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Motivations and Contents

Observation of Transverse Λ/ഥΛ Hyperon

Polarization in  𝑒+𝑒− Annihilation at Belle

• 2 data set @ 𝑠 = 10.58 GeV

[Y. Guan et al., Phys. Rev. Lett. 122. 042001 (2019)]

Double hadron production:

• 𝑒+𝑒− → Λ𝜋/𝐾 + 𝑋 : 128 points - bins of the energy fractions 𝑧Λ - 𝑧𝜋,𝐾
Single-inclusive hadron production:

• 𝑒+𝑒− → Λ(𝑗𝑒𝑡) + 𝑋: 32 points - Λ 𝑗𝑒𝑡 , in bins of  𝑧Λ - 𝑝⊥
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Motivations and Contents

Contents:

• Convolutions and Polarization: 𝑒+𝑒− → ℎ↑1ℎ2𝑋

• Convolutions and Polarization: 𝑒+𝑒− → h1
↑(jet)𝑋

• Fit results: 2-h and (2-h +1-h)

• Opal data 

• Conclusions
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Convolutions: Double-hadron production

Convolutions for the transverse polarization in 𝑏𝑇- space

Transverse Polarization:Polarizing FF first moment
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Polarization 2-h: Double-hadron Production

Solving the CSS evolution equations we obtain the full form of convolutions
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Polarization 2-h: Double-hadron Production

• Gaussian model

• Power Law model 

Polaring FF first moment

pFF NP model

Solving the CSS evolution equations we obtain the full form of convolutions
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Polarization 2-h: Double-hadron Production

DSS FF for 𝜋/K

AKK FF for Λ
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pFF NP model

Unpolarized FF

Unpolarized FFs
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Polarization 2-h: Double-hadron Production

DSS FF for 𝜋/K

AKK FF for Λ

• Gaussian model

• Power Law model 

Different 𝑔𝐾(𝑏𝑇) functions

Different models

Perturbative Sudakov factor

Polaring FF first moment

pFF NP model Unp. FF model

Unp. FF models

Unpolarized FF

Unpolarized FFs

Solving the CSS evolution equations we obtain the full form of convolutions
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Polarization: Single hadron with thrust
L. Gamberg et al., Phys.Lett.B 818 (2021) 136371

Z.-B. Kang, D.Y. Shao, F. Zhao, J. High Energy Phys. 12 (2020) 127
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Polarization: Single hadron with thrust

M. Dasgupta, G.P. Salam, Phys. Lett. B 512 (2001) 323

L. Gamberg et al., Phys.Lett.B 818 (2021) 136371

Z.-B. Kang, D.Y. Shao, F. Zhao, J. High Energy Phys. 12 (2020) 127
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Polarization: Single hadron with thrust

M. Dasgupta, G.P. Salam, Phys. Lett. B 512 (2001) 323

L. Gamberg et al., Phys.Lett.B 818 (2021) 136371

Z.-B. Kang, D.Y. Shao, F. Zhao, J. High Energy Phys. 12 (2020) 127

In general the FF in 2-h and 1-h could not be the same,

but at NLO the FFs in 2-h and 1-h are equal.
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𝑔𝐾 𝑏𝑇 Non-perturbative Function

[1]

[2]

[2]

[1] C.A. Aidala, B. Field, L.P. Gamberg, T.C. Rogers, Phys. Rev. D 89 (2014) 094002

P. Sun, J. Isaacson, C.P. Yuan, F. Yuan, Int. J. Mod. Phys. A 33 (2018) 1841006

[2] J. Collins, T. Rogers,Phys.Rev.D 91 (2015) 7, 074020

[3]

[3] F. Landry et al.,Phys.Rev.D 67 (2003)

[4] Bacchetta et al., JHEP 06 (2017) 081

• It cannot be computed from first principles,

but it has to be extracted from Fit;

• Universal Function

Functions employed:

[4]
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𝑀𝐷(𝑏𝑇) Hadronic Models Parameterizations

Gaussian Model

Power Law Model

Unpolarized 𝜋/𝐾

Unpolarized Λ

Polarized Λ

• They cannot be computed from first principles,

but they have to be extracted from Fit;

• Universal Function (for same hadron)

PV17 hadron model
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Double-hadron production (2-h) data Fit

Data selection:

• Λ + 𝜋/𝐾: 𝑧𝜋.𝐾 = [0.5 − 0.9] bin excluded → 96 data points
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Double-hadron production (2-h) data Fit

Data selection:

• Λ + 𝜋/𝐾: 𝑧𝜋.𝐾 = [0.5 − 0.9] bin excluded → 96 data points

• Λ polarizing FF: Gaussian or Power-Law Model

• Λ unpolarized FF: Gaussian or Power-Law Model

• 𝜋/𝐾 Unpolarized FF : Gaussian Model or PV17 model

• 𝑔𝐾 𝑏𝑇 5 non-perturbative functions

Around 40 different combinations and Fit
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Double-hadron production (2-h) data Fit

Data selection:
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pFF first moment parameters extracted

I parameterization
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• 𝑑
• 𝑠
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Double-hadron production (2-h) data Fit

Best Results

• 𝜒𝑑𝑜𝑓
2 ≃ 1.2

• First moment parameters are consistent;

• Up pFF is positive 

• Up and Down: opposite contribution

• The 𝑀𝐷
⊥ models are compatible
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Lambda – pion: fit comparison

𝜒𝑑𝑜𝑓
2 = 1.192

Bin excluded

𝑧𝜋 = [0.5 − 0.9]

Gaussian Model

• Reference Fit [4]

[4] D’Alesio, Murgia, Zaccheddu, Phys. Rev. D 102, 054001 (2020)

MARCO ZACCHEDDU – UNIVERSITY & INFN CAGLIARI 10/18



Lambda – kaon: fit comparison

𝜒𝑑𝑜𝑓
2 = 1.192

Bin excluded

𝑧𝜋 = [0.5 − 0.9]

Gaussian Model

• Reference Fit [4]

[4] D’Alesio, Murgia, Zaccheddu, Phys. Rev. D 102, 054001 (2020)
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Lambda – kaon: fit comparison

𝜒𝑑𝑜𝑓
2 = 1.192

Bin excluded

𝑧𝜋 = [0.5 − 0.9]

Gaussian Model

• Reference Fit [4]

[4] D’Alesio, Murgia, Zaccheddu, Phys. Rev. D 102, 054001 (2020)

• Both (old and new) fits present problems

in describing Λ𝐾+ − ഥΛ𝐾−;

• TMD evolution does not help;

• To be further investigated:

heavier quark flavors contribution?
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Single-inclusive Polarization

The parameters extracted in 2-h Fit cannot reproduce the 1-h data
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Single-inclusive Polarization

The parameters extracted in 2-h Fit cannot reproduce the 1-h data

If we include 1-h data

Different combinations of NP functions fits give 𝜒𝑑𝑜𝑓
2 = [2.4 – 5.4] 
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Single-inclusive Polarization

The parameters extracted in 2-h Fit cannot reproduce the 1-h data

If we include 1-h data

Different factorization or 

different hadronic model?

Different combinations of NP functions fits give 𝜒𝑑𝑜𝑓
2 = [2.4 – 5.4] 
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Combined Fit: Double Model

• Same parametrization for 𝐷1𝑇
⊥ 1

(𝑏𝑇)

• Two set of parameters for hadron models

Gaussian mod.

⟨𝑝⊥
2⟩

Power-Law mod.

(𝑝,𝑚)

1-h 2-h 1-h 2-h
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Combined Fit: Double Model

With Power-Law model
• Same parametrization for 𝐷1𝑇

⊥ 1
(𝑏𝑇)

• Two set of parameters for hadron models

Gaussian mod.

⟨𝑝⊥
2⟩

Power-Law mod.

(𝑝,𝑚)

1-h 2-h 1-h 2-h
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Combined Fit: Double Model

With Power-Law model
• Same parametrization for 𝐷1𝑇

⊥ 1
(𝑏𝑇)

• Two set of parameters for hadron models

Gaussian mod.

⟨𝑝⊥
2⟩

Power-Law mod.

(𝑝,𝑚)

1-h 2-h 1-h 2-h

Previous analysis
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Combined Fit: Double Model

• 2-h Power-Law model

• 1-h Power-Law model

• Both models have same value at small 𝑏𝑇
• In 𝑝⊥- space: same value at large 𝑝⊥

• 2-h wider than 1-h: different behaviour at large 𝑏𝑇
• In 𝑝⊥- space: different value at small 𝑝⊥
• Possible different contribution from Soft gluons

collinear limit
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OPAL data: Predictions

• 5 points: bins of 𝑝⊥
• 𝑠 = 𝑀𝑍

• Integrated over energy fractions 𝑧ℎ = [0.15 − 1]
• Good data set to check the TMD evolution
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OPAL data: Predictions

With models extracted in 2-h fit With model 1-h in ‘’double-model’’ fit

• 5 points: bins of 𝑝⊥
• 𝑠 = 𝑀𝑍

• Integrated over energy fractions 𝑧ℎ = [0.15 − 1]
• Good data set to check the TMD evolution
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SiDIS – Polarized Lambda Production

𝑒−𝑃 → 𝑒− Λ

𝑥𝐵 Bjorken-x

𝑧ℎ energy fraction
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SiDIS – Polarized Lambda Production

Prediction for the Λ polarization:

• 𝑥𝐵 = 0.1

• 𝑥𝐵 = 0.3

Polarization ≃10%
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• Convolutions with CSS Evolution Equations in 𝑏𝑇-space

• Fit Results: 2-h 

• Comparison with previous fit;
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Conclusions

• Clear separation of flavour contributions

• Results compatible with previous analysis

• Not able to describe Λ + 𝐾 data

• pFF (2-h) ≠ pFF(1-h)

• Good description with different models

• Convolutions with CSS Evolution Equations in 𝑏𝑇-space

• Fit Results: 2-h 
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Thanks for your attention!
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Backup Slides
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Polarization 2-h: Double-hadron Production
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Polarization 2-h: Double-hadron Production
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𝐻0,1(𝑏𝑇𝑞𝑇) Struve Function

𝐽0,1(𝑏𝑇𝑞𝑇) Bessel Function

Polarization 2-h: Double-hadron Production
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𝐻0,1(𝑏𝑇𝑞𝑇) Struve Function

𝑞𝑇𝑚𝑎𝑥 = 𝑄 ∗ 𝜂

𝜂 = [0,15 – 0,3]

𝐽0,1(𝑏𝑇𝑞𝑇) Bessel Function

Polarization 2-h: Double-hadron Production

Region of 

TMD factorization
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Double-hadron production (2-h) data Fit

Best Results • 𝜒𝑑𝑜𝑓
2 ≃ 1.2

• First moment parameters are consistent;

• Up pFF is positive 

• Up and Down: opposite contribution

• The 𝑀𝐷
⊥ models are compatible
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Double-hadron production (2-h) data Fit

Impact of different 𝑞𝑇𝑚𝑎𝑥
/𝑄 values on the quality of the fit:

• Gaussian model gives a smaller 𝜒𝑑𝑜𝑓
2 than Power-Law model

• Both models reach their minimum at
𝑞𝑇𝑚𝑎𝑥

𝑄
= 0.22
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Double-hadron production (2-h) data Fit
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/𝑄 values on the quality of the fit:

• Gaussian model gives a smaller 𝜒𝑑𝑜𝑓
2 than Power-Law model

• Both models reach their minimum at
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𝑄
= 0.22

Gradually going out of the 

validity region of the TMD 

Factorization 𝑞𝑇𝑚𝑎𝑥
≪ 𝑄
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Double-hadron production (2-h) data Fit

Impact of different 𝑞𝑇𝑚𝑎𝑥
/𝑄 values on the quality of the fit:

• Gaussian model gives a smaller 𝜒𝑑𝑜𝑓
2 than Power-Law model

• Both models reach their minimum at
𝑞𝑇𝑚𝑎𝑥

𝑄
= 0.22

Gradually going out of the 

validity region of the TMD 

Factorization 𝑞𝑇𝑚𝑎𝑥
≪ 𝑄

FBT algorithm is not

able to sample 

sufficiently well the 

integrand

• The Fast Bessel Transform (FBT) algorithm is based

on the density nodes of Bessel functions.

• The smaller is the value of 𝑞𝑇𝑚𝑎𝑥
/𝑄, the larger is the 

distance between the nodes
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𝑔𝐾 𝑏𝑇 better if it goes like a 

constant for large 𝑏𝑇

• Extractions are stable when employing the same 𝑔𝐾(𝑏𝑇)
• Best fits with Logarithmic function 𝜒𝑑𝑜𝑓

2 < 1.3

• Quadratic/AFGR 𝜒𝑑𝑜𝑓
2 = [1.4 − 1.5]

• Worst fits with BLNY 𝜒𝑑𝑜𝑓
2 > 1.7

Double-hadron production (2-h) data Fit
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𝑔𝐾 𝑏𝑇 better if it goes like a 

constant for large 𝑏𝑇

• Extractions are stable when employing the same 𝑔𝐾(𝑏𝑇)
• Best fits with Logarithmic function 𝜒𝑑𝑜𝑓

2 < 1.3

• Quadratic/AFGR 𝜒𝑑𝑜𝑓
2 = [1.4 − 1.5]

• Worst fits with BLNY 𝜒𝑑𝑜𝑓
2 > 1.7

Double-hadron production (2-h) data Fit

We have 36 different fits that can 

describe 2-h data well enough.

Can they also describe the 1-h data set?
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