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Higher-twist parton distribution functions

ꔄ confined hadrons
 ꔄ quasi-free partonic degrees of freedom


Gluon at low energy, “the glue that binds us all”?

What are higher-twist distribution functions?


What information do they encapsulate?


From low-energy experiments to higher Q2.
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PDF kinematics coverage: collinear PDFs
[Prog.Part.Nucl.Phys. 121 (2021) 103908]

Fixed Target DIS & SIDIS: M/Q is not so small


Spurious contaminations 

Spin asymmetries can be defined to get sensitive to twist-3

Present data: Hermes, COMPASS, JLab.

One possible definition for higher-twist contributions: 

terms effectively suppressed like (M/Q)t-2
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Higher-twist in observables
From spurious contaminations…  

…to genuine effects

CJ15 global analysis includes lower cuts on W2. [Accardi et al., PRD93]

HT’s role in fulfilling duality [e.g. Melnitchouk et al., Phys.Rept.406]

JAM analysis of the helicity PDF g1 extends to gT, with gT=g1+g2. [Sato et al., PRD93]

Monte Carlo aspect of the analysis, a random selection of
100 fits from the full sample of ≈8000 in the full analysis is
shown, along with the expectation values and standard
deviations for each distribution computed from Eqs. (47)
and (48) using the full sample. The Δuþ andΔdþ PDFs are
the best determined distributions from the inclusive DIS
data, with relatively small uncertainty bands. We stress that
the uncertainties here are computed unambiguously from
the Monte Carlo analysis, independent of any tolerance
criteria, which are sometimes invoked in single-fit analyses
to inflate PDF errors when fitting incompatible data sets
[3]. Integrated over all x, the lowest moments of the Δuþ
and Δdþ distributions are 0.83" 0.01 and −0.42" 0.01,
respectively. The contributions from the extrapolated
regions, x < 0.001 and x > 0.8, where the PDFs are not
directly constrained by data, are very small as a comparison
between the truncated and full moments in Table IV
demonstrates.
The strange-quark distribution Δsþ turns out to be

negative, constrained by a combination of Q2 evolution,
weak baryon decay constants, and the assumption of an
SU(3)-symmetric sea, Eq. (37). The value of Δsþ inte-
grated over x is −0.10" 0.01, which then implies a total
helicity carried by quarks and antiquarks of ΔΣ ¼ 0.28"
0.04 at the input scale. The extrapolated region contributes
little to the moments of the quark distributions, in contrast
to the gluon case, where the unmeasured region plays a
much more important role. In particular, while the gluon
helicity from the experimentally constrained region is
0.5" 0.4, the total moment approximately doubles in
magnitude, but with a significantly larger uncertainty,
ΔG ¼ 1" 15. This is reflected by the much wider error
band on the ΔgðxÞ distribution in Fig. 16 than on the

polarized quark PDFs. The uncertainty is expected to be
reduced once jet and pion production data from polarized
pp collisions are included in the analysis [40].
The difficulty in constraining the polarized gluon dis-

tribution is clearly revealed through the spread of Δg from
various global PDF parametrizations illustrated in Fig. 17.
Here the PDFs from the DSSV09 [21], AAC09 [24], BB10
[22], LSS10 [23] and NNPDF14 [28] global analyses are
compared with the JAM15 results, and with the previous
JAM13 [20] distributions. Note that the BB10 fit uses only
inclusive DIS data, similar to our analysis and JAM13,
while LSS10 includes also semi-inclusive DIS asymme-
tries. The other analyses consider in addition data from
polarized pp scattering with jet and π production at RHIC,
which have the strongest constraints on the gluon

TABLE IV. Lowest moments of the twist-2 PDFs Δuþ, Δdþ,
Δsþ, ΔΣ and ΔG, the twist-3 dp2 and dn2 moments, and the x2-
weighted moments hp and hn of the twist-4 distributions. The
truncated moments in the measured region x ∈ ½0.001; 0.8' and
the extrapolated full moments are shown at Q2 ¼ 1 GeV2.

Moment Truncated Full

Δuþ 0.82" 0.01 0.83" 0.01
Δdþ −0.42" 0.01 −0.44" 0.01
Δsþ −0.10" 0.01 −0.10" 0.01
ΔΣ 0.31" 0.03 0.28" 0.04
ΔG 0.5" 0.4 1" 15
dp2 0.005" 0.002 0.005" 0.002
dn2 −0.001" 0.001 −0.001" 0.001
hp −0.000" 0.001 0.000" 0.001
hn 0.001" 0.002 0.001" 0.003

FIG. 16. Leading-twist Δuþ, Δdþ, Δsþ and Δg distributions [(a) and (b)] and the higher-twistDu;d andHp;n distributions [(c) and (d)]
as a function of x forQ2 ¼ 1 GeV2. Panels (a) and (c) show a random sample of 100 from the 8000 IMC fits, while (b) and (d) show the
average distributions and the standard deviations computed from Eqs. (47) and (48). Note that x times the distribution is shown.
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mass effects. On the other hand, the twist-3 part of the g2
structure function remains nonzero even in theM2=Q2 → 0
limit (in which ρ → 1 and ξ → x), where it is given by an
expression similar to the Wandzura-Wilczek relation for the
twist-2 part of g2,

gðτ3Þ2 ðx;Q2Þ ¼ Dðx;Q2Þ −
Z

1

x

dz
z
Dðz;Q2Þ: ð20Þ

In this limit, one can see by inspection that the twist-3
component of g2 also satisfies the BC sum rule (11),
gðτ3Þ2 ð1; Q2Þ ¼ 0. As in the case of the twist-2 contribution,
the BC sum rule also holds for the twist-3 part in the
presence of TMCs.
In Eqs. (19) and (20) the Q2 dependence of the twist-3

function D is generated perturbatively [37,38], and in our
analysis we use the large-Nc approximation to describe the
evolution of the momentsDðN;Q2Þ of the twist-3 functions
in Mellin space,

DðN;Q2Þ ≈
!
αSðQ2Þ
αSðQ2

0Þ

"
~γ

DðN;Q2
0Þ; ð21Þ

where the moments DðN;Q2Þ are defined analogously to
Eq. (10). Here αS is the strong running coupling, and the
evolution from the initial scale Q2

0 is governed by the
anomalous dimension

~γ ¼ 1

ð11 − 2
3NfÞ

!
ψð0; NÞ þ γE −

1

4
þ 1

2N

"
; ð22Þ

where ψð0; NÞ is the polygamma function of order 0, γE is
the Euler-Mascheroni constant, and Nf is the number of
active flavors.
Of particular interest is the d2 integral, which is defined

by a combination of N ¼ 3 moments of g1 and g2 [57],

d2ðQ2Þ ¼ 2g1ð3; Q2Þ þ 3g2ð3; Q2Þ: ð23Þ

From Eq. (9) one observes that the twist-2 contributions to
d2 vanish identically, so that the leading contributions to d2
arise at the twist-3 level. In terms of moments of the Dq

distributions in Eq. (18), the leading (twist-3) part of d2 is
given by

dðτ3Þ2 ðQ2Þ ¼
X

q

e2qDqð3; Q2Þ: ð24Þ

Physically, d2 is related to matrix elements describing the
nucleon’s “color polarizability” [58–60] or the “transverse
color force” [61] acting on quarks.
Finally, for the residual twist-4 and higher contributions

to the g1 structure function in Eq. (15) we use an effective
hadronic level parametrization,

gðτ4Þ1 ðx;Q2Þ ¼ Hðx;Q2Þ
Q2

; ð25Þ

where H is in general a function of x and Q2. Since the
function H will be fitted phenomenologically, and treated
as a background to the twist-2 and twist-3 contributions that
are the primary focus of our analysis, we do not include
target mass or Q2 evolution corrections in H. For com-
pleteness, we also define the third moment of H by

hðQ2Þ ¼ Hð3; Q2Þ; ð26Þ

where the Mellin transform HðN;Q2Þ is defined as in
Eq. (10). In summary then, our analysis of the g1 and g2
structure functions will involve the twist-2 polarized PDFs
Δq and Δg, the twist-3 distributions Dq, and the residual
higher-twist functions Hp;n for the proton and neutron.

C. Spin-averaged structure functions

The extraction of spin-dependent PDFs from the polari-
zation asymmetries in Sec. II A requires information on the
spin-averaged structure functions in the denominators of
the asymmetries. Ideally, the unpolarized and polarized
structure functions should be determined in a simultaneous
fit to all DIS and other high-energy scattering data, to take
into account the possible influence of the spin-dependent
data on the unpolarized observables. Such correlations are
likely to be small, however, compared with the current
uncertainties on the asymmetries, and are neglected in all
existing global PDF analyses.
In the JAM15 analysis we use the CJ12 global fit [62] of

the spin-averaged PDFs, taking advantage of the similarity
in the DIS kinematic cuts employed in both analyses, and
the theoretical treatment of target mass, higher-twist and
nuclear corrections. The fitted CJ12 PDF parameters are
then used to evolve the unpolarized distributions and
compute the spin-averaged structure functions at the
needed Q2 scale. In the CJ12 fit the strong coupling
constant is computed using an approximate analytical
form, while the JAM15 analysis solves for αS numerically.
To avoid spurious numerical effects in the calculation of the
unpolarized structure functions from a mismatch in the Q2

evolution [63], the CJ12 PDFs are refitted utilizing the
same numerical evolution routine adopted in the JAM
framework, and benchmarked against the natively calcu-
lated CJ12 observables.
The CJ12 analysis [62] provided NLO fits to the leading

twist PDFs, as well as the twist-4 contributions to the F2

structure function. On the other hand, the polarization
asymmetries in Eq. (6) depend on the F1 structure function,
which can be written as a combination of F2 and the ratio R
in Eq. (7). Following Alekhin et al. [64], who found very
small higher-twist contributions to R over the entire x range
of the available DIS data, we set the twist-4 component of R
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The extraction of spin-dependent PDFs from the polari-
zation asymmetries in Sec. II A requires information on the
spin-averaged structure functions in the denominators of
the asymmetries. Ideally, the unpolarized and polarized
structure functions should be determined in a simultaneous
fit to all DIS and other high-energy scattering data, to take
into account the possible influence of the spin-dependent
data on the unpolarized observables. Such correlations are
likely to be small, however, compared with the current
uncertainties on the asymmetries, and are neglected in all
existing global PDF analyses.
In the JAM15 analysis we use the CJ12 global fit [62] of

the spin-averaged PDFs, taking advantage of the similarity
in the DIS kinematic cuts employed in both analyses, and
the theoretical treatment of target mass, higher-twist and
nuclear corrections. The fitted CJ12 PDF parameters are
then used to evolve the unpolarized distributions and
compute the spin-averaged structure functions at the
needed Q2 scale. In the CJ12 fit the strong coupling
constant is computed using an approximate analytical
form, while the JAM15 analysis solves for αS numerically.
To avoid spurious numerical effects in the calculation of the
unpolarized structure functions from a mismatch in the Q2

evolution [63], the CJ12 PDFs are refitted utilizing the
same numerical evolution routine adopted in the JAM
framework, and benchmarked against the natively calcu-
lated CJ12 observables.
The CJ12 analysis [62] provided NLO fits to the leading

twist PDFs, as well as the twist-4 contributions to the F2

structure function. On the other hand, the polarization
asymmetries in Eq. (6) depend on the F1 structure function,
which can be written as a combination of F2 and the ratio R
in Eq. (7). Following Alekhin et al. [64], who found very
small higher-twist contributions to R over the entire x range
of the available DIS data, we set the twist-4 component of R
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gT  is the only twist-3 PDF accessible through inclusive DIS   

Exploratory studies suggest that quark-gluon-quark correlations are non-zero.
[Accardi et al, JHEP11 (2009)]
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Dichotomy of twist-3

1. Parametrizing the proton matrix element, relations between scalars and moments can be found: Wandzura-Wilczek relation.

g2(x) = �g1(x) +

Z 1

x

dy

y
g1(y) + g̃2(x)

<latexit sha1_base64="z4O71fbPU2rD+oeknv/85uyHXoU="></latexit>

twist-2 PDF

 [e.g. Jaffe, eprint/9602236]

see talks by Shohini Bhattacharya (TMDs),  
Simonetta Liuti (GPDs)
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twist-2 PDF related to genuine qgq correlation through the equations of motion
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twist-2 PDF related to genuine qgq correlation through the equations of motion

 [e.g. Jaffe, eprint/9602236]

2. Light-cone dynamics imply the existence of singularities: .δ(x)

g2(x) = �g1(x) +

Z 1

x

dy

y
g1(y) + g̃2(x) + g2,�(x)|model

<latexit sha1_base64="mR73Fam6G0RHBYDbav85KeUSC6s="></latexit>

 [Jaffe & Ji, PRD43]

[Burkardt & Koike, NPB632]

[Aslan & Burkardt, PRD101]


[Ji, NPB960]

see talks by Shohini Bhattacharya (TMDs),  
Simonetta Liuti (GPDs)
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 [Jaffe & Ji, PRD43]

[Burkardt & Koike, NPB632]

[Aslan & Burkardt, PRD101]


[Ji, NPB960]3. Mass terms: 
g2(x) = �g1(x) +

Z 1

x

dy

y
g1(y) + g̃2(x) + g2,�(x)|model +

mq

M
F [ftwist-2(x)]

<latexit sha1_base64="czcIXj1nXC3kt6JweHLoZ1xBOtA="></latexit>

see talks by Shohini Bhattacharya (TMDs),  
Simonetta Liuti (GPDs)
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Scalar PDF                                      
The composition of the scalar PDF is worked out through the EoM of QCD:

genuine qgq correlation quark mass term “local” term

originates from covariant derivative originates from kinetic+massoriginates from singularity

eqloc(x) =
1

2M

Z
d�

2⇡
ei�xhP | ̄q(0) q(0)|P i = �(x)

2M
hP | ̄q(0) q(0)|P i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Only observable-related contribution to the proton mass:

the singularity of e(x) is proportional to the pion-nucleon sigma term through sum rules [e.g. Kodaira & Tanaka, PTP, Vol. 101]

Lots of interests for that function in the past years 

[Schweitzer and Efremov, JHEP08006]

[Burkardt & Koike, NPB632]


[Ji, NPB960]

[Lorcé, Pasquini, Schweitzer, JHEP01 (2015)]


[Pasquini & Rodini, PLB788]

[Hatta & Zhao, PRD102]


[Bhattacharya et al., PRD102]

eq(x) = eqloc(x) + eqgen(x) + eqmass(x)
<latexit sha1_base64="k8geA4z4VMlATNMp1hWOpOidHMg="></latexit>
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Scalar PDF and the proton mass

QCD mass decomposition

[Ji, PRL 74; Ji, PRD 52]

[Lorcé, EPJC78; Lorcé et al, 2109.11785]

MP = Mm +Ma +Mq +Mg
<latexit sha1_base64="sQUJB1HmLxJqn2zFkNNJfbkbzBQ=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCIJSZKuhGKLpxU6hgH9AOQybNtKFJZkwyQhnqxl9x40IRt/6FO//GTDsLbT2Qy+Gce7m5J4gZVdpxvq2FxaXlldXCWnF9Y3Nr297ZbaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8zv/VApKKRuNOjmHgc9QUNKUbaSL69X/Pr8LLm8xNY81FW7mFW+75dcsrOBHCeuDkpgRx13/7q9iKccCI0ZkipjuvE2kuR1BQzMi52E0VihIeoTzqGCsSJ8tLJBWN4ZJQeDCNpntBwov6eSBFXasQD08mRHqhZLxP/8zqJDi+8lIo40UTg6aIwYVBHMIsD9qgkWLORIQhLav4K8QBJhLUJrWhCcGdPnifNStk9LVduz0rVqzyOAjgAh+AYuOAcVMENqIMGwOARPINX8GY9WS/Wu/UxbV2w8pk98AfW5w9tl5RP</latexit>

quark mass Mm = ∑
q

σq
trace anomaly quark and gluon energy ∝ < x >q,g
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Scalar PDF and the proton mass

QCD mass decomposition

[Ji, PRL 74; Ji, PRD 52]

[Lorcé, EPJC78; Lorcé et al, 2109.11785]

MP = Mm +Ma +Mq +Mg
<latexit sha1_base64="sQUJB1HmLxJqn2zFkNNJfbkbzBQ=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCIJSZKuhGKLpxU6hgH9AOQybNtKFJZkwyQhnqxl9x40IRt/6FO//GTDsLbT2Qy+Gce7m5J4gZVdpxvq2FxaXlldXCWnF9Y3Nr297ZbaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8zv/VApKKRuNOjmHgc9QUNKUbaSL69X/Pr8LLm8xNY81FW7mFW+75dcsrOBHCeuDkpgRx13/7q9iKccCI0ZkipjuvE2kuR1BQzMi52E0VihIeoTzqGCsSJ8tLJBWN4ZJQeDCNpntBwov6eSBFXasQD08mRHqhZLxP/8zqJDi+8lIo40UTg6aIwYVBHMIsD9qgkWLORIQhLav4K8QBJhLUJrWhCcGdPnifNStk9LVduz0rVqzyOAjgAh+AYuOAcVMENqIMGwOARPINX8GY9WS/Wu/UxbV2w8pk98AfW5w9tl5RP</latexit>

quark mass Mm = ∑
q

σq
trace anomaly quark and gluon energy ∝ < x >q,g

Sigma terms

have been determined from theoretical analysis of  data [Meissner et al.] 

have been evaluated on the lattice [Constantinou et al.]


pheno analysis of  could pave the way towards another possible determination

πN

e(x)

⌦
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• can be accessed through single-hadron SIDIS

—see talk by Timothy Hayward


& [Efremov et al, PRD67]


• can be accessed through dihadron SIDIS 

this talk
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Twist-3 in SIDIS dihadron production
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FIG. 3. Relevant diagrams at the leading and subleading twist for the semi-inclusive DIS of a lepton on a hadronic target with detection
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gluons, while the gluon lines represent all possible contributions from transverse gluon fields #see text$.
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collinear framework — led to collinear transversity extraction [Radici, Jakob & Bianconi, PRD65].


modulations of spin asymmetries single out:


Scalar PDF from the beam spin asymmetry 

[Bacchetta & Radici, PRD69]

ALU / twist-3 PDF⇥ twist-2 FF + twist-2 PDF⇥ twist-3 FF

unpolarized
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Beam spin asymmetry at CLAS and CLAS12

CLAS12: 1.5 < Q2 < 5.7 GeV2

[CLAS Collaboration, PRL126 (2021) 6, 062002]

[CLAS Collaboration, PRL126 (2021) 152501]

current-fragmentation region are selected by applying on
each pion the cut xF > 0, where the Feynman-x variable is
defined as xF ¼ 2pk=W, with pk the pion pair four-
momentum component parallel to the virtual-photon direc-
tion. Exclusive events are removed through a cut on the
missing mass meπþπ−X > 1.05 GeV. Spurious contamina-
tions from exclusive baryonic resonance production (for
example Δþþπ− → pπþπ−) have been studied through
Monte Carlo simulations and are further suppressed at
the few percent level by cutting on the energy fraction of
the pions, namely, zπþ > 0.28 and zπ− > 0.25.
Experimentally, the BSA is defined as

ALU ¼ 1

PB

ðNþ − N−Þ
ðNþ þ N−Þ

; ð7Þ

where Nþð−Þ are the number of counts corresponding to
each beam-helicity state, and PB ¼ 0.75% 0.02 is the
average beam polarization over the entire data taking
period. The BSA has been computed in one-dimensional
projections as a function of x, z, mπþπ− , and Q2 and
integrating over all the other kinematic variables.
From the theoretical point of view, the only surviving

azimuthal modulation of the BSA is the sinϕR moment of
Eq. (1). However, kinematic correlations due to the limited
phase space available in real data and nonuniform detector
acceptance might lead to incomplete cancellation of mod-
ulations involving transverse momentum dependent func-
tions [16]. A detailed Monte Carlo simulation study using
an event generator based on PYTHIA and JETSET [22] and
a full GEANT4 [23] simulation of CLAS demonstrated that
a reliable extraction of the AsinϕR

LU moment can be achieved
by binning the data in a 6 × 6 matrix in the two angles ϕR
and Δϕ ¼ ϕh − ϕR, and performing a 2D fit with the
function

ALU ¼ AsinϕR
LU sinϕR

þ Asinðϕh−ϕRÞ
LU sinðϕh − ϕRÞ þ Asinϕh

LU sinϕh; ð8Þ

representing the relevant modulations from the cross
section.
An example of the 2D fit in the bin x ¼ 0.2 ÷ 0.3 is

shown in Fig. 1. Each panel represents one Δϕ bin, the
points show the ϕR dependence of the measured BSA. The
curve is the result of the 2D fit. The fit has been performed
considering the total (statistical and systematic) point-to-
point uncertainty shown by the error bars. The systematic
uncertainty, amounting to 30%, is due to the truncation in
the partial wave expansion of the dihadron FFs. It has been
estimated by taking into account the average values of the θ
harmonics of the series from the experimental data and
conservatively assuming that the FFs associated to higher
harmonics are of the same order of magnitude as the
leading one.

The AsinϕR
LU fitted moments are shown in Fig. 2 as a

function of x and Q2. The projections for z and mπþπ− are
given in Fig. 3. The solid circles correspond to data points.
The error bars show the statistical uncertainties from the
fits. At the bottom of each plot, the gray band represents the
total systematic uncertainty, which includes (summed up
quadratically): a 3% contribution due to the electron beam
polarization; a 3% contribution due to the radiative cor-
rections; the residual contamination from baryon resonance
decays, estimated from Monte Carlo studies to be between
2% and 9% depending on the kinematics.
The kinematic bins in the figures have been chosen so

that they have approximately the same statistics, except for
mπþπ− , where the second bin covers the ρ mass region,
while the first (third) bin covers the mass region
before (after) the ρ mass. The average Q2 of the data is
1.77 GeV2. For the x dependence of the BSA, the invariant
mass values range from the threshold to ∼1.7 GeV and
0.53 < z < 0.95.
In this Letter we report the pioneering observation of a

twist-3 observable in dihadron SIDIS; hence, no previous
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FIG. 1. BSA as a function of ϕR in the 6Δϕ bins from −180° to
180° for the bin x ¼ 0.2 ÷ 0.3. The full circles represent the
experimental measurement with the vertical bar indicating the
total uncertainty, while the curves represent the result of the fit
with Eq. (8).
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CLAS

dihadron SIDIS on proton target — sensitive to ;


non-vanishing twist-3 effects at CLAS12;


projections of beam spin asymmetries on 


➡  triptych from the parton distribution and fragmentation function.

eP ≡ 1
9 (4 euV − edV)

(x, z, Mh; Q2, y)
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FIG. 2. The measured A
sin(�R?)

LU asymmetry vs. x. The thin,

black bars indicate statistical uncertainties and the vertical

extent of the wide, gray bars indicates systematic uncertain-

ties. See text for further discussion.

When the dependence on transverse momenta is in-
cluded, the cross section depends on �h and the dihadron
FF G

?
1 appears, which describes the helicity dependence

of the two-pion production:

d�LU / C�e sin(�h � �R?)I
⇥
f1G

?
1

⇤
+ . . . , (5)

where C is the corresponding kinematic depolarization
factor and additional terms in the cross section are again
linearly independent from the given one. As G

?
1 is a

TMD FF, it appears in Eq. (5) in a convolution, denoted
by I, over the transverse momentum dependences of the
PDF and FF [14, 15, 24].

The individual terms can be extracted from Eqs. (4)
and (5) by forming the beam spin asymmetry ALU from
the two-pion yields N±, produced from the scattering of
an electron with helicity ±, written

ALU =
1

Pbeam

N
+(�h,�R?)�N

�(�h,�R?)

N+(�h,�R?) +N�(�h,�R?)
= (6)

A
sin(�h��R?)
LU sin(�h � �R?) +A

sin(�R?)
LU sin(�R?),

and fitting for the resulting azimuthal modulation am-
plitudes where Pbeam is the beam polarization. The am-
plitudes in Eq. (6) were extracted from the data using
an unbinned maximum likelihood fit that includes addi-
tional modulations beyond the two listed here, from the
cross section partial waves up to ` = 2; see Ref. [15] for
details. A binned �

2-minimization fit with 8 ⇥ 8 bins
in �h and �R? was also performed and is in very good
agreement with the unbinned fit with a mean reduced �

2

of 1.05. The resulting asymmetries are corrected for the
ratio of the depolarization factors W (x, y) and C(x, y) in
Eqs. (4) and (5) to the respective factor A(x, y) of the
unpolarized cross section.

FIG. 3. The measured A
sin(�h��R? )

LU asymmetry vs. Mh. The

thin, black bars indicate statistical uncertainties and the ver-

tical extent of the wide, gray bars indicates systematic uncer-

tainties. See text for further discussion.

FIG. 4. The measured A
sin(�h��R? )

LU asymmetry vs. P?
h . The

data have been split into two bins of Mh above and below

0.63 GeV. Asymmetries for lower values of Mh are shown in

red squares and the blue circles show the values for higher

Mh. The thin, solid bars indicate statistical uncertainties

and the vertical extent of the wide bars indicates systematic

uncertainties. See text for further discussion.

Figure 2 shows the result for A
sin(�R?)
LU vs. x and in-

tegrated over the other relevant variables. A significant
signal is observed that is relatively flat throughout the
valence quark region. The PDF e(x) is confirmed to
be nonzero and its general shape can be observed be-
cause the asymmetry presented here is proportional to
e(x)H^

1 (z,Mh) and H
^
1 (z,Mh) is well-constrained [12].

The function e(x) can be extracted point-by-point from
these data with further theoretical development.

In Figs. 3-5 results for A
sin(�h��R? )
LU , sensitive to G

?
1 ,

are shown vs.Mh, P?
h and z and integrated over the other

variables. The quantity P
?
h , the transverse momentum

of the final-state pion pair with respect to q, accesses the
convolution of the TMD of the PDF and dihadron FF.

CLAS12

Asin
ϕ R

LU

x

Road map for e(x) extraction and (global) analysis.

[Bacchetta & Radici, PRD69 (2004)]

[Courtoy, 1405.7659]


see talk by Christopher Dilks
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leading-twist DiFFs

Extraction of  from CLAS datae(x)
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Twist-2 Dihadron Fragmentation Functions 
 


Phenomenologically tested for the twist-2 transversity PDF [Bacchetta, Courtoy & Radici, PRL107 and follow-ups]


extracted in e+e- at Belle here: [Radici, Courtoy, Bacchetta, JHEP 05 (2015)] 

we get the ratio R that is believed to be universal (portable) up to evolution effects
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Figure 3. The ratio R(z,Mh) of eq. (3.10) as a function of z at Q2
0 = 1GeV2 for three different

Mh = 0.4GeV (lower band at z ∼ 0.8), Mh = 0.8GeV (mid band at z ∼ 0.8), and Mh = 1GeV
(upper band at z ∼ 0.8). Left panel for results obtained with αs(M2

Z) = 0.125, right panel with
αs(M2

Z) = 0.139. For the calculation of the uncertainty bands see details in the text.

realistic estimate of the statistical uncertainty on DiFFs. In fact, we noticed that the mini-

mization often pushes the theoretical functions towards their upper or lower bounds, where

the χ2 does no longer display a quadratic dependence upon the parameters. Instead, the

Monte Carlo approach does not rely on the prerequisites for the standard Hessian method

to be valid. Although the minimization is performed on the function defined in eq. (3.9),

the agreement of the N theoretical outcomes with the original Belle data is better ex-

pressed in terms of the standard χ2 function [30]. The χ2 can be obtained by replacing

Hexp
ij, r in eq. (3.9) with the corresponding value inferred from the original data set without

Gaussian noise.

We show our results through the following ratio:

R(z,Mh) =
|R|
Mh

H!u
1 (z,Mh;Q2

0)

Du
1 (z,Mh;Q2

0)
, (3.10)

where both DiFFs are summed over all fragmentation channels and the ratio is evaluated

at the hadronic scale Q2
0 = 1GeV2. In figure 2, we consider the ratio R as a function

of the invariant mass Mh for three different values of the fractional energy z: z = 0.25

(shortest band), z = 0.45 (lower band at Mh ∼ 1.2GeV), and z = 0.65 (upper band at

Mh ∼ 1.2GeV). The left panel displays the results with αs(M2
Z) = 0.125, the right one

with αs(M2
Z) = 0.139. Each band corresponds to the 68% of all N = 100 replicas, produced

by rejecting the largest and lowest 16% of the replicas’ values for each (z,Mh) point. The

shortest band (for z = 0.25) stops around Mh ∼ 0.9GeV because there are no experimental

data at higher invariant masses for such low values of z. In this kinematic range, the fit is

much less constrained and, consequently, the uncertainty band becomes larger. Comparing

the two panels reveals a mild sensitivity of the results to the choice of αs(M2
Z), hence of

ΛQCD. Figure 2 represents an update of the upper panel of figure 6 in ref. [10], with a more

realistic estimate of the statistical uncertainty on the polarized DiFF H!
1 .

In figure 3, the same quantity R of eq. (3.10) is plotted as a function of z for three

different values of the invariant mass: Mh = 0.4GeV (lower band at z ∼ 0.8), Mh =

0.8GeV (mid band at z ∼ 0.8), and Mh = 1GeV (upper band at z ∼ 0.8). Again, the left

– 8 –

chiral-odd DiFF

unpolarized DiFF
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leading-twist DiFFs G̃^ = genuine twist-3
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How to treat twist-3 
Dihadron Fragmentation 

Functions?

Extraction of  from CLAS datae(x)
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we get the ratio R that is believed to be universal (portable) up to evolution effects
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Figure 3. The ratio R(z,Mh) of eq. (3.10) as a function of z at Q2
0 = 1GeV2 for three different

Mh = 0.4GeV (lower band at z ∼ 0.8), Mh = 0.8GeV (mid band at z ∼ 0.8), and Mh = 1GeV
(upper band at z ∼ 0.8). Left panel for results obtained with αs(M2

Z) = 0.125, right panel with
αs(M2

Z) = 0.139. For the calculation of the uncertainty bands see details in the text.

realistic estimate of the statistical uncertainty on DiFFs. In fact, we noticed that the mini-

mization often pushes the theoretical functions towards their upper or lower bounds, where

the χ2 does no longer display a quadratic dependence upon the parameters. Instead, the

Monte Carlo approach does not rely on the prerequisites for the standard Hessian method

to be valid. Although the minimization is performed on the function defined in eq. (3.9),

the agreement of the N theoretical outcomes with the original Belle data is better ex-

pressed in terms of the standard χ2 function [30]. The χ2 can be obtained by replacing

Hexp
ij, r in eq. (3.9) with the corresponding value inferred from the original data set without

Gaussian noise.

We show our results through the following ratio:

R(z,Mh) =
|R|
Mh

H!u
1 (z,Mh;Q2

0)

Du
1 (z,Mh;Q2

0)
, (3.10)

where both DiFFs are summed over all fragmentation channels and the ratio is evaluated

at the hadronic scale Q2
0 = 1GeV2. In figure 2, we consider the ratio R as a function

of the invariant mass Mh for three different values of the fractional energy z: z = 0.25

(shortest band), z = 0.45 (lower band at Mh ∼ 1.2GeV), and z = 0.65 (upper band at

Mh ∼ 1.2GeV). The left panel displays the results with αs(M2
Z) = 0.125, the right one

with αs(M2
Z) = 0.139. Each band corresponds to the 68% of all N = 100 replicas, produced

by rejecting the largest and lowest 16% of the replicas’ values for each (z,Mh) point. The

shortest band (for z = 0.25) stops around Mh ∼ 0.9GeV because there are no experimental

data at higher invariant masses for such low values of z. In this kinematic range, the fit is

much less constrained and, consequently, the uncertainty band becomes larger. Comparing

the two panels reveals a mild sensitivity of the results to the choice of αs(M2
Z), hence of

ΛQCD. Figure 2 represents an update of the upper panel of figure 6 in ref. [10], with a more

realistic estimate of the statistical uncertainty on the polarized DiFF H!
1 .

In figure 3, the same quantity R of eq. (3.10) is plotted as a function of z for three

different values of the invariant mass: Mh = 0.4GeV (lower band at z ∼ 0.8), Mh =

0.8GeV (mid band at z ∼ 0.8), and Mh = 1GeV (upper band at z ∼ 0.8). Again, the left

– 8 –

chiral-odd DiFF

unpolarized DiFF
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Model evaluations for genuine twist-3 DiFF:   [Luo et al.,PRD100],  [Yang et al., PRD99]

Estimate of Interference FF through the asymmetries on longitudinally-polarized target at COMPASS [Sirtl, PhD thesis, 2017]
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2

they are both enclosed by the scattering plane, spread
by the incoming lepton and the virtual photon direction,
and a hadronic plane, spread by the virtual photon di-
rection and either

Ph = P1 + P2 or R =
1

2
(P1 � P2) . (2)

The azimuthal angles can be consequently calculated via

�h =
(q ⇥ l) · Ph

|(q ⇥ l) · Ph|
arccos

✓
(q ⇥ l) · (q ⇥ Ph)

|q ⇥ l| · |q ⇥ Ph|

◆
(3)

�R =
(q ⇥ l) ·R?
|(q ⇥ l) ·R?|

arccos

✓
(q ⇥ l) · (q ⇥R?)

|q ⇥ l| · |q ⇥R?|

◆
. (4)

where the bold variables indicate corresponding mo-
menta. Here, R? describes the transverse component of
R with respect to the virtual photon. It is calculated
from

R? =
z2P1? � z1P2?

z1 + z2
(5)

in order to ensure the invariance of �R against boosts in
the direction of the virtual photon, where z1/2 = E1/2/⌫

is the energy fraction of a hadron with respect to the
virtual photon energy. This definition of R? coincides
with the general one up to corrections of order 1/Q2

[4, 6], where Q
2 = �(l � l

0)2.

Asymmetries are defined as ratios of structure func-
tions

A
m(�h,�R)
XY =

F
m(�h,�R)
XY

FUU,T + "FUU,L
, (6)

where the subscripts indicate the polarization of the
beam (X) and the target (Y), here either unpolarized
(U) or longitudinally polarized (L). The third subscript
refers to longitudinally (L) or transversely (T) polarized
virtual photons. The ratio of the corresponding photon
fluxes is given by

" =
1� y � 1

4�
2
y
2

1� y + 1
2y

2 + 1
4�

2y2
, (7)

where y = ⌫
E is the fractional energy of the virtual

photon and � = 2Mx
Q . The superscript m(�h,�R) in

Eq.(6) indicates the respective azimuthal modulation.

In a TMD approach, i.e. when taking into account
transverse momenta of quarks pT , a set of seven az-
imuthal single spin asymmetries (SSAs) and two double
spin asymmetries (DSAs) can be measured at leading
twist. They are sensitive to pT -dependent convolutions
of TMD PDFs, in particular the helicity distribution
g1L(x, pT ) or the still unknown Boer-Mulders function
h1L(x, pT ), coming with FFs. Detailed formulas can be
found in Ref. [1].

Considering the di-hadron cross-section in a collinear
approach, two longitudinal target spin asymmetries arise
at subleading twist:
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Their interpretation in the framework of the parton
model involve flavor sums of simple products of PDFs and
FFs, in particular interference FFs (\), whereas the su-
perscripts s and p indicate the contributing partial wave
characteristics. The electric charge of a particular fla-
vor q is denoted by eq. Assuming Wandzura-Wilzcek
approximation, the genuine twist-3 terms marked with a
tilde can be neglected, leaving a pure sensitivity to the
respective leading products. Measuring these asymme-
tries, and including recent results for the interference FF
H

\
1 from BELLE [7], hence provides a clean way to ac-

cess the still unknown twist-3 PDF hL(x), respectively
eL(x). The first can be interpreted as the distribution of
transversely polarized quarks in a nucleon with longitu-
dinal spin orientation, which is among the missing puzzle
pieces to complete the one-dimensional picture of the pro-
ton at subleading twist. Assuming the gauge-link to be
the only source of t-odd behavour, the PDF eL(x) and
with it the respective asymmetry should vanish. Measur-
ing these asymmetries can hence provide further insight
into Q-suppressed spin dependent mechanisms and serve
to corroborate common theoretical assumptions.

3

III. DATA ANALYSIS

This work comprises the analysis of combined data,
obtained by scattering naturally polarized µ

+ with a
nominal momentum of 160GeV/c during a dedicated
data taking in 2007, respectively of 200GeV/c in 2011,
o↵ a longitudinally polarized solid state NH3 target. A
priori the Q

2-evolution and the kinematic dependences
of the considered asymmetries are unknown. Still, from
general considerations, these kind of e↵ects are expected
to be small or negligible within experimental accuracy.
Hence, we find it reasonable to merge both data sets,
although di↵erent beam energies were used.

The standard COMPASS DIS cuts were applied. In
particular was the four-momentum transfer limited to
Q

2
> 1 (GeV/c)2, the fractional energy transfer of the

muon set to 0.1 < y < 0.9 and the invariant mass of the
hadronic system required to beW > 5GeV/c2. To match
COMPASS kinematics, the Bjorken variable was limited
to 0.0025 < x < 0.7. Per selected event, all possible com-
binations of hadron pairs were included in the analysis.
The fractional energy for each hadron was required to
be z1/2 > 0.1 and the Feynman variable xF,1/2 > 0.1.
To further exclude exclusive events from the sample, the
missing energy

Emiss =
(P + q � Ph)

2 � q
2

2M
=

M
2
X �M

2

2M
, (10)

was required to fulfill Emiss > 3GeV. Here, M and
MX stand for the mass of the proton, respectively the
mass of the undetected recoiling system. Finally, a cut
RT > 0.07 was applied, to ensure the well-definition of
the corresponding hadronic plane, hence the angle �R.

A further remark should be given concerning the
polarization of the target. Since it is practically po-
larized along beam direction, there enters a transverse
spin contribution when considering the frame where the
z-axis points along the direction of the virtual photon. In
this analysis, this contribution of transverse polarization
components along the photon axis is neglected due to its
strong suppression in COMPASS kinematics.

All azimuthal asymmetries are extracted in bins of x,
z = z1 + z2 and the invariant mass Minv, including a
correction per kinematic bin regarding the beam polar-
ization, the target polarization, the dilution of the target,
as well as for respective depolarization factors.

IV. RESULTS

Our results for the asymmetries arising at leading
twist are shown in Fig. 3 and Fig. 4, where the statistical
errors are represented by the error bars and the system-
atic uncertainties are indicated by color bands on the
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Figure 2. Measured integrated azimuthal asymmetries arising

in the di-hadron cross-section up to subleading twist, consid-

ering scattering o↵ longitudinally polarized protons. Shown

are the mean values when integrating over the entire kine-

matic range. The upper nine values correspond to asymme-

tries arising in a TMD approach at leading twist while the last

two refer to the asymmetries at subleading twist in a collinear

approach.

bottom of each plot. No eminent kinematic dependence
is observed on any of the considered variables. The
asymmetries are found to be quite narrowly distributed
around zero over the entire kinematic ranges.

Fig. 5 shows our results for the two asymmetries at

subleading twist. The single spin asymmetry A
sin(�R)
UL is

found to be clearly positive within experimental preci-
sion, averaging

A
sin(�R)
UL = 0.0050± 0.0010(stat)± 0.0007(sys). (11)

This measurement confirms non-zero results from CLAS,
measured in the high x-region. As already motivated in
Sec. II the presented results can serve to access the still
unknown PDF hL(x).

The double spin asymmetry A
cos(�R)
LL was found to av-

erage

A
cos(�R)
LL = �0.0135± 0.0064(stat)± 0.0046(sys). (12)

The fact, that this asymmetry is found to be small
within the experimental precision could consequently
corroborate the Wandzura-Wilzcek assumption of negli-
gible quark-gluon correlations on the fragmentation side,
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UL is

found to be clearly positive within experimental preci-
sion, averaging
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This measurement confirms non-zero results from CLAS,
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Sec. II the presented results can serve to access the still
unknown PDF hL(x).

The double spin asymmetry A
cos(�R)
LL was found to av-

erage

A
cos(�R)
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The fact, that this asymmetry is found to be small
within the experimental precision could consequently
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Figure 9.1: Azimuthal asymmetries from 2007 and 2011 (top) and for the whole
data set (bottom). The error bands indicate the systematic uncertainties. Corre-
sponding mean values are also displayed.

[Sirtl, PhD thesis, 2017]
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Our ansatz for the twist-3 DiFF contribution

CLAS12: split invariant-mass regions  to pinpoint vector meson contributions


We assume the trend of all interference DiFFs in the invariant mass is similar for  (up to overall sign)


⇒  supported by model evaluation of   and 


Reproducing  in that range sets our upper bound to   


 reproduces the order of magnitude for   adequately
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Point-by-point e(x) from CLAS data

Scenario I: Wandzura-Wilczek approximation


Scenario II: beyond WW approximation

Evolution omitted thanks to low-Q2 values —Q=1GeV

Uncertainty on unpolarized PDF taken into account


Sign of twist-3 DiFFs undetermined
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Point-by-point e(x) from CLAS data

Scenario I: Wandzura-Wilczek approximation


Scenario II: beyond WW approximation

Evolution omitted thanks to low-Q2 values —Q=1GeV
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What is the probability for  to be non-zero?eP(x)
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Probability that the proton combination is greater than zero —not exactly “how incompatible with zero is it?”—

is a useful information from the point-by-point extraction of a collinear twist-3 PDF with a minimum set of approximations.
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Dihadron fragmentation functions

➡ DiFF extracted in e+e-, to be tested against SIDIS multiplicities

➡ Consistency check on SIDIS  dependence at CLAS & CLAS12

➡ Determination of the integral of  from reconstruction: 
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Twist-2 and -3 PDFs

➡ Universality of transversity in pp and SIDIS [Radici et al, PRD94]

➡ Global analysis of the transversity possible [Radici & Bacchetta, PRL120; JAM Coll., PRD102] — see talk by Alexei Prokudin

➡ Are twist-3 PDFs universal? 


Yet to be answered.

Examples through TMD and dynamical twist-3 relations (e.g. Sivers and Qiu-Sterman) — see talk by Shohini Bhattacharya



A. Courtoy—IFUNAM________________Extraction of e(x)____________________CPHI_2022

Consequences of the extraction

1. Are twist-3 PDFs non-zero? Yes, to a certain CL.


2. Can we access qgq correlations and more non-perturbative information? Let’s take the example of e(x).
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Combined CLAS12
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Can we study qgq correlation at the EIC?

Future: EIC will cover low- to mid-Q2 and smallish x values


Yellow Report: access to multiparton correlations.

Proposal for a 2nd interaction region — IR2@EIC. 

Complementarity with present data.

CHAPTER 6. THE EIC PHYSICS CASE 41

Current polarized DIS data:
CERN DESY JLab-6 SLAC

current polarized BNL-RHIC pp data:
PHENIX π0 STAR 1-jet W bosons

JLab-12
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Figure 6.1: The x-Q2 coverage of the EIC for two different center-of-mass energies, in com-
parison with polarized ep experiments at CERN, DESY, Jefferson Lab and SLAC, as well as
pp experiments at RHIC.

1. Global properties and parton structure of hadrons

EIC measurements will reveal the quark and gluon structure of hadrons at the next
level. This, in particular, applies to global properties of the nucleon such as its spin
and mass, that is, how those properties can be understood in terms of contributions
from the partons.

Nucleon spin: The spin and the mass are among the most important quantities
characterizing any hadron. Getting a deeper understanding of those quantities in
QCD is a key mission of the EIC. Starting with the spin, we recall that the spin of
the nucleon can be decomposed according to [4]

1
2

=
1
2

DS(µ) + DG(µ) + Lq(µ) + Lg(µ) (6.1)

into contributions from the quark plus antiquark (gluon) spin 1
2 DS (DG), as well

as quark (gluon) orbital angular momenta Lq (Lg). Each term of this decomposi-
tion depends on the renormalization scale µ, where the scale dependence drops
out upon summing over all contributions. For quite some time it was generally
believed that the DS term is largely responsible for making up the nucleon spin. It
came therefore as a big surprise when in the late 1980s the EMC Collaboration re-
ported a value for 1

2 DS which is only a small fraction of the nucleon spin [31]. This
“nucleon spin crisis” initiated a large number of further experimental and theo-
retical activities. Presently available results suggest that about 25% of the nucleon
spin is carried by the spins of the quarks and antiquarks [32]. Mainly due to the
RHIC spin program, we now also have clear evidence for a nonzero DG [5]. How-

EIC Yellow Report [2103.05419]
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Expectations for the EIC 90 7.1. GLOBAL PROPERTIES AND PARTON STRUCTURE OF HADRONS
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Figure 7.28: Beam-spin asymmetry in semi-inclusive di-hadron production. Predictions cor-
responding to Q2 = 1 GeV2 based on the di-hadron fragmentation functions of Ref. [266],
low-energy models for the twist-3 PDF eq(x) and unpolarized PDFs from MSTW08 at lead-
ing order [270] (see also text). The upper and lower panels show two different energy
configuration. The left (blue) and right (green) plots correspond, respectively, to the frag-
mentation kinematics of (0.2 < z < 0.3, 0.7 GeV < Mh < 0.8 GeV) and (0.6 < z < 0.7,
0.9 GeV < Mh < 1.2 GeV), where z is the longitudinal momentum fraction of the di-hadron
pair and Mh its invariant mass. The bands give the envelope of the model projections dis-
cussed in the text, folded with the uncertainty of the interference fragmentation function.
The projected statistical uncertainties are plotted at zero.

where Y+ = 1 + (1 � y)2.

The standard pQCD approach to inclusive diffraction is based on the collinear
factorization [273–275]. The cross section is computed by the convolution of the
perturbative partonic cross section and the diffractive parton distribution func-
tions (DPDFs). The DPDFs are evolved using the DGLAP evolution equations
with appropriately chosen initial conditions at some initial scale. At HERA fits to
the diffractive structure functions were performed by H1 [276] and ZEUS [277].
They both parametrize the DPDFs in a two-component model, containing contri-
butions from Pomeron and Reggeon exchange. In both cases the proton-vertex
factorization is assumed, meaning that the diffractive exchange can be interpreted
as colourless objects called a “Pomeron” or a “Reggeon”, with an appropriate par-

Archetype of observables for IR2@EIC 
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Figure 7.28: Beam-spin asymmetry in semi-inclusive di-hadron production. Predictions cor-
responding to Q2 = 1 GeV2 based on the di-hadron fragmentation functions of Ref. [266],
low-energy models for the twist-3 PDF eq(x) and unpolarized PDFs from MSTW08 at lead-
ing order [270] (see also text). The upper and lower panels show two different energy
configuration. The left (blue) and right (green) plots correspond, respectively, to the frag-
mentation kinematics of (0.2 < z < 0.3, 0.7 GeV < Mh < 0.8 GeV) and (0.6 < z < 0.7,
0.9 GeV < Mh < 1.2 GeV), where z is the longitudinal momentum fraction of the di-hadron
pair and Mh its invariant mass. The bands give the envelope of the model projections dis-
cussed in the text, folded with the uncertainty of the interference fragmentation function.
The projected statistical uncertainties are plotted at zero.

where Y+ = 1 + (1 � y)2.

The standard pQCD approach to inclusive diffraction is based on the collinear
factorization [273–275]. The cross section is computed by the convolution of the
perturbative partonic cross section and the diffractive parton distribution func-
tions (DPDFs). The DPDFs are evolved using the DGLAP evolution equations
with appropriately chosen initial conditions at some initial scale. At HERA fits to
the diffractive structure functions were performed by H1 [276] and ZEUS [277].
They both parametrize the DPDFs in a two-component model, containing contri-
butions from Pomeron and Reggeon exchange. In both cases the proton-vertex
factorization is assumed, meaning that the diffractive exchange can be interpreted
as colourless objects called a “Pomeron” or a “Reggeon”, with an appropriate par-

EIC Yellow Report [2103.05419]

EIC error projections (from transversity studies)

Proton target shown, but need for neutron

Models × DiFFs predictions

➡ LC model [Pasquini & Rodini, PLB 788] 

➡ made-up mass-term contribution with mq=300MeV 


Non-negligible for lowest beam configurations

from H. Avakian

& White Paper for IR2@EIC.

Evolution equations for genuine qgq twist-3 known in most cases;

Understanding of the various contributions to twist-3 PDFs;

Especially “hot” for TMD studies.

Require a second interaction region @EIC.
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Multi-parton distributions at the EIC

Large range of Q2 values, includes smallish x regions 

Complementary to fixed-target experiments (HERMES, CLAS,…)

Sandbox for factorization and evolution studies

Golden channel 

fully inclusive DIS, access to gT

Silver channel 

semi-inclusive DIS, access to e(x)

Collinear observables. 
Plethora of interesting TMD, GPD higher-twist observables to be considered too

subWG: Avakian, Burkardt, AC, Gamberg, Pitonyak, Sato, Schweitzer, Vossen



A. Courtoy—IFUNAM________________Extraction of e(x)____________________CPHI_2022

Unpolarized PDFs at in the large x & low Q2 regime

Unpolarized PDFs:

(large x, low Q2) is either in the extrapolation region for high-energy global analyses —CT, MSHT, NNPDF

or requires non-perturbative corrections related to the resonance region, e.g. TMC, HT — CJ, JAM.


Change in degrees of freedom.

Increased complexity on which most SIDIS-based extractions at low Q2 will rely.

ALU / twist-3 PDF⇥ twist-2 FF + twist-2 PDF⇥ twist-3 FF

unpolarized
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[                             ] [                             ]
Denominator of asymmetries rely on first term in the 
expansion of their unpolarized structure function

Comparison of CTEQ-TEA (CT) and CTEQ-JLab (CJ) analyses [Accardi et al, EPJC81]

Eur. Phys. J. C (2021) 81 :603 Page 15 of 27 603

Fig. 6 Upper row: The PDF ratios d/u and their asymmetric error
bands for T 2 = 10 at scale Q = 2 GeV within the CT (left) and
CJ (right) fitting frameworks. We normalize all d/u error bands to the
ratio from the central no d.c. fit (without any assumed deuteron cor-
rection). The left panel shows the CT no d.c., CT fixed d.c.,
andCT no nu-A error bands. The right panel shows the analogousCJ

no d.c., CJ fixed d.c., CJ no-W_slac, and the CJ free
d.c. fits. The abscissas are scaled to highlight the impact of the
deuteron corrections at large x , where the impact is most pronounced,
as well as the modest enhancement in the d/u ratio for x ! 0.01 in
CT at left. Lower row: now showing the absolute d/u ratios on a linear
x-axis scale to highlight the behavior at high x

less statistically significant in the context of the T 2 = 10
tolerance used to determine the uncertainty bands. For CJ,
it will be interesting to confirm this effect by fitting the full
JLab 6 GeV inclusive data set [111], and, even more so, the
JLab 12 GeV data which will augment the precision of the

available DIS measurements over a wide Q2 range at large
x , once available.

123

“We can tackle higher twist parts”—see talk by Andrea Signori

Can we tackle the denominator?
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Towards a (global) analysis of the scalar PDF
Classes of first principle constraints for x-dependence of twist-3 PDFs


support in 

end-point: 


sum rules as output:  — some moments evaluated on the lattice.


no QCD evolution for now —DGLAP eqs known for twist-3 starting from n>2.

x ∈ [0,1]
f(x = 1) = 0

< x >n = ∫
1

0
dx xn−1 f(x)
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Towards a (global) analysis of the scalar PDF
Classes of first principle constraints for x-dependence of twist-3 PDFs


support in 

end-point: 


sum rules as output:  — some moments evaluated on the lattice.


no QCD evolution for now —DGLAP eqs known for twist-3 starting from n>2.

x ∈ [0,1]
f(x = 1) = 0

< x >n = ∫
1

0
dx xn−1 f(x)

Huge family of functions that might describe the data. 

The role of parametrization is important — neural-network approaches treat the problem differently.

7

The other kinematical region in need of careful treat-
ment is the one where the momentum transfer Q

2 is
low, typically below 4 GeV2, at moderate or large ⇠.
Here power corrections can become important and can
be taken into account, for example as in (Alekhin et al.,
2012; Martin et al., 2004; Thorne, 2014).

Yet another such region arises in DIS at small x and
Q, roughly satisfying Q

2
< Acut/x

� with Acut ⇠ 0.5 �

1.5 GeV2, and � ⇠ 0.3 (Caola et al., 2010; Golec-Biernat
and Wustho↵, 1999). This is the limit where summa-
tion of small-x logarithms will become necessary, and in-
deed, a slowdown in perturbative convergence of inclusive
DIS cross sections and resulting small-x PDFs is observed
even at NNLO in the a↵ected HERA region (Abramow-
icz et al., 2015). The DIS data in this region provide
valuable constraints on the small-x behavior of the gluon
PDF. The small-x instability in DIS can be cured to a
certain extent by inclusion of power-suppressed (higher-
twist) contributions (Harland-Lang et al., 2016) or, quite
e↵ectively in the HERA region at Q2

> 4 GeV2, by using
an x-dependent factorization scale µ2 in NNLO DIS cross
sections in some of the PDF sets (CT18X and CT18Z)
published in (Hou et al., 2019). Summation of small-x
logarithms, matched to NNLO, has been successfully im-
plemented in NNPDF (Ball et al., 2018a) and xFitter
analyses (Abdolmaleki et al., 2018). It results in even
better description of the accessible small-x region. Ei-
ther NNLO+NLLx summation, as in (Ball et al., 2018a),
or the choice of a special x-dependent factorization scale
in the fixed-order NNLO cross section, as in (Hou et al.,
2019), thus leads to a better description of the small-x
subsample of the HERA DIS data. The resulting PDFs
obtained after these changes tend to have elevated gluon
and strangeness components at x < 10�2 as a result of
slower Q dependence of the DIS cross sections at small x
than would be predicted at a fixed order with a standard
scale µ = Q. LHC predictions based on such modified
PDFs, such as CT18Z, may lie outside of the nominal
error bands of the PDF set with default choices, such as
CT18.

G. Fitting

After addressing all necessary features of theory pre-
dictions such as the ones spelled out in the previous para-
graphs, one compares the theory predictions to the ex-
perimental data. The process of fitting the theoretical
predictions to data by adjusting the PDFs is the main
focus of this review. The reason is that proper determi-
nation of PDF uncertainties will be highly important for
the analysis of the high-luminosity LHC data, as the PDF
uncertainty will soon dominate systematic uncertainties
on the theory side in key tests of electroweak symme-
try breaking, including the measurements of Higgs cou-
plings and mass of the charged weak boson (ATLAS and

CMS Collaborations, 2019; de Florian et al., 2016). The
statistical framework of the PDF fits is fundamentally
more complex than the one in the electroweak precision
fits: while the parametric model of the electroweak fits is
uniquely determined by the Standard Model Lagrangian,
the parametric model for the parton distribution func-
tions may change within some limits in order to optimize
agreement between QCD theory and data.
Consequently, the PDF uncertainty is comprised of

four categories of contributions:

1. Experimental uncertainties, including statistical
and correlated and uncorrelated systematic uncer-
tainties of each experimental data set;

2. Theoretical uncertainties, including the absent
higher-order and power-suppressed radiative con-
tributions, as well as uncertainties in using parton
showering programs to correct the data in order to
compare to fixed-order perturbative cross sections;

3. Parameterization uncertainties associated with the
choice of the PDF functional form;

4. Methodological uncertainties, such as those associ-
ated with the selection of experimental data sets,
fitting procedures, and goodness-of-fit criteria.

As an illustration, the left panel of Fig. 1 shows the
HERAPDF2.0 parameterizations determined from the
fits exclusively to DIS data. The PDF uncertainty cor-
responding to the PDF solutions covering 68% of the
cumulative probability is comprised of the experimen-
tal, theoretical model, and parameterization components
that were estimated for a select fitting methodology
(Abramowicz et al., 2015). Other groups may not sepa-
rate all four components listed above in the total PDF
uncertainty. In the right panel of Fig. 1, the CT18 NNLO
PDF uncertainty bands are evaluated for 68% cumulative
probability according to a two-tier goodness-of-fit crite-
rion (Lai et al., 2010a) that accounts both for the agree-
ment with the totality of fitted data and with individual
experimental data sets. The CT18 analysis includes a
variety of data sets on DIS, vector boson, jet, and tt̄ pro-
duction. While this diversity of data allows one to resolve
di↵erences between PDFs of various flavors and probe a
broader range of PDF parameterization forms, in practice
some incompatibilities (“tensions”) between constraints
on the PDFs from various experiments are introduced
and need to be either eliminated or accounted for in
the PDF uncertainty estimate. [The CT18 and HER-
APDF2.0 PDFs are fitted to 3690 and 1130 data points,
respectively. About 100 di↵erent parameterization forms
have been tried in the CT18 analysis, contributing to
the spread of the PDF uncertainty.] The width of the
CT18 error bands thus depends on a two-level tolerance
convention (Lai et al., 2010a; Pumplin et al., 2002) that
is adjusted so as to reflect PDF variations associated

[Kovarik et al, Rev.Mod.Phys. 92 (2020)]
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responding to the PDF solutions covering 68% of the
cumulative probability is comprised of the experimen-
tal, theoretical model, and parameterization components
that were estimated for a select fitting methodology
(Abramowicz et al., 2015). Other groups may not sepa-
rate all four components listed above in the total PDF
uncertainty. In the right panel of Fig. 1, the CT18 NNLO
PDF uncertainty bands are evaluated for 68% cumulative
probability according to a two-tier goodness-of-fit crite-
rion (Lai et al., 2010a) that accounts both for the agree-
ment with the totality of fitted data and with individual
experimental data sets. The CT18 analysis includes a
variety of data sets on DIS, vector boson, jet, and tt̄ pro-
duction. While this diversity of data allows one to resolve
di↵erences between PDFs of various flavors and probe a
broader range of PDF parameterization forms, in practice
some incompatibilities (“tensions”) between constraints
on the PDFs from various experiments are introduced
and need to be either eliminated or accounted for in
the PDF uncertainty estimate. [The CT18 and HER-
APDF2.0 PDFs are fitted to 3690 and 1130 data points,
respectively. About 100 di↵erent parameterization forms
have been tried in the CT18 analysis, contributing to
the spread of the PDF uncertainty.] The width of the
CT18 error bands thus depends on a two-level tolerance
convention (Lai et al., 2010a; Pumplin et al., 2002) that
is adjusted so as to reflect PDF variations associated

[Kovarik et al, Rev.Mod.Phys. 92 (2020)]

Systematize the study of the parametrization for a faithfull analysis. 

⟹ Fantômas4QCD 
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Fantômas4QCD

Uncertainty on the PDFs coming from the choice of functional form 
shown for the unpolarized PDFs of CT18.

Fantômas will propose an unbiased version of the analytic parametrizations

for a variety of nonperturbative QCD functions.

[Hou et al, Phys.Rev.D 103 (2021)]
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Conclusions

Precision 3D imaging of nucleons. 
Emergence of hadronic mass —from the scalar PDF. 
Proton spin puzzle — from GPDs.

We have discussed the role of higher-twist distributions in the understanding of hadron structure.  
We have presented a truly updated extraction of the scalar PDF, e(x). It is non-zero to more than 75% probability. 

From the EIC wish list, higher twists contribute to, e.g.

Higher-twist distributions will unveil aspects of hadron dynamics. 

Higher-twist distributions are accessible but require more statistics, phenomenological and theoretical developments.

Combine efforts with the lattice QCD? 
[e.g. Bhattacharya et al, PRD102; Braun & Vladimirov, JHEP10(2021)087]


