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hybrid mesons 2

one hypothesis to go beyond the qq picture of mesons — add an excitation of the gluonic field
_

— can give rise to JPC not allowed for qq
_

e.g.

qqG
_

long history of study within QCD-motivated models
— constituent gluon 
— bag model 
— flux-tube model 

more recently studied in (incomplete) lattice QCD calculations …

all have exotic JPC mesons,  
              but spectra differ

a strong motivation for the GlueX experiment

but how do they decay ?
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QCD on a spacetime lattice 3

lattice QCD is QCD under controlled approximations

discretisation choice / finite lattice spacing

choice of quark mass value

finite spacetime volume
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sum over quark/gluon 
field configurations

in Euclidean spacetime, 
probability for a field configuration

generate field configurations → compute correlation functions

⤳ relatively unimportant here

⤳ a tool to explore QCD

⤳ how we access scattering
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(incomplete) lattice QCD spectrum of mesons 4
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(incomplete) lattice QCD spectrum of mesons 5
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clear signal for a lightest exotic hybrid meson
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experimental situation 6

a recent JPAC analysis of COMPASS data on πp→πη p , πp→πη′ p

2++

1−+

a2

a2

a2′

pole singularity of a π1 resonance

mR=1564(89) MeV, ΓR=492(115) MeV

ΓR

mR

a rather broad resonance
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a resonance in QCD ? 7

how would an unstable resonance appear in lattice QCD ?

the lattice has a finite-volume ⇒ spectrum is discrete 

but the mapping discrete-spectrum ⟷ scattering matrix is known
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a resonance in QCD ? 7

how would an unstable resonance appear in lattice QCD ?

the lattice has a finite-volume ⇒ spectrum is discrete 

but the mapping discrete-spectrum ⟷ scattering matrix is known
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a resonance in QCD ? 7

how would an unstable resonance appear in lattice QCD ?

the lattice has a finite-volume ⇒ spectrum is discrete 

but the mapping discrete-spectrum ⟷ scattering matrix is known
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coupled-channel resonances 8

πη πη′KK
_

i s o s p i n =1  πη ,  KK
_
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mπ ~ 391 MeV
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coupled-channel resonances 8

πη πη′KK
_
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a0

i s o s p i n =0  ππ ,  KK ,  ηη
_
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f2 resonances 9
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thus the ‘OZI rule’ emerges …

mπ ~ 391 MeV
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resonances decaying to hadrons with spin — b1→ωπ 10
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ω is stable at mπ~391 MeV
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resonances decaying to hadrons with spin — b1→ωπ 11
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but a π1 resonance potentially  
has a very large set of decay modes …

several successful calculations 
with mπ~391 MeV
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mu=md=ms SU(3)F point 12
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mu=md=ms SU(3)F point 13
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lattice QCD spectrum computed in 6 volumes 14
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‘eight’ channel scattering
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lattice QCD spectrum computed in 6 volumes 15
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an ‘eight’ channel scattering amplitude 16
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describe scattering by a unitarity-preserving K-matrix featuring a pole 
(11 free parameters)

a good description of the spectrum …
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an ‘eight’ channel scattering amplitude 17
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‘eight’ channel scattering amplitudes — varying parameterization 18
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octet 1−+ resonance pole & couplings 19
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at the SU(3)F point:  
mR=2144(12) MeV, ΓR=21(21) MeV

resonance below h18η8 threshold, but with a large coupling

(a narrow resonance)

resonance couplings:
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a crude extrapolation to physical point 20

core assumption: couplings scale only with the relevant barrier factor kℓ

use PDG masses & COMPASS/JPAC π1 mass

generates for a π1 at 1564 MeV:

ΓTOT ~ 140-600 MeV 

Γ(πη) ≲ 1 MeV 

Γ(πη′) ≲ 12 MeV 

Γ(πρ) ≲ 20 MeV 

Γ(πb1) ~ 140-530 MeV
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a crude extrapolation to physical point 21

core assumption: couplings scale only with the relevant barrier factor kℓ

use PDG masses & COMPASS/JPAC π1 mass

JPAC/COMPASS analysis

ΓTOT ~ 492(115) MeV

Kopf et al analysis  
COMPASS + Crystal Barrel

ΓTOT ~ 455(200) MeV

if correct, suggests prior observations in πη, πη′, πρ  
are in heavily suppressed decay channels  

πb1 →ππω→πππππ

?

generates for a π1 at 1564 MeV:

ΓTOT ~ 140-600 MeV 

Γ(πη) ≲ 1 MeV 

Γ(πη′) ≲ 12 MeV 

Γ(πρ) ≲ 20 MeV 

Γ(πb1) ~ 140-530 MeV
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summary & outlook 22

first ever calculation of an exotic hybrid meson as a resonance in QCD

simplified scattering system using exact SU(3)F and mπ~700 MeV

flavor octet 1−+ state appears as a narrow resonance

crude extrapolation to physical kinematics  
suggests a potentially broad resonance

what about other exotic JPC ?

can we build a phenomenology of hybrid decays starting from QCD ?

challenge of reducing quark mass really the challenge of including three-meson decays
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summary & outlook 23

challenge of reducing quark mass really the challenge of including three-meson scattering

πη

KK
_

πππ

E

πη

KK
_

πππ

E

πη

KK
_

πππ

E
mπ ~ 391 MeV mπ < 391 MeV mπ → phys

two-body 
formalism 
valid

two-body 
formalism 
valid
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summary & outlook 24

including three-meson scattering is starting to become practical
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25
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extrapolation 26
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example ‘success’ — f2,f2′ calculated at mπ~400 MeV
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illustrative K-matrix form 27



decays of an exotic π1 hybrid | 13 Jun 2022 | JLab UGM 2022

resonances in a finite volume ? 28
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but in a periodic volume …
E

discrete 
spectrum
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applying the boundary conditions

solved by discrete
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non-resonant elastic scattering — π+π+ (isospin=2) 29
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repulsive scattering, no resonances
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PRD 8 6  0 3 4 0 3 1  ( 2 0 1 2 )

1.9 fm
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2.9 fm

4 5 6mπL

mπ ~ 391 MeV

increasing total momentum

Cohen  1 972
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an elastic resonance — the ρ in ππ (isospin=1) 30
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ππ isospin=0 31
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heavier quark mass — a bound-state

lighter quark mass — attraction, maybe a broad resonance ?

c.f. the experimental σ resonance …

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )
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quark mass dependence of σ meson 32
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elastic part of the calculation also done on a lighter quark mass
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σ  p o l e  s i n gu l a r i t y

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )

evolves from a bound-state 
to a broad resonance as the  
pion mass decreases
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ππ isospin=0 33
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σ pole scatter from experimental phase-shift data 34
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σ bound state — elastic and subthreshold region 35
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some technical stuff — rotational symmetry 36

a finite cubic lattice has a smaller rotational symmetry group than an infinite continuum

back in 3D — irreducible representations of the reduced symmetry group contain multiple spins

for non-zero momentum it’s even worse  
— in continuum have little group, those rotations which don’t change p

simpler example of the problem: a rotationally symmetric two-dim system

now considered on a square grid — minimum rotation is by π/2

m and m+4n transform the same !

cubic 
symmetry

subduction 

PRD 8 5  0 1 4 5 0 7  ( 2 0 1 2 )

⇒ label by helicity

can subduce helicity states into irreps of the reduced cubic symmetry
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some technical stuff — rotational symmetry 37

reduction of rotational symmetry is an important feature of the quantization condition too

for elastic scattering, what we previously presented as 

should actually be 

which when subduced becomes

features all ℓ subduced into irrep Λ

what allows us to make progress is that at energies not too far from threshold

so higher angular momenta are naturally suppressed

in practice, truncate at some ℓmax …

n = embedding of ℓ into Λ 
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coupled-channel scattering in a finite-volume 38

the quantization condition generalizes to 
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coupled-channel scattering in a finite-volume 38

the quantization condition generalizes to 

diagonal in angular momentum space 
— ℓ good q.n. in infinite-volume

dense in channel space 
— infinite-volume dynamics mixes channels

e.g. in A1
+ irrep (ℓ = 0, 4 …)
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coupled-channel scattering in a finite-volume 38

the quantization condition generalizes to 

diagonal in angular momentum space 
— ℓ good q.n. in infinite-volume

dense in channel space 
— infinite-volume dynamics mixes channels

e.g. in A1
+ irrep (ℓ = 0, 4 …)

diagonal in channel space 
— no dynamics

dense in angular momentum 
— cubic symmetry lives here

<latexit sha1_base64="R/p6Ei9DBJuKaHbTHWMzgD6ZmhU="></latexit>
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excited states as unstable resonances 39

in the case of coupled-channel scattering it’s more challenging …

e.g. some energy region where ππ, KK accessible
_
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?

lattice QCD  
gives you thisyou want to  

know this

an approach:  
parameterize the energy dependence  
of the scattering matrix

an important observation  
— not like experiment  
— can’t study ‘channel-by-channel’ 
— all channels contribute, have to solve the ‘whole problem’



decays of an exotic π1 hybrid | 13 Jun 2022 | JLab UGM 2022

what do you calculate 40

calculate correlation functions

e.g.
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where the operators are constructed from quark and gluon fields 
and have the quantum numbers of the hadronic system you want to study

<latexit sha1_base64="oFpAAyhLnaZwlZXljvVpuVTFgEE="></latexit>

a superposition of the (finite-volume) eigenstates of QCD

— use a large basis of operators* 
— form a matrix of correlation functions 
— diagonalize this matrix

powerful approach: [ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

* could give a whole interesting talk on the 
construction of these operators 

e.g.
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operator basis — I=0 ππ, KK, ηη 41

operator basis:     ‘single-meson’                +     ‘meson-meson’

( & if you like, 
    tetraquark & … )

maximum momentum  
guided by non-interacting 
energies

solutions of the det equation 
when t = 0

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

at mπ = 0.069 
at mK = 0.097 
at mη = 0.104

_
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operator basis 42

operator basis:     ‘single-meson’                +     ‘meson-meson’

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s
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0.16

0.18

0.20

0.22

0.24

at mπ = 0.069 
at mK = 0.097 
at mη = 0.104
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sampling the whole 
lattice volume

prefer to use  
optimized single-meson operators …



decays of an exotic π1 hybrid | 13 Jun 2022 | JLab UGM 2022

‘dropping’ ops in ρ→ππ 43

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

exclude the 
KK operator

_ exclude all 
meson-meson

exclude 
all ψΓψ

_

PRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )
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what’s happening here ? 44

focus on the lowest two states

0.10

0.15

 0

 30

 60

 90

 120

 150

 180

0.08 0.10 0.12 0.14 0.16
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 30  32  34
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 30  32  34
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 30  32  34

an avoided level crossing



decays of an exotic π1 hybrid | 13 Jun 2022 | JLab UGM 2022

coupled-channel Riemann sheet structure 45

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels

sheet II sheet III

sheet I

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

Re[s]

Im[s]

sheet IV
sheet I

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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f2 resonances — decay couplings & OZI 46
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couplings from pole residue

zero in ‘OZI’ limit  
— requires ss annihilation

_

OZI ‘allowed’

OZI ‘forbidden’
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PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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Luescher finite-volume functions 47

“spinless” Luescher functionsto respect the lattice symmetries,  
need to subduce into irreducible representations

<latexit sha1_base64="NZ6KHzHkMba+Pw0eUxQX5ozeV0c="></latexit>
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zeroes of the determinant 48

e.g. a two-channel Flatté form — [000] A1+ irrep in L=2.4 fm box
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excited J−− meson resonances — mπ~700 MeV 49
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exact SU(3) flavor symmetry
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e.g. consider the process in which  
a pion absorbs a photon* to become two pions

* could be virtual

�⇡ ! ⇡⇡
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in infinite volume, described by a matrix element
⌦
⇡⇡(Ecm,P)

��jµ(0)
��⇡(p)

↵
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ππ state can be projected  
into a partial wave, e.g. 𝓵=1

/ F (Ecm, Q
2)
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γ*

π

π

π

after the current produces ππ ππ will rescatter strongly…

π

π

π

π
⇒ the matrix element is proportional to t`(Ecm)
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if there’s a resonance t`(s ⇠ s0) ⇠
c2

s0 � s
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F (s ⇠ s0, Q
2) ⇠ c f(Q2)

s0 � s
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and 

γ*

π

π

π

res.

resonance transition form-factor f(Q2)  
rigorously defined at the complex pole position

but what changes in a finite volume … ?

e.g. ρ→πγ
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e.g. consider the process in which  
a pion absorbs a photon to become two pions

�⇡ ! ⇡⇡
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ππ|thr.

π

ππ

Ecm

γ*

infinite volume finite volume

ππ|thr.

π

γ*

can only transition  
to one of the discrete 
f.v. eigenstates

can transition  
to any energy 
in the ππ continuum

L

⌦
⇡⇡(En(L),P)

��jµ(0)
��⇡(p)

↵
L
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��⇡(p)
↵
L
=

��⇡(p)
↵
1 +O(e�m⇡L)
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single hadron state

hadron-hadron state

finite-volume matrix element

��⇡⇡(En(L),P)
↵
L
⇠

p
Rn

��⇡⇡(Ecm=En(L),P)
↵
1

<latexit sha1_base64="D79bmlFZjP10xeACmB9ENaU9JEw="></latexit>

effective f.v. 
normalization

F = 1
16⇡ i⇢ (1 + iM)

M = 16⇡ t

<latexit sha1_base64="UtAqtavTT2XVbU8GDsE5us/Vtc4="></latexit>

effective f.v. normalization depends  
on the hadron-hadron scattering amplitude

Rn = 2En lim
E!En

(E � En)
⇣
F�1(E,P;L) +M(E)

⌘�1
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normalization of ππ→KK 
slightly uncertain …

isolating kaon exchange hard 
& η beams don’t exist

~ 
cr

os
s-

se
ct

io
n



decays of an exotic π1 hybrid | 13 Jun 2022 | JLab UGM 2022

“production” of ππ (as opposed to scattering) 58

1.0

  → J/ψ  π +π −0
s

_
B

b

s

c

c
_

s

s
_ _W

2.0 3.0

LHCb  2012

ππ

J/ψ→φ  ππ

0.5 1.0 1.5

BES  I I  2 0 0 5

not partial-wave  
projected

not partial-wave  
projected

can ‘look’ drastically different to scattering !
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dominated by π exchange 
— looks like the the 1970s  

elastic phase-shift data

other (non-π) exchanges  
becoming significant, 
f0(980) dip less pronounced

σ no longer large, 
f0(980) starting to be a peak ?
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see also 
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do we really need the sheet III pole ?

Jost functions allow us to directly control the pole distribution …
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masses similar widths a little different

but channel couplings quite similar ?
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main difference is the larger phase-space for ππ compared to πη

can explore the effect using the simple Flatté amplitude

Flatté denominator

has zeros at


