvipcJ7gXaOtIs3cLStCSpMMo+gxe/ihcPinj15M1vY7ZV0M0/BH75P89D8vz9mFGpLOvLyC0tr6yu5dcLG5tb2zvm7l5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7wYlJv3xMhacRv1SgmXoj6nAYUI6WtrllWXZcwVpLlc+f6Lq3Y4597hUJXDCJN3sw3i1bVmgougp1BEWRqdM1PtxfhJCRcYYakdGwrVl6KhKKYkXHBTSSJER6iPnE0chQS6aXTlcbwSDs9GERCH67g1P09kaJQylHo684QqYGcr03M/2pOooIzL6U8ThThePZQkDCoIjjJB/aoIFixkQaEBdV/hXiABMJKp1jQIdjzKy9C67hqn1RrN7Vi/SqLIw8OwCEoARucgjq4BA3QBBg8gCfwAl6NR+PZeDPeZ605I5vZB39kfHwDVdWcCA==</latexit>

t`(s) = [K�1
` (s)� i⇢(s)]�1

Later

Very good fit to data
Describing two diff. peaks

D waveηπ →
Both P, Dη′￼π →
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Only one pole Reconciles for the first time theory  experiment⟷

Hybrid

-0.02

-0.01

0.43 0.44 0.45 0.46 0.47

Lattice QCD confirmed

Exp. + pheno. confirmed 2
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<latexit sha1_base64="yMn8Y7EsTr1DIO4CNQWoJqCfF+o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulNZj0YvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpcdw4Ja9uudeDoolt+IugNaJl5ESZGgOil/9YUQSQaUhHGvd89zY+ClWhhFOZ4V+ommMyQSPaM9SiQXVfro4eIYurDJEYaRsSYMW6u+JFAutpyKwnQKbsV715uJ/Xi8x4bWfMhknhkqyXBQmHJkIzb9HQ6YoMXxqCSaK2VsRGWOFibEZFWwI3urL66R9VfFqlep9tdS4yeLIwxmcQxk8qEMD7qAJLSAg4Ble4c1Rzovz7nwsW3NONnMKf+B8/gCDQ47s</latexit>

f0(1710)γ

J/ψ
π,K

π, K̄

Lattice QCD expectation

Glueball

Golden channel in 

Glueball around 2 GeV 

Stronger coupling here  glueball→
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<latexit sha1_base64="yMn8Y7EsTr1DIO4CNQWoJqCfF+o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulNZj0YvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpcdw4Ja9uudeDoolt+IugNaJl5ESZGgOil/9YUQSQaUhHGvd89zY+ClWhhFOZ4V+ommMyQSPaM9SiQXVfro4eIYurDJEYaRsSYMW6u+JFAutpyKwnQKbsV715uJ/Xi8x4bWfMhknhkqyXBQmHJkIzb9HQ6YoMXxqCSaK2VsRGWOFibEZFWwI3urL66R9VfFqlep9tdS4yeLIwxmcQxk8qEMD7qAJLSAg4Ble4c1Rzovz7nwsW3NONnMKf+B8/gCDQ47s</latexit>

f0(1710)

γ

J/ψ

π, K̄

π, K

π, K̄

π, K

Glueball

Lattice QCD expectation
Glueball around 2 GeV 

Same as before
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46

Glueball We determined 7 particles with precision
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<latexit sha1_base64="yMn8Y7EsTr1DIO4CNQWoJqCfF+o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulNZj0YvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpcdw4Ja9uudeDoolt+IugNaJl5ESZGgOil/9YUQSQaUhHGvd89zY+ClWhhFOZ4V+ommMyQSPaM9SiQXVfro4eIYurDJEYaRsSYMW6u+JFAutpyKwnQKbsV715uJ/Xi8x4bWfMhknhkqyXBQmHJkIzb9HQ6YoMXxqCSaK2VsRGWOFibEZFWwI3urL66R9VfFqlep9tdS4yeLIwxmcQxk8qEMD7qAJLSAg4Ble4c1Rzovz7nwsW3NONnMKf+B8/gCDQ47s</latexit>
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We determined 7 particles with precision

Highest “glue” coupling  → f0(1710)
Points to a predominant glueball nature
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Questions??
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Hybrid

We have a multiplet partner

The second one should also be here
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Hybrid

Kinematics are more challenging

Mixed in data


