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Motivation

Current matrix elements for composite particles with arbitrary spin

@ Decompose matrix element in independent non-perturbative objects

6t b1 = (1 (@) ] 60 @D ) 6 @) () - 00 (7))

@ Spin-j fields embedded in objects with > 2j 4+ 1 components
o Polarization four vector (¢) for spin 1 — p,et(p,s) =0
o Rarita Schwinger for spin 3/2 — v, (p,s) =0
(need for constraints, subsidiary conditions)

e Use (2j + 1)-component spinors
o Via SL(2,C) fundamental rep tensor products [Zwanziger 60s, Polyzou ‘18]
o Weinberg’s construction [64-65] (not yet applied in this context)
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Motivation

Advantages of Weinberg’s construction
e Use only exact degrees of freedom (chiral reps), no need for constraints

e No kinematic singularities (improved analyticity properties of operators)

Physical interpretation becomes more straightforward (amplitude matrix elements)

“Basic” in construction and implementation of su(2) algebra

For parity conserving interactions a generalized Dirac algebra is obtained

Easy to switch between forms of dynamics (instant form, light front)

Frank Vera (fverav u.edu) (FIU) Observables for targets with any spin



Introduction

Weinberg’s “Feynman rules for Any Spin” [1964]
o Algebra for Generators of the Lorentz group
[Jlao]]m] = 7lflmm]]n 5 [leKm] = iflmnKn s [KlaKm] = _ielmno]]n
e Two independent su(2) subalgebras — irreps (ja,jB)
[Ala Am] = Z‘elmnAn y [Bme] = ielman s [Ala Bm] =0

e Simplest irreps that contain spin-j — (2j + 1 components)

o Right-handed (5,0): K,, — —iJ,,

o Left-handed (0,5): K, — +iJn [Wigner(1939)]

Frank Vera (fvera fiu.edu) (FIU) Observables for targets with any spin



Introduction

Some Representations constructed out of the Chiral ones
e (0,0) — Scalar
e (1/2,0) — Right Weyl spinors & (0,1/2) — Left Weyl spinors
e (1/2,0)&(0,1/2) — Dirac (spin 1/2) spinors (direct sum)
e (1/2,1/2) — Vector (Defining representation)
e (1,0) — Right Chiral (spin 1) spinors & (0,1) — Left Chiral (spin 1) spinors
e (1,0)(0,1) — Dirac (spin 1) spinors (direct sum)

e (1,1) — Tensor
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Canonical Space-Time Parameterization

Parameterizations (Foliations) of space-time — Specify equal time surfaces

Canonical or Instant time

@ Defined by rotationless boosts from rest: p# = (m,0,0,0)

to final momentum: p* = (E,,p) = (/m? +p2,p)

AT = exp (zK . q?) = exp (zgi)K : g{))
The Instant The Front
Form Form

o Then, p* = (E,7) = (AF)~,p¥

implies, cosh(¢) = % ., ¢;jsinh(¢) =2

Il

Leading to the well known result: (AT, = (

33 =

dij + (El-)ﬁﬁf)m )
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Light-Front Space-Time Parameterization

Light Front Dirac(1949)
p+ :Ep+pz , D :Ep_pz

@ Defined by a longitudinal boost followed by a transverse boost

ALE = exp [z@ . \'I'T] - exp [i1K3n)

The Instant The Front
@ LF Boost Generators (light front along z—axis), Form Form

Glsz:Ka:_vaa GQZGy:Ky+J;Ea K?;:Kz

@ Comparing the action of both boosts on the same rest momentum

Y P Py
N
we find the LF boost parameters - T
+ o LF - fran(l)e light—front 0
_ p el _ pT _ . "'] — . m, T — p’
el="r VT—p—Jr—>A —exp[zwfmpT-G—&-ng T
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Propagators - Spinors - t-tensors

Propagator of chiral fields
19, (5,w) = m» DY), (L) (DY) (L)) = m? (e-20707)

=) (= i 50 =0 t i ([ opJ@
1 (7w) = m* D) (L@ (DY (L) = m? (&77)

oo’

e Numerator (invariant)

oo’

. H(j) 7w :tuluz---usz Dig - Prios
o Introduction of the t-tensors oo (P) = Tog: H1Bpa s B2

ﬁfjg,(ﬁ,w) = t_gtl;/wmumpulpuz - Pugj

@ These can also be used to write D[(ﬁp)] = R R By Puy - Pua,

the boosts/spinors D[(i)(p)] — PR B Py,

m
Instant form (Canonical pley = | =—(p" +m, P
(C ) G 2<m+po)(p 7)
. - m .
Light-Front e = 41?(1# +m, pe,ipe,pt —m)
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Propagators - Spinors - t-tensors

Properties of the t-tensors

Pk 2

e Symmetric and (covariantly) traceless G it =0

e Transform covariantly (D[(fj\?)m; i (D(j)?/\])(;/c,/ R W

e Right chiral (t) and left chiral () L,
are related by charge conjugation ghakizebag gttt
(+ for even (— for odd) spacelike indices)
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Algorithm for construction of t-tensors

Construction for ¢t-tensor more insightful than Weinberg’s expressions

@ The 0-th degree polynomial in the J’s is always 90 =1

@ The linear polynomials . 2 1
j tO.A.'L...O — J — 71],
are the Rotation Group Generators 2570 T 47

e From pairwise symmetrizations of the rotation generators

3
to'” w0eme 0 =t 0.0 = — (2_7)! ({Jm; Jn} - gémn Z {J’ra Jr}) + gto 06177,71
21(25-2)! r=1
— -] {tmOMO tnO‘..O} o 15 tO...O
@i -1) | i
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Algorithm for construction of t-tensors

e Continues for higher orders

e Matrices have more and more off-diagonal elements

j 1
tlmnOA..O _ tO.A.OlO...OmO...OnO...O _ (2'7]— 2) g({tZO.A.OthLnO..AO} + {tmO...O’tnIOA..O} + {tnO...O’tlmO...O}

2
- {5zmt"0'”0 T Gy 00 5mntlo'”0}>

e Construction stops after j steps (Cayley-Hamilton) — (J—s)(J—s—1)..(J+s) =0

e t-tensors contain an independent basis for the su(2j+1) algebra

@ A basis to decompose operators with physical interpretation for each term
(multipole expansion — mono-, di-, quadrupole, ...)

O=Tr [O] 1+Tr [OJi] Ji+Tr [OJij] Jij+- = <O> 1+ 0;J; +OijJij + -
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spin 1 example

Left Chiral Rep
0 t00 =1 | 0 =0 — g i — g gy g6,

1

o " Transform covariantly D(l)t“”D(l)]EA] = A FA TP

(A]
) —2pp Pl
o Propagator (p, = (Ep,p)):  TW(p) =t"p.p, = | V2p,p* prp~ +p% V2pep~
2 V2p,p~ +12
p; Drp (r™)
e Boost/spinors (t**p,py)

) ) (m+p~)° —V2pe(m+p”) v
Canonical: DI(F) =—— | —V2p.(m+p7) 2(m%+mpo+pE) —v2pe(m+pT)
2m (m + po) p; —V2p,(m +p*) (m+p*)?

ﬁ‘é:wW(poij,ﬁ)

Similarly for the Right Chiral Rep, only change is: JZ-(I) — JH = (1, —j(l))
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Dirac (bispinors)

Generalized Dirac algebra

e Parity conserving reactions are simpler in the direct sum of both chiral
representations (like the spin 1/2 case)

RNCY,
o This leads to generalized Gamma matrices — TH1F2i = ( t‘ul‘(‘)‘uzj ! 10 2 >

e Dirac basis for spin-1 — 1, I's, (9)I'*", (9)T*T'5, (6)[[#1#2, THska] (10){H1#r2 THata}

e Amplitudes can be evaluated by

e Constructing expressions for the generalized bilinears

o Using trace algebra

e Similarly expressions for covariant density matrices can be constructed
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Dirac (bispinors)

Generalized Dirac and Gordon identities

e Dirac Equation (constraint on bispinors)

(,YMI‘..szplLln.#zj _ m2]) u; — (ﬁ(]) _ m2])u~; — 0

o Gordon identity separates general bilinears into convection and magnetization

currents (spin 1/2 Lorce-2017) ) )
! _ s’ i) @) s
p (L)t = oas Uy ({f‘ﬂ ’F}+§ {AJ 7I‘Dup

0=us (; {491} + [,F‘”,FD u

IS
[
&
w

Wlth, fij)) = ’Yul'..MQj-PNl...,ugj
%J = 7“1“'H2JAM1.../L2j
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EM Current Parameterized by Sachs Form Factors

From spinor

A ApAato'_lgcr]- P2
Representation: (¥, s"13"(0)| p,s) = 2P" <1GC (@) - (QPM2 rl) e oe (Q2)>
1
P =3 +p) Y R G T L @
A=p —p (A?=-0Q%) VP2 ,
n? = (170707 )
Using polarization vectors rees —ope (110 Ge (QF) — APAT (8,0)* P2 Q?
[Wang & Lorcé (2022)] c(@) 2M? a2 G (@) »

B
_’L.EH‘PO'A <APP‘7 (PE;A)fGM (Q2)>
Current conservation is guaranteed: I'*A,, =0

(on-shell condition — P*A, = 0)
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EM Current

From Spinor Representation (Parameterized by Sachs Form Factors):

. APA (tpo—1go0l) p2 it PIAA L Py (txy— g 1)n?
jh, (P, A) = 2Pk <1Gc _ <2PW39P)A1;2GQ> e o \(/1% 2o 1)n; G

Textbook Representation

', 8" |54(0)| p, ) = €5 (p') § 5 (P, A)e?
(using Polarization vectors) v ()P, ) : (p)3a5< Jes (p)

Parameterized by
Covariant Form Factors

h(p) = (pMs €, 4 PPe) ) + {AO‘QZ - A'ng} Gs (Q?)

L(P.A) = 2P* [gaGi (QP) — 34246 (QP)]

M(p°+M)
€+ = %(:Fla —1,0), € = (O’O’ 1)

2 2

The two sets of form factors are related by: Go (Q2) “ (Q2) * TGQ (Q )

T =Q2%/(4M?) Gum (Q2) = (Q2) , ,
G (@) =G1(Q%) = G2 (@) + (1+7)G5 (@)
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EM Current - Example: Breit Frame

In the Breit Frame (P = 0) — py = (P° —A/2) and phy = (P°, A/2) with P}

=/ M2+ 42
Covariant Chiral Representation:
) APA (tpy — £gpe1) P2
(', ' |7 (0)] p.s) = (P, A) = 2P* <1GC (@%) — (;M2 = )WGQ (Q2)>
. o A Po’ taw — lg)u/]- ny
_Zeup)\< 4 ( P23 ) tGM(Q2)

Textbook Representation in terms of Polarization vectors:

(P, |3°(0)| p, 5) = 2Pp

(€% - €,) Ge (QQ) + <(A c€0) (A -€) — §A2 (€5 '63)> 2]\42]
G 2

<pIB7 Sl|j(0)|p3ﬂ 8> = 2PI% [(A . 6:’) €s — (A ' 65) EZI] #

ex = 25(F1,-1,0), € =1(0,0,1), pue (p,5) =0
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Weinberg’s construction allows for an efficient and manifestly covariant calculation of
currents for any spin

Central (and multifaceted) role for the covariant t-tensors

Simple algorithm. Only need to know the matrices for the Generators of rotations in
the representation of interest.

Many applications and extensions possible (Parameterization for SIDIS and DVCS)
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