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What can lattice QCD calculate? 

Short answer: almost everything for 
leading-power TMDs ☺︎
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with one soft scale to be sensitive to the confined motion and the spatial landscape of the
quarks and gluons inside the nucleon. Most importantly, theoretical advances over the past
decade have resulted in the development of a powerful transverse momentum dependent
(TMD) QCD factorization formalism that enables us to extract the 3-dimensional (3D) motion
of quarks and gluons inside a colliding nucleon. Information from these new and precise data
enables the determination of universal transverse momentum dependent parton distributions
(or simply, TMDs). With additional data from experiments around the world and the future
Electron-Ion Collider (EIC) [5], a much sharper and detailed picture of the nucleon’s internal
landscape will become available to shed light on the dynamics of confined quarks and gluons
that form the nucleon - the building block of our visible world.

In this TMD Handbook, we provide a modern introduction to the physics of transverse
momentum dependent distributions – the TMDs, which encode the quantum correlations
between hadron polarization and the motion and polarization of quarks and gluons inside
it, as sketched in Fig. 1.1. We cover the precise definition of these fundamental and univer-
sal TMDs and their properties, the TMD factorization formalisms to match these quantum
distributions to physical observables measured in high energy scattering experiments, and
phenomenological approaches for extracting them from precise experimental data. We intro-
duce new advances in ab initio lattice QCD (LQCD) calculations, as well as various model
calculations of the TMDs. We discuss what we can learn from the TMDs to understand better
how the dynamics of QCD determines the properties of the nucleon and its internal landscape.
This TMD handbook is a project of the TMD Collaboration – a Topical Collaboration in Nu-
clear Theory for the Coordinated Theoretical Approach to Transverse Momentum Dependent
Hadron Structure in QCD [https://sites.google.com/a/lbl.gov/tmdwiki/], supported by the
Office of Nuclear Physics of the U.S. Department of Energy.

Figure 1.1: Illustration of the mo-
mentum and spin variables probed
by TMD parton distributions.

In the rest of this Chapter, we provide an intuitive in-
troduction to the TMDs and their role in describing the
hadron’s internal structure, and the role of lattice QCD for
calculating these intrinsically non-perturbative but funda-
mental distribution functions. An outline for the material
in the remaining chapters of this handbook can be found in
Sec. 1.5.

1.1 Hadrons, Partons and QCD
The discovery of the neutron by Chadwick in 1932 her-

alded the strong interactions, as a force much stronger than
the electromagnetic Coulomb repulsion between the pro-
tons in a nucleus was needed to keep atomic nuclei to-
gether. In the twenty years following this discovery tremen-
dous progress was made in understanding the interactions
between two nucleons, however particle physics was still
rather simple with the only additions being the pions (�)
as expected from Yukawa theory and the muons (⇠) (“Who
ordered that?" [6]). In the next decade this simple state of affairs was blown apart by the
proliferate discovery of different particles, which led to the development of the eight-fold way
by Gell-Mann and Ne‘eman that put light hadrons and mesons into multiplets of flavor (*(3),
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Figure 2.16: Semi Inclusive Deep Inelastic Scattering process (SIDIS) in ✏⇤
? center of mass frame. The

plot is from Ref. [214], adapted to the notation used here.

and similarly for the form in Eq. (2.180b).
Finally, we remark that Higgs production at the LHC is dominated by perturbative⇤QCD ⌧

@) ⌧ <� , in which case one can relate the gluon TMD PDFs to collinear PDFs as discussed in
Sec. 2.8, supplemented by resummation of large logarithms as outlined in Chapter 4.
2.11.3 Polarized SIDIS cross section

We now consider Semi-Inclusive Deep-Inelastic Scattering (SIDIS),

✓ (;) + ?(%) ! ✓ (;0) + ⌘(%⌘) + - , (2.185)

where the incoming lepton (an electron, positron or muon) with momentum ; scatters off a
proton with momentum %, both of which can be polarized. One measures both the outgoing
lepton with momentum ;

0 and a hadron of type ⌘ (such as a pion or kaon) and momentum %⌘ ,
but is inclusive over any additional hadronic radiation -.

As in the case of polarized Drell-Yan discussed in Sec. 2.11.1, we are interested in mea-
suring angular correlations in order to extract correlations between the polarization of the
struck quark and the spin of the proton. This requires defining a reference frame in which to
specify angular measurements, which is commonly chosen according to the Trento conven-
tions [19]. In this frame, the spacelike momentum @ defines the I axis, which together with
the lepton momenta defines the (G , I)-plane, with respect to which all angles are defined. This
is illustrated in Fig. 2.16.

We are interested in measuring the momentum component %⌘) and azimuthal angle )⌘ of
the detected hadron in this frame. In addition, there is an azimuthal angle #; characterizing
the overall orientation of the lepton scattering plane around the incoming lepton direction. The
angle is calculated with respect to an arbitrary reference axis, which in the case of transversely
polarized targets is chosen to be the direction of the polarization vector () . In the DIS limit
#; ⇡ )(, where the latter is the azimuthal angle of the spin-vector of the struck hadron. These
observables are also illustrated in Fig. 2.16.

In the limit that & ⌧ <, ,/, the SIDIS process can be described in the single-photon
exchange approximation, and is characterized by 18 independent structure functions [125]. At
leading order in a 1/& expansion, only a subset of 8 structure functions contributes, and the

Kang, Prokudin, Sun and Yuan, 
Phys. Rev. D 93, 014009 (2016)

dσW

dxdydzhd2PhT
∼ ∫ d2bT eibT⋅PhT /z

l + p ⟶ l + h(Ph) + X

× fi/p(x, bT, Q, Q2) Dh/i(zh, bT, Q, Q2)

fi/p(x, bT, μ, ζ) = f pert
i/p (x, b * (bT), μ, ζ)

× ( ζ
Q2

0 )
gK(bT)/2

f NP
i/p (x, bT)

Collins-Soper kernel (NP part)

Intrinsic TMD
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discussed in Sec. III C. However, since the fits are performed using the central set of the collinear distributions,
all TMD replicas have the same integral in k? (i.e., their values at bT = 0 are the same). As a consequence,
the plots in Figs. 13-14 only partially account for the error of the collinear distributions.

1. Collins–Soper kernel

It is interesting to study the Collins–Soper kernel [6, 109] that drives the evolution of TMDs in terms of the
rapidity scale ⇣. Recent discussions of this crucial component of the TMD formalism have been presented in
Refs. [110, 111] and estimates based on lattice QCD have been proposed in Refs. [112–114].

The Collins–Soper kernel, as written in Eq. (36), is composed of two parts. The first part can be calculated
perturbatively and is computed at b⇤. The second part, denoted as gK , depends on the implementation of the
b⇤ prescription, cannot be computed in perturbation theory, and is one of the results of our fit. Only the full
Collins–Soper kernel can be compared with other works.

In Fig. 15, we show the Collins–Soper kernel as a function of |bT | at the scale µ = 2 GeV for our present
analysis (MAPTMD22, green band) and for four other analyses in the literature [5, 7, 20, 22]. The solid lines at
low |bT | correspond to the perturbative result. The slight di↵erences between the curves are due to the di↵erent
logarithmic accuracies of the perturbative calculations: the PV17 analysis was performed at NLL, the SV17
analysis at N2LL, the PV19, SV19 and MAPTMD22 at N3LL. The b⇤ prescription modifies the curves starting
from |bT | ⇡ 1 GeV�1. The behavior at high |bT | is driven by gK and is di↵erent for the various analyses.

At low |bT |, in our implementation b⇤ saturates to bmin ⇡ 1.123/Q. This implies that at low |bT | the Collins–
Soper kernel saturates to a finite value, as indicated by the dashed lines. As the scale increases, this modification
occurs at lower and lower values of |bT | and becomes less relevant.
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FIG. 15: The Collins–Soper kernel as a function of |bT | at a scale µ = 2 GeV from the present analysis (MAPTMD22),
compared with the PV17 [5], SV17 [20], PV19 [7], and SV19 [22] analyses. For the MAPTMD22, PV17, and PV19
curves, the uncertainty bands represent the 68% CL. Dashed lines show the e↵ect of including the bmin-prescription (see
text).

2. Average squared transverse momenta

The average squared transverse momenta hk2
?
i(x,Q), hP 2

?
i(z,Q) are calculated with the Bessel weighting

technique suggested in Refs. [115, 116].
In the case of the TMD PDF for a quark q in the proton at µ =

p
⇣ = Q, one has [115, 116]:

hk2
?
iq(x,Q) =

´
d
2k? k2

?
f
q
1 (x,k

2
?
, Q,Q

2)´
d2k? f

q
1 (x,k

2
?
, Q,Q2)

=
2M2

f̂
q (1)
1 (x, |bT |, Q,Q

2)

f̂
q
1 (x, |bT |, Q,Q2)

����
|bT |=0

, (58)

where the Fourier transform f̂
q
1 of the TMD PDF has been defined in Eq. (5) and the first Bessel moment of

the TMD PDF f̂
q (1)
1 is defined as [115]:

f̂
q (1)
1 (x, |bT |, Q,Q

2) =
2⇡

M2

ˆ +1

0
d|k?|

k2
?

|bT |
J1

�
|k?||bT |

�
f
q
1 (x,k

2
?
, Q,Q

2) = � 2

M2

@

@b2
T

f̂
q
1 (x, |bT |, Q,Q

2) .

(59)

Bacchetta, Bertone, Bissolotti, et al., MAP Collaboration, 2206.07598
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the color code indicated in the legend, it is easy to realize that the nondiagonal elements are very small except
for some (anti–)correlation among the �1, �1 and �1 parameters that control the z–dependent width of the
Gaussians in the TMD FF (see Eqs. (39), (41)). The overall absence of large correlations suggests that the
model parametrization of the non perturbative parts of TMDs is appropriate.
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FIG. 13: The TMD PDF of the up quark in a proton at µ =
p
⇣ = Q = 2 GeV (left panel) and 10 GeV (right panel) as

a function of the partonic transverse momentum |k?| for x = 0.001, 0.01 and 0.1. The uncertainty bands represent the
68% CL.

In Fig. 13, we show the unpolarized TMD PDF for the up quark in the proton at µ =
p
⇣ = Q = 2 GeV (left

panel) and 10 GeV (right panel) as a function of the quark transverse momentum |k?| for three di↵erent values
of x, namely x = 0.001, 0.01, and 0.1. The bands correspond to the 68% CL.

The TMD seems to be wider at intermediate x = 0.01, but has also a high tail at x = 0.001. As already
mentioned, a significant role is played by the weighted Gaussian and by the second Gaussian in Eq. (38).
This may be a sign of the presence of contributions from di↵erent quark flavors and/or from di↵erent spin
configurations (see Sec. II C).

It is worth noticing that in both left and right panels the TMD PDF at x = 0.001 shows the largest error
band, particularly at low |k?|. This is due to the lack of experimental points in that kinematic region (see
Fig. 3). Future data from the Electron-Ion Collider (EIC) are expected to play an important role in getting a
better description of the TMD PDFs at low x [107, 108].

FIG. 14: The TMD FF for an up quark fragmenting into a ⇡
+ at µ =

p
⇣ = Q = 2 GeV (left panel) and 10 GeV (right

panel) as a function of the hadron transverse momentum |P?| for z = 0.3 and 0.6. The uncertainty bands represent the
68% CL.

In Fig. 14, we show the TMD FF for the up quark fragmenting into a ⇡
+ at µ =

p
⇣ = Q = 2 GeV (left

panel) and 10 GeV (right panel) as a function of the pion transverse momentum |P?| (with respect to the
fragmenting quark axis) for two di↵erent values of z = 0.3 and 0.6. As in the previous figure, the uncertainty
bands correspond to the 68% CL. In both left and right panels, an additional structure clearly emerges at
intermediate P?, especially at z = 0.3, which is induced by the weighted Gaussian in Eq. (39). Further
investigations on this topic are needed, and data from electron-positron annihilations would be valuable to
better explore these features.

We stress that the error bands displayed in Figs. 13-14 reflect the uncertainty on the fitted parameters (see
Eqs. (38)-(39)) that are determined by taking into account the uncertainty on the collinear PDFs and FFs as
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MHENS scheme Quasi-TMDs

Ø Pioneered lattice TMDs

Ø Focused on x-moments

Ø Renormalization, soft function, 
factorization not fully known

Ø Newer; fewer results for proton

Ø Focused on full TMD

Ø Renormalization, soft function 
have been proposed

Musch, Hägler, Engelhardt, Negele, Schäfer (2013). Ji (2014).

× f [s]
i/p (x, bT, μ, ζ){1 + 𝒪[ 1

(xP̃zbT)2
,

Λ2
QCD

(xP̃z)2 ]}

f̃ [s]
i/p(x, bT, μ, P̃z)

Sq
r (bT, μ)

= C(μ, xP̃z) exp[ 1
2

K(μ, bT)ln
(2xP̃z)2

ζ ]

(Naive) Quasi-TMD ✓

Reduced soft function ✓

NLO Perturbative matching ✓

Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020).

See Ebert, Schindler, Stewart and YZ, JHEP 04 (2022) 178 
and references therein.

The Lorentz invariant approach by Musch, Hägler, 
Engelhardt, Negele and Schäfer has mainly been applied 

to calculate the ratios of TMD moments. 
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× f [s]
i/p (x, bT, μ, ζ){1 + 𝒪[ 1

(xP̃zbT)2
,

Λ2
QCD

(xP̃z)2 ]}

f̃ [s]
i/p(x, bT, μ, P̃z)

Sq
r (bT, μ)

= C(μ, xP̃z) exp[ 1
2

K(μ, bT)ln
(2xP̃z)2

ζ ]
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✴Collins-Soper kernel; 

✴Flavor separation; 

✴Spin-dependence, e.g., Sivers function; 

✴Full TMD kinematic dependence. 

✴Twist-3 PDFs from small bT expansion of TMDs.
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× f [s]
i/p (x, bT, μ, ζ){1 + 𝒪[ 1

(xP̃zbT)2
,

Λ2
QCD

(xP̃z)2 ]}

f̃ [s]
i/p(x, bT, μ, P̃z)

Sq
r (bT, μ)

= C(μ, xP̃z) exp[ 1
2

K(μ, bT)ln
(2xP̃z)2

ζ ]

K(μ, bT) =
d

d ln P̃z
ln

f̃ [s]
i/p(x, bT, μ, P̃z)

C(μ, xP̃z)

f [s]
i/p(x, bT)

f [s′￼]
j/p (x, bT)

=
f̃ [s]

i/p(x, bT)

f̃ [s′￼]
j/p (x, bT)
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FIG. 2. Comparison of CS kernels extracted from differ-

ent combinations of the pseudo-data. The top plot shows all

possible (twelve) combinations of pseudo-data with different

kinematics, listed in the table I. The bottom plot show ex-

tractions made with different input collinear PDFs. The solid

lines are the central values. The shaded areas are the statis-

tical uncertainty. The oscillations at b ⇠ 4� 6GeV
�1

are due

to the finite bin size in the qT -space. The gray dashed line in

the lower plot shows the effect of incomplete cancellation of

parton’s momentum if PDFs in the comparing cross-section

are different (here, CT18 vs. CASCADE).

tions of CS kernel is shown in fig.3. The CASCADE
extraction lightly disagrees with the perturbative curve
(b < 1GeV�1), but in agreement with the SV19 [10] and
Pavia17 [7] for 1 < b < 3GeV�1.

The fit of the large-b part by a polynomial gives

D(b, µ) ⇠ [(0.069± 0.031)GeV]⇥ b, (11)

with a negligible quadratic part. We conclude that the
CASCADE suggests a linear asymptotic, which was also
used in the SV19 series of fits [9, 10, 37], and supported
by theoretical estimations [14, 38]

Conclusions. We have presented the method of di-
rect extraction of the CS kernel from the data, using the
proper combination of cross-sections with different kine-
matics. For explicitness, we considered the case of the
Drell-Yan process, but the method can be easily gener-
alized to other processes such as SIDIS, semi-inclusive
annihilation, Z/W-boson production, and their polarized
versions.
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FIG. 3. Comparison of the CS kernels obtained in different

approaches. CASCADE curve is obtained in this work. The

curves SV19, MAP22, Pavia19 and Pavia17 are obtained from

the fits of Drell-Yan and SIDIS data in refs. [39], [10], [11],

and [7], correspondingly. Dots represent the computations of

CS kernel on the lattice, with SVZES, ETMC/PKU, SVZ,

LPC20 and LPC22 corresponding to refs.[16], [40], [17], [41],

and [42].

The method is tested using the pseudo-data gener-
ated by the CASCADE event generator, and the corre-
sponding CS kernel is extracted. Amazingly, all expected
properties of the CS kernel (such as universality) are ob-
served in the CASCADE generator. This non-trivially
supports both the TMD factorization and the PB ap-
proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].

The procedure can be applied to the real experimental
data without modifications. In this case, the uncertain-
ties of extraction will be dominated by the statistical un-
certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
LHC [47], and EIC [48, 49]. They can be applied to al-
ready collected data after a rebinning. Importantly, the
procedure is model-independent and provides access to
the CS kernel based on the first principles.
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LQCD Calculations are Broadly Consistent;
Actions and Systematics Differ

Approach Collaboration

Quasi-Beam
Functions

SWZ 21
PRD 104 (2021) 

Quasi-TMD 
Wavefunctions

LPC 20
PRL 125 (2020) 

ETMC/PKU 21
PRL 128 (2022) 

LPC 22
2204.00200

Mellin Moments of 
Quasi-TMDs
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JHEP 08 (2021)

12Fig. from LPC Collaboration, 2204.00200 
[axes and legend labels modified]

−
1
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K(bT, μ = 2 GeV)

Important systematics: 
Lattice renormalization, perturbative matching, 
Fourier transform, power corrections.



YONG ZHAO, 07/08/2022

Soft function

9

Q.-A. Zhang, et al. (LPC), PRL 125 (2020).

4

TMDWF,

C2(b?, P
z; pz, `, t) =

1

L3
p
ZE(2`, b?)

X

x

Trei
~P ·~x

⇥ hS
†
w(~x+~b, t, 0;�~p)W(~b, `)�5��Sw(~x, t, 0;P

z
� ~p)i

=
Aw(pz)Ap

2E
e
�Et

�`(0, b?, P
z
, `)(1 + c0e

��Et), (15)

where again we parameterize the mixing with one excited
state. Ap is the matrix element of the point sink pion in-
terpolation field. It will be removed when we normalize
�`(0, b?, P z

, `) with �`(0, 0, P z
, 0). We choose �� = �

t
�5

to define the wave function amplitude in Eq. (4). Based
on the quasi-TMDPDF study in Ref. [25, 27] with a sim-
ilar staple-shaped gauge link operator, the mixing e↵ect
could be sizable when summing various contributions. In
the supplemental material, we report a similar simulation
but using the A654 ensemble. We find that the mixing
e↵ects can reach order 5% for the transverse separation
b? ⇠ 0.6fm. These e↵ects will be included in the fol-
lowing analysis as one of the systematic uncertainties,
while a comprehensive study on the mixing e↵ects will
be conducted in the future.

FIG. 2. Results for the ` dependence of the quasi-TMDWF
with z = 0, and also the square root of the Wilson loop
which is used for the subtraction, taking the {P z, b?, t} =
{6⇡/L, 3a, 6a} case as a example. All the results are normal-
ized with their values at ` = 0.

The dispersion relation of the pion state, statistical
checks for the measurement histogram, and information
on the autocorrelation between configurations can be
found in the supplemental materials [28].

Numerical Results. Fig. 2 shows the dependence of
the norm of quasi TMDWFs on the length ` of the
Wilson-line. As one can see from this figure, with
{P

z
, b?, t} = {6⇡/L, 3a, 6a}, both the quasi-TMDWF

�`(0, b?, P z
, `) and the square root of the Wilson loop

ZE decay exponentially with length `, but the subtracted
quasi-TMDWF is length independent when ` � 0.4 fm.
Some other cases with larger P z, b?, and t can be found
in the supplemental materials [28]. Based on this ob-
servation, we will use ` = 7a = 0.686 fm as asymptotic

results for all cases in the following calculation.

FIG. 3. The ratios C3(b?, P
z, tsep, t)/C2(0, P

z, 0, tsep) (data
points) which converge to the ground state contribution at
t, tsep ! 1 (gray band) as function of tsep and t, with
{P z, b?} = {6⇡/L, 3a}. As in this figure, our data in gen-
eral agree with the predicted fit function (colored bands).

We performed a joint fit of the form factor and
quasi-TMDWF with the same P

z and b? with the
parameterization in Eqs. (14) and (15). The ra-
tios C3(b?, P z

, tsep, t)/C2(0, P z
, 0, tsep) with di↵erent tsep

and t for the {P
z
, b?} = {6⇡/L, 3a} case are shown in

Fig. 3, with ground state contribution (gray band) and
the fitted results at finite t2 and t (colored bands). In this
calculation, the excited state contribution is properly de-
scribed by the fit with �

2
/d.o.f. = 0.6. The details of the

joint fit, and also more fit quality checks are shown in the
supplemental materials [28], with similar fitting quality.

FIG. 4. The intrinsic soft factor as a function of b? with
b?,0 = a as in Eq. (9). With di↵erent pion momentum P z,
the results are consistent with each other. The dashed curve
shows the result of the 1-loop calculation, see Eq. (7), with the
strong coupling constant ↵s(1/b?). The shaded band corre-
sponds to the scale uncertainty of ↵s: µ 2 [1/

p
2,
p
2]⇥1/b?.

The systematic uncertainty from the operator mixing has
been taken into account.

The resulting soft factor as function of b? is plotted in
Fig. 4, at �= 2.17, 3.06 and 3.98, which corresponds to
P

z = {4, 6, 8}⇡/L = {1.05, 1.58, 2.11} GeV respectively.
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Figure 2. The lattice results of S(b⊥) for various momenta,
together with the one-loop perturbative result S1−loop

MS
and its

variant S′1−loop
MS

with ↵s including up to 4 loops. The scale µ

in Eq. (17) is set as µ = 2 GeV.

cancelling the dominant higher-twist e↵ects, the results
become much more consistent. The residual deviations
serve as measure of important systematic e↵ects to be
controlled in future studies.

Results of the soft function – After checking the
consistency among the various improved pion matrix ele-
ments, we use the choice of 1

2
(F�5�1 + F�1) as an example

to present the results of S(b⊥) for various momenta P z

and pion masses m⇡
vi.

In Fig. 2, S(b⊥, P z
) is shown together with the one-

loop perturbative curve [35],

S
MS
(b⊥, µ) = 1 − ↵sCF

⇡
ln

µ2b2⊥
4e−2�E

+O(↵2

s), (17)

where one-loop and four-loop values of ↵s are used at the
physically most relevant scale of S(b⊥), i.e. 1�b⊥. The
scale µ is set as µ = 2 GeV. We note that the lattice re-
sults agree qualitatively with the perturbative function
at around b⊥ ∼ 0.2 fm, particularly at the largest boost
and when the higher-order e↵ects are partially included
via ↵s. At larger b⊥, non-perturbative features start to
set in and the decay of S(b⊥) is slower than the pertur-
bative prediction. It is also noteworthy that the conver-
gence of the lattice results in P z clearly increases with
b⊥ – the results from the two largest P z are compatible
for b⊥ � 0.2 fm, while smaller transverse separations will
need yet larger boosts to establish convergence.

In Fig. 3, we examine the pion mass dependence of
the soft function. Although S(b⊥) is extracted from pion
matrix elements which depend on the detailed process
of ⇡(P z

) → ⇡(−P z
), the factorization allows us to can-

cel this process dependence. Performing the calculation
at four pion masses, we find that the lattice results are
generally consistent within statistical errors, although a
small systematic increase is found when decreasing m⇡.
This observation supports the statement from the factor-
ization [17] that the soft function does not depend on the

Figure 3. The intrinsic soft function S(b⊥) for the pion masses
ranging from 827 MeV to 350 MeV. Here, we show results
calculated at the momentum P

z = 5 2⇡
L

as an example.

detailed hadronic information from the initial/final state.
Results for the Collins-Soper kernel – The

Collins-Soper kernel K(b⊥, µ) governs the rapidity evo-
lution of the TMDPFs. In LaMET, the quasi-TMDPDF
is factorized into the light-cone TMDPDF and a
K(b⊥, µ) ln(⇣z�⇣) factor, where ⇣z = 2(xP z

)
2, with P z

playing the role of the rapidity, while ⇣ is the light-cone
counterpart of ⇣z [36]. Thus, by taking the ratio of quasi-
TMDPDFs at di↵erent values of P z, one can extract
K(b⊥, µ). This ratio can also be expressed in terms of
the quasi-TMDWFs [18] as

K(b⊥, µ) = lim
l→∞

1

ln(P z
1
�P z

2
)
ln �

�(b⊥, l, P z
1
)�E1

�(b⊥, l, P z
2
)�E2

�

=
1

ln(P z
1
�P z

2
)
ln

������������

Cwf
��
(b⊥, P z

1
)

Cwf
��
(b⊥, P z

2
)

Cwf
��
(0, P z

2
)

Cwf
��
(0, P z

1
)

������������

. (18)

Figure 4. The lattice results for the Collins-Soper kernel
K(b⊥, µ) from various calculations, described by the color of
yellow [20], blue [19], green [18] and red. The results from
a same calculation are shifted horizontally to make an easier
comparison.

In Fig. 4, the lattice results of K(b⊥, µ) from this work

Y. Li et al., PRL 128 (2022).

Important systematics: 
Matching beyond leading order, Fourier transform, power corrections at finite Pz.
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• The method for calculating all the leading-power TMDs is 
complete;


• Lattice results for the Collins-Soper kernel and soft function are 
promising, but systematics need to be under control;


• What to expect in the short term?

• Improved Collins-Soper kernel and soft function results;

• Ratios of spin-dependent TMDs;

• Ratios of quark TMDs of different flavors (challenge in the calculation 

of disconnected lattice diagrams);


• What to expect in the long term?

• x and bT dependence of intrinsic TMDs;

• Twist-3 PDFs.

Conclusion

10
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FIG. 3: The x vs. Q
2 coverage spanned by the experimental data considered in this analysis (see also Tab. II and

Tab. III).

using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)

with fixed parameters c1 = 0.2, c2 = 0.5 and c3 = 0.3. This choice is more restrictive than a similar one made
in Ref. [5], but less restrictive than the one made in Ref. [22]. It allows for many data points with |PhT | ⌧ Q

but also with 0.2Q < |qT | < Q. In Sec. IV, we will discuss variations of the baseline SIDIS cut in Eq. (54) that
give phenomenological support to our choice.

As for the datasets included in the present analysis, the main di↵erence with Ref. [5] is that we include the
new release of COMPASS data [68]. In this dataset, the vector–boson contributions have been subtracted. For
the HERMES dataset we consistently select the vector–meson–subtracted dataset (.vmsub set). Moreover, we
select the zxpt-3D-binning for HERMES multiplicities, since it presents a finer binning in |PhT |. The breakdown
of the entire SIDIS dataset included in the present analysis is reported in Tab. III.

The second column of Tab. III shows the number of data points (Ndat) that respect the kinematic cuts for
each dataset, with a total number of 1547 data points.

In conclusion, the total number of DY and SIDIS data points surviving our kinematic cuts is 2031.

Bacchetta, Bertone, Bissolotti, et al., MAP Collaboration, 2206.07598
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