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Proof of Factorization connecting
Quasi-TMDs (Lattice) and Collins-TMDs (Continuum)
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TMD Factorization (Drell Yan) CSS (Collins, Soper, Sterman)
¢ ¢ SCET (Soft Collinear Effective Theory)
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TMD Definitions

Beam
Function

fq(aja Z;Tv s C) = lim Zuv(ea s C) lim Bq(xa gTa €, T, C) /\/Sq(bT7 ¢, 7_)
e—0 T—0

B, = FTu+ (p|Oglp)

staple shaped
Wilson lines

rapidity

limit

Sq — <O‘OS|O>

Og :

two light-cone directions

—

Lattice calculations must overcome light-cone nature of TMD definitions.



Evolution f p (337 bT; 1L, C ) (L = renormalization scale

( = Collins-Soper parameter

2
Sum large logarithms: In(Q°b7) ~ In Q—2
dT 5
( = 2($P+6_y”)
, body |
Solution: /(. .. ¢) =exp| [ Lot o) exo n ]
MO f 2 C()

X fq(xa gTa:anCO)

Connect Lattice calc. or model: 1y, 1/Cy ~ GeV
with scales needed for o : /1, \/Z’ ~

Nonperturbative contributions in both

fq(xa by, o, Co); b7 ~ Aqep
Hf_/

Targets for Lattice Calculations



Nonperturbative Contributions to DY Cross Sections
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Nonperturbative Contributions to DY Cross Sections
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‘Large Momentum EFT: Quasi-PDFs‘ Xiangdong Ji
2013

Aqcp < P?  (finite large P?)

t=0, z#0 Related by Lorentz boost
A [ t
n. 4z 4 P
— —
\/§ .
quasi-PDF PDF

computable with Perturbative matching
Lattice QCD coefficient
1 dy M2 A2

. L T QCD
7 7P7 — T i'(_a ’ ) Yy O( ? )
file, B% 1) /_1\yr iy perype) Wm) + Ol s aps
T T Power corrections

quasi-PDF and PDF: same IR physics 10



Requirements for a useful Lattice-TMD

~ W N

~/

. Tractable on Lattice: Equal time correlators 5
. Same IR physics (b; & Aqcp) as continuum TMDs

. Finite length Wilson lines (staples) 7 = finite
. Cancel linear divergences due to self-energies

(requires a soft factor » )

. Relation to continuum TMDs should exist: f — f

f~ ZyyB/

Two approaches:

¢Lorentz Invariant method
(MHENS TMDs)

11



Literature:

® MHENS:Musch, Hagler, Engelhardt, Negele, Schafer (10, ’11, ’15)

Pioneered Lattice studies of TMDs, exploit Lorentz Invariance
ratios to cancel soft, focus on moments ( b* — 0)

® Ji, Sun, Xiong, Yuan (’14); Ji, Link, Yuan, Zhang, Zhao (’18)
Quasi TMDs, propose factorization (7 = o), calculate C

® Ebert, Stewart, Zhao (’18, ’19, ’19)

Propose factorization (finite 77) and CS kernel method,
IR tests, calculate C, lattice renormalization

® Ji, Liu, Liu (’19, ’19)

Proposal for diagrammatic proof of factorization
& lattice method for required quasi-soft factor

® Viadimirov, Schafer (’20)
Factorization analysis

® Many other Lattice studies ... (see Yong Zhao’s talk next)
12



U nifying Correlators Ebert, Schindler, IS, Zhao (arXiv:2201.08401)
¢

4

MHENS and Quasi Lattice TMDs use different proton matrix elements
A priori, relation to continuum (eg. Collins-TMD) is unclear

To clarify differences, we introduce a universal Beam Function:

r _ o\ T b
F 41
Wj y g % +nv — g
= }/_
b—o MHENS: 6 =0
v Quasi: b —0 = by
e
-3 /_ —3 Tty Collins: also works
o—
Path Length: Cusp angles: These matter for
Lo = v —6/2| + v + 6/2| + [b— 0] cosh s — (mv£4/2)-(b—3)  Renormalization

vt 6/2[[b— 6
13



— é <O|Tr {S;(b, nv, 7727)} |O>

Path Length:
Ly = 2|nv| + 2|nv| + 2|0

® Needed to match IR structure
(Ebert, IS, Zhao ’19)

® Needed to cancel # linear div. in £2

® No direct method to calculate on the Lattice.

e Indirect method exists (Ji, Liu, Liu ’19) [See Yong Zhao’s talk]
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Can parameterize (2 with 10 Lorentz Invariants:

P (nv) b (nv)
P*, b, nv, P-b, , , 6 like Musch et.al.
VP2 ()2 /(02 ()2
2
: P. : ]
5—2, @, P-o 0 (nv) . +4 that fix scheme
b b P-b" b (nv) i
category
Choices for various TMDs:
Continuum TMDs Lattice TMDs
Collins / LR JMY Quasi MHENS
b+ (0,b7,b,) (0,b6,b,) (0, 0%, b¥., b%) (0, b%, b¥., b%)
vH (—e*¥B,1,0.) (v_62y35,v_,()¢) (0,0,0,—1) (0,v",vY,v®)
oM (0,6,0) (0,6,0.) (0,0,0,b%) (0,0,01)
P+ %(eyp e YP. 0,) %(eyp e YP 0,) |mp(coshys,0,0,sinhyz) mh(coshyp L i sinhyp)
:2 ) ) :2 ) ’ Py Y P amhamha

15




TMDs differ by how 3 limits (UV, large rapidity, large 77) are taken:
Q] (b, P,e,nu, d)

q/h
TMD Beam function Soft function
: R : Qi/h [vT] — R
Collins | lim Zgy,  lim QY a/h [b P,e,—oconp(ys), b ny| | ST[bL, e, —oona(ya), —oons(ys)]
e—0 yp——0o0 v/ SR
LR lim Tim 28— | Qb [, p b- S7 (b
i T Zov ez [ San b, P,e, —oonp(yr), b ny) [br,e,—oona(ya), —oconp(ys)]
JMY lim lim Zy i QY [b P, pu, —oov, b ny] ST [by, p, —oov, —ood]
U—l— >1 e—0 v SR q/h
B; PR 3
Quasi lim Zuy —L Qb )b, P, a,72,575) s [b,,a, -5 aloa) 5 nalya)
a—0 . /SR . |nA(yA)| |nA(yA)|
T
MHENS Q) /]h(b, P, a,nv,0)

16




Also differ by how 3 limits (UV, large rapidity, large 77) are taken:
Q] (b, P,e,nu, d)

q/h
TMD Beam function Soft function
. R . Qz/h [vT] — R
Collins | lim Zgy,  lim QY a/h [b P,e,—oconp(ys), b ny| | ST[bL, e, —oona(ya), —oons(ys)]
e—0 Yyg—>—0o0 SR
LR lim Tim 28— | Qb [, p b S7 (b
i T Zov ez [ San b, Pye, —conp(ys), b ny] [bi, e, —cona(ya), —oons(ys)]
JMY lim lim Z{y i QY [b P, pu, —oov, b ny] ST [by, p, —oov, —ood]
+>>1 e—0 v SR q/h
B; PR 3
Quasi lim Zuy —L Qb )b, P, a,72,575) s [b,,a, -5 aloa) 5 nalya)
a—0 v/ SR q |nA(yA)| |nA(yA)|
MHENS Q! /h(b P,a,nv,0)

B, /h(xagTaeayP _ yB)

Collins: 10, (2. By, p1.¢) = lm ZF (e,1,¢) lim
€E—r

Yyp—>—00

db™ —b™ (x +
B(J/h(le bT7€ Yp _yB) = e b~ (zP™T) Q[W ]

9 qi /h |:b7 P,E,—OOTLB(Z/B),[?_TL[)}

nk(yg) = (—e*¥5,1,01) 47




Also differ by how 3 limits (UV, large rapidity, large 77) are taken:

Q[](bPenv5)

q/h
TMD Beam function Soft function
Collins | lim Z{, lim i/ QY 7] [b P, e, — b~ SE b — —
UV a/h e, —oonp(yB), b 1| [br, €, —oona(ya), —conp(ys)]
e—0 yp——0o0 v/ SR
LR lim lim Z{ isn Q] b, Pye,—conp(ys),b ny| | S™[bi,e,—ocona(ya), —ocons(ys)]
—yp>1e—0 UV\/SiR q/h L7770 ’ » ’
JMY lim lim ZE&, Lisn QL /h [b P, i, —oow, b_nb] S by, p, —oov, —cod]
U—l— >1 e—0 ,/SR q
B; PR 3
Quasi lim Zuy —L Qb )b, P, a,72,575) g~ [bL,a, _palva) "A(yA)]
a—0 . /SR . |nA(yA)| (yA)|
MHENS Q[f/]h(b P, a,nv,0)
Quasi Beam: _
3 equal time:
- T ~ .
BZ[/;L(Q?, br,a,n, xP*)
db® e Ll 7 P, 72 722
= | 5= ett” (@ )qu/h(b,P,a,nz,bzz)

= lattice spacing (UV regulator)

18




Also differ by how 3 limits (UV, large rapidity, large 77) are taken:

]
Q /h(b P, e, nv,d)
TMD Beam function Soft function
: R : Qi/h [vT] — R
Collins | lim Zgy,  lim QY a/h [b P,e,—oconp(ys), b ny| | ST[bL, e, —oona(ya), —oons(ys)]
e—0 Yyg—>—0o0 SR
LR lim lim Z{ isn Q] b, Pye,—conp(ys),b ny| | S™[bi,e,—ocona(ya), —ocons(ys)]
—yp>1e—0 ' JQR | a/h L7 ’ » ’
JMY lim lim ZE&, Lisn QL /h [b P, i, oov,b_nb] S by, p, —oov, —cod]
U—l— >1 e—0 v SR q
B; -~ -
Quasi lim Zuy —L (b, P a, iz, b 2) s [b,,a, -5 aloa) 5 nalya)
a—0 . /SR q |nA(yA)| |nA(yA)|
MHENS Q[f/]h(b, P, a,nv,0)
Quasi TMD: o )
Bl (x,bp,a,n, xP?)

i/h

($,5T,/L,§, ajpz) = lim Z/ (lea)Zuv(aaﬂayn — yB)

N— 00
a—0

A7)
Jih

(In ratio: limit 77 — oo exists) 19



Also differ by how 3 limits (UV, large rapidity, large 77) are taken:

Q[/]h(b P, e, nv,d)

Soft function

TMD Beam function
Colli R : Qi/h [vT] — R
ollins | lim Z{yy  lim QY /b [b P,e,—oconp(ys), b ny| | ST[bL, e, —oona(ya), —oons(ys)]
e—0 Yyg—>—00 SR
LR lim lim Z§ i/ Q] [b P, e, —oong(ys) b_nb] S* b1, e, —cona(ya), —cons(ys))
—yp>1e—0 UV\/SR q/h L7272 ’ e )
JMY lim lim ZE&, Lisn Qq/h [b P, i, —oow, b_nb] S by, p, —oov, —cod]
U—|- > 1 e—0 v SR
B; .- .
Quasi lim Zuyv /R Qb /h (b P,a,nz,b°2) SE b, a, —1 na(ya) , =) naya)
a—0" " /3R i na(ya)l "[na(ya)l
MHENS Qy (b, Pya,nv, 0)

LR scheme: new,
differs from Collins only by order of (UV & rapidity) limits,

useful for our proof

20



Proof Lattice schemes

Quasi MHENS

Continuum
1. limits
P, large, n =
Switch order of Change Wilson lines
e0,Y >
2. Matching

relations

Collins @l JVY

Continuum schemes

Steps:

1. Quasi — LR: related by large rapidity (P* > Aqcp)
IF we properly map variables,

take || — o

2. LR — Collins: UV ren. & non-trivial Matching coefficient o



Step 1

Collins Quasi MHENS
—b7 —b7 — (b%)° —b7 — (b%)°
_2772 €2yB _ﬁQ _,’72?72
%b‘ e’P —mpb? sinh Yp mp, sinhypb® + PTb% + PYbz,
b~ eV b bEo” + biw? + b7 v”
VT sgn(n) = sgn(n) =
4 V(522 + b2 VO (07)24/02 + (b7)2
: . P*v* + PYvY + mpv”® sinh yp
sinh(yp —yg) sgn(n) sinhy 5 sgn(n)
i} V03 + (v9)2/m? + P2 + P;
Ez 2
0 ( )~ 0
%+ ()
Bz 2
0 ( )~ 0
7+ ()
1 1 0
1 1 0
mp, mp, mp,

22




Step 1

Collins / LR Quasi MHENS
b2 —b2 —b3 — (b)? —b — (b°)?
(nv)? _9n2e2uB 72 i
P-b %b‘eyp —mpb? sinh Y5 mp, sinh ypb® + PTb% + PYb7,
b- (nv) b~ eYB b* Zo® + blo¥ 4 b7
o] Vabr sgn(n) - — sgn(n) X —
Z V(522 + b2 VOB (07203 + (B)?
P-(nv) (] . , P*v™ 4+ PYvY + mpv® sinh yp
sinh(yp — sgn sinh 5 sgn
NGZTTE (yp—ys)sgn(n) yp sgn(n) 2T (R /m | PE T 2
| ~
. . (b%)?
sinh(y, — = sinh y; = 0
(YP yB) )h b?p _|_( 2)2
- [~)Z 2
= Yp = Yp — VB (&), 0
ot (5
];;_.2 1 1 0
5 -
(nv) | | 0
b - (nv)
P? ms ms ms

23




Step 1 |
Collins / LR Quasi MHENS

b* b7 b — (b%)° bt — (b%)?
(nv)Q _2772€2yB _77]2 _?72?72
P-b m—;b_eyp —mhgz sinhy s my, sinh ypl;’z + P*br + Pyb%
. \Q%Uy + BZ’UZ

yp, b~ finite Boost quasi by y; = yp — y5 ¥ S+ (5
T

(yp = ©0,yp = — )

H mpv”® sinh yp

mi—I—Pa?—FPyQ

Ty . _ . ~ —— mp ,
—mpb” sinh yz = mpV2eYBb” sinh(yp — )  — hpevp
\_ Ve o)
72\2 o
g 0 (b%)° 0
b b2, + (b*)?
P-9
D 1 1 0
0 - (nv)
1 1 0
b- (nv)
P? ms ms ms

24




Step 1

Collins / LR Quasi MHENS
b* bt b7 — (b%)° bt — (b%)°
(nv)? —2n°e*vE —7 i =1/2e%n )
P-b %b‘eyp —mpb? sinh Y5 mp, sinh ypb® + PTb% + PYb7,
P U | e ) ] 3 V2be’ A
_ — Vg B
el Vzbr ] | Lo VED e unmne
——— | sinh(yr—yp)sgn(n) sinh y 5 sgn(n)
v P2l VU TN, Ty T Iy
52
%) 0
b-9d
— 0
P - cg 0
0 - (nv) 0
b - (nv)
P? ms ms m;

25



Step 1 Quasi — LR

~

Al

Z/h(ilf, gT, CL, ”[7, af;pZ)

S . ) )
fz-[/;]b(fﬁ, br, p, G, o P*) = ﬁlggozﬁv(uau)Zuv(a, [, Yn — YB)
a—0

Quasi and LR have same UV renormalization

Quasi and LR have same 77 — oo limit

Thus Quasi = LR after expansion

26



Step2 AQuasi=LR — Collins

LR and Collins differ by order of y; — — co and € — 0 limits

LaMET: this induces a matching coefficient

fqi/h(xa gTa M 57 ij)z)

— Cq(ﬂjpz, M)fqz/h(x7 gT? M? é:)

— Cq(ajpza /1) €Xp

_|_

O(gpe ")

fai/n(, bz, 11,C) + O(Jhe™77)

27



Result Ebert, Schindler, IS, Zhao (arXiv:2201.08401)

Same steps work for any spin structure & for gluon TMDs

fi/h(xag}aﬂaga ijzjfﬂ — CZ(,CCPZ,ILL) eXp

Also cross-checked all properties at 1-loop v

28



Implications Quasi — Collins
L 4 4

r N s D2 5 N2 1 E N
firn(@, b, p, ¢, xP*,0) = C; (2P, 1) exp 5 IHZ (@, br, 1, €)

® Extract from ratios of quasi-TMDs (Ebert, IS, Zhao ’18)

® No mixing of flavors, quarks and gluons, or spin structures
(except perhaps by lattice-fermion discretization)
Ebert, Schindler, IS, Zhao '20

- - Vladimirov, Schafer '20
® Ratios can be calculated in x-space Ji. Liu, Schaefer. Yuan ‘20

] —

~ T . I "N
B[ /h( b ,,LL,U,CUP) B ngz/lf]L(ﬂﬁ,bT,,LL,C)

lim L

o0 ~ ® -l N
= B([IF?]h, (, bT, w, n, rP?) fij}b, (z, b1, 1, C)

® NLL calculation Cy (xf’z, ,u)NLL = exp { — 2K (fo’z, ,u) — KX (Q:Cf’z, ,u)}
K2 (po, i) 4288 {OC:ZTLO) (1 — % — lnfr) + (E—% — %)(1 r+Inr) + 25—61011127}
K(po, ) = —ﬁ Inr

29



MHENS — Collins

Ebert, Schindler, IS, Zhao (arXiv:2201.08401)

Collins / LR Quasi MHENS
b} b — (5°)? b — (5°)?
2,'72623/3 _,ﬁ2 _,,72,5»2
M = evr —mpb® sinh yz sinhypb® + P*b% + PYbY
NG h Yp mMp yp T T
b~ eYB b brv” 4+ brvY + b v?
VT sgn(n) = sgn(n -
T V(522 + b2 VOB T (07)2/b2 + (5°)?
: : P*v* 4+ PYvY 4+ mpv”® sinh
sinh(yp —yB) sgn(n) sinh y 5 sgn(n) Y Y i i

VT + (09)°/mj + P2 + P

30



MHENS — Collins Ebert, Schindler, IS, Zhao (arXiv:2201.08401)
L ¢

® P -b=0 case, our proof applies

MHENS equivalent to Quasi (same soft fn, renormalization, ...)

T "N T Dz o~ I''MHENS /; » "N algy ~
/dCE fcgi/]h(xabTal%C?xPa ): f(gz/]h (b :O7bT7ILL7P 7yn_yBa77)

This case was focus of Musch, Hagler, Engelhardt, Negele, Schafer

® P-b+#0 case (x dependence) Additional challenges
® h* - dependent renormalization t L.
_ 2
Linear: (2 lnv| + \/152 + b%)/a ’
_ 20 _ by )
Cusp: « |3 ——tan"'—| In(a) Sty
T b? —_— >
e ) - dependent soft function? - '

With proper lattice renormalization, Lorentz Inv. compensation,
and construction of a suitable soft function,

could connect MHENS to LR scheme (thus to Collins). 31



Conclusion © Quasi-TMD — Collins-TMD

Our proof enables rigorous lattice studies

_ . . _ 1 - .
fz/h(xv bTa s Ca xpza ﬁ) — Cz (ng’Z’ /L) eXp [5 In %] Zgh(aja bTa M C)
Lattice Targets:
® Non-perturbative CS Kernel

Info on Spin-dependent TMDPDFs (in ratios)

Info about 3D structure, x and b (in ratios)
proton vs. pion TMD PDFs (in ratios)

flavor dependence of TMD PDFs (in ratios)
soft function for TMDs

TMD PDF with x and b (hormalization)
Gluon TMD PDFs

Current Status of Lattice Calculations: Yong Zhao’s talk next

32



