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Electromagnetic Form Factors: Theory

I LSZ: Form factors appear as residues of pole terms:∫
d4x1d4x2e−ip1·x1 eip2·x2 〈Ω|T{OH (x2)Jµ(z)OH (x1)} |Ω〉

∼ 1
[p2

2 −m2
H2

]
〈H (p2)| Jµ(z) |H (p1)〉 1

[p2
1 −m2

H1
]

I Performing Fourier transform:∫
d4zeiq·z 〈H (p2)| Jµ(z) |H (p1)〉 = (2π)4δ(p1 + q − p2) 〈H (p2)| Jµ(0) |H (p1)〉

H (p1) H (p2)

γ∗(q)

Meson Electroproduction & Hadron Structure: July 9, 2021. 3/ 45



Electromagnetic Form Factors: Theory

I LSZ: Form factors appear as residues of pole terms:∫
d4x1d4x2e−ip1·x1 eip2·x2 〈Ω|T{OH (x2)Jµ(z)OH (x1)} |Ω〉

∼ 1
[p2

2 −m2
H2

]
〈H (p2)| Jµ(z) |H (p1)〉 1

[p2
1 −m2

H1
]

I Performing Fourier transform:∫
d4zeiq·z 〈H (p2)| Jµ(z) |H (p1)〉 = (2π)4δ(p1 + q − p2) 〈H (p2)| Jµ(0) |H (p1)〉

H (p1) H (p2)

γ∗(q)

Meson Electroproduction & Hadron Structure: July 9, 2021. 3/ 45



Pion & Kaon Form Factor

I Lorentz decomposition

〈H (p2)| Jµ(0) |H (p1)〉 = f1(q2)(p1 + p2)µ + f2(q2)(p1 − p2)µ

I Gauge invariance =⇒ Ward-Takahashi-Green Identity:

qµ 〈H (p2)| Jµ(0) |H (p1)〉 = 0 =⇒ f2(q2) = 0

〈π(p2)| Jµ(0) |π(p1)〉 = Fπ(q2)(p1 + p2)µ

〈K (p2)| Jµ(0) |K (p1)〉 = FK (q2)(p1 + p2)µ

I Rigorously defined QFT matrix elements.

I Initial and final hadronic states on-shell.
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Asymptotic Prediction

I In asymptotically free theory, quark counting argument predicts

Fπ(Q2) ∼ Q−2, FK (Q2) ∼ Q−2
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Pion LCDA

I φM (x, µ2): Light Cone Distribution Amplitude (LCDA)

φM (x, µ2) = 6x(1− x)

∞∑
n=0

an(µ2)C (3/2)
n (2x − 1) →

µ2→∞
6x(1− x)

I Factorization theorem:

Fπ(Q2) =
large Q2

∫ 1

0
dxdyφM (y,Q2)TH (x, y,Q2)φM (x,Q2)

=
large Q2

∫ 1

0
dxdy

(
×
[

+

]
×

)

=
large Q2

16παS(Q2)

Q2 f 2
π
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Why is this still interesting?
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Amendolia et al. (1986)
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Extracting Fπ From
Electroproduction Data
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Meson Electroproduction

q2

p(p1)

e(l1)

n(p2)

M +(pM )

e(l2)

I Kinematic variables:

s = (p1 + q)2 = W 2

t = (p1 − p2)2

Q2 = −q2

I Four structure functions:

(2π)
d2σ

dtdφ
=

dσT

dt
+ ε

dσL

dt
+
√

2ε(ε+ 1)
dσLT

dt
cosφ+ ε

dσTT

dt
cos 2φ.

I ε is a measure of the virtual photon polarization

Meson Electroproduction & Hadron Structure: July 9, 2021. 9/ 45



Meson Electroproduction

q2

p(p1)

e(l1)

n(p2)

M +(pM )

e(l2)

I Kinematic variables:

s = (p1 + q)2 = W 2

t = (p1 − p2)2

Q2 = −q2

I Four structure functions:

(2π)
d2σ

dtdφ
=

dσT

dt
+ ε

dσL

dt
+
√

2ε(ε+ 1)
dσLT

dt
cosφ+ ε

dσTT

dt
cos 2φ.

I ε is a measure of the virtual photon polarization

Meson Electroproduction & Hadron Structure: July 9, 2021. 9/ 45



γ∗p → π+n

I One-photon-exchange approximation: Hadronic and leptonic vertices
factorize.

I Consider t/s → 0, ie peripheral scattering: pion cloud.
I Natural to consider pion exchange process

t

p1

q

p2

pπ

∼ 1
t −m2

π

∼

I Initial pion off-shell.
I Amplitude not gauge invariant,
I Cross section vanishes in forward limit.
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Recap of VGL Model

I Construct Gauge invariant amp from Effective Lagrangian

MBTM = + +

︸ ︷︷ ︸
ρ exchange

I t/s → 0: Regge theory:

Rπ(s, t) =
πα′πφ(t)

sin(παπ(t)Γ(1 + απ(t)))

(
s
s0

)απ(t)

I Incorporate structure

MVGL = Fπ(Q2)× (t −m2
π)Rπ(s, t)×

 +
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Possible Improvements to the Model

dσL

dt

∣∣∣∣
VGL

∝ |Fπ(Q2)|2

I Background should not be sensitive to Fπ(Q2): Model dependence?
I How does this effect extraction?
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Examining the Model
Dependence of Fπ in a Simple

Model
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A Bosonic Model of Pion Electro-production

I Inspired by a simple model due to Miller.

L =
1
2

(∂µΦN )2 − 1
2

m2
N Ψ2

N +
1
2

(∂µπ)2 − 1
2

m2
ππ

2

− gπN Ψ†Nτ · πΨN

I Include electromagnetic interactions via ∂µ → ∂µ + ieAµ
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Proposal

Current Extraction This Analysis

Model iMµ
VGL = Fπ(Q2)Dπ−1

F DR
π (t)[iMµ

BTM] iMµ = Fπ(Q2)[iMµ
BTM]

↓ fit to... ↓ ↓ fit to... ↓

Data 1H(e, e′π+)n iMµ
1-Loop
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Form Factors in Simple Model

〈p2| Jµ(0) |p1〉 = +
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Diagrams
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A Specific Example
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I t range chosen to be same as experiment.
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Cross Section
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Results
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I Apart from possibly point at (Q2,W ) = (1.6, 1.95), results look ok.
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Systematic Overestimate?
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Systematic Overestimate?
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I Fit first five percent of allowed t .
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How Do We Understand the W Dependence?

I A well known fact: Try to extract pion form factor close to pion pole!

t = 0 t = m2
πt W =1.95

min t W =2.2
min

t

Larger Extrapolation Distance
as Q2 increases

I Specific details of model more important for larger |tmin|.
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Isolating the Pion Exchange
Contribution
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F p
i 6= Fπ

I Note that
dσL

dt

∣∣∣∣
VGL

∝ |Fπ(Q2)|2

I LSZ: residue of pion-pion matrix element:

〈π(p2)| Jµ(0) |π(p1)〉 = Fπ(Q2)(p1 + p2)µ

I Should not be sensitive to nucleon term.

+
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Alternative Prescription for Gauge
Invariance

I Return to the Born Term Model:

iMµ
BTM ∝uN (p2)γ5

[
(/p1 + /q + mN )

s −m2
N

γµ +
(2pπ − q)µ

t −m2
π

]
uN (p1)

I Take inspiration from Ward-Green-Takahashi Identity:

iqµΓµ(p1,p2; q) = D−1
F (p2)−D−1

F (p1)

I General form of scalar propagator

DF (p) =
i

p2 −m2 − Σ(p2)
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A Simple Modification

I General decomposition for Γµ

Γµπ(pπ,q) = f1(t ,p2
π; q2)(2pπ − q)µ − f2(t ,p2

π; q2)qµ

where t = (pπ − q)2

I Relate the two form factors as

f2(t 2,m2
π; q2) =

[t 2 −m2
π − Σπ(t 2)]− (t 2 −m2

π)f1(t ,m2
π; q2)

q2 .

I In this way, we may have an arbitrary pion form factor
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A Simple Modification

I Pion-exchange diagram becomes

u(p2)γ5
(2pπ − q)µ

t −m2
π

u(p2)

→ u(p2)γ5

[
f1(t ,m2

π,q2)

t −m2
π

(2pπ − q)µ − f2(t ,m2
π,q2)

t −m2
π

qµ
]

u(p1)

I where

f2(t 2,m2
π; q2) =

[t 2 −m2
π − Σπ(t 2)]− (t 2 −m2

π)f1(t ,m2
π; q2)

q2 .
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Taylor Series

I Assume deviations from on-shell limit analytic:

f1(t ,p2
π; q2) = f1(m2

π,m2
π; q2) + (t −m2

π)
d
dt

f1(t ,p2
π; q2)

∣∣∣∣
t=m2

π

+ . . .

I Define

g1(q2) =
d
dt

f1(t ,p2
π; q2)

∣∣∣∣
t=m2

π

I Treat as fitting parameter: absorbs non-pion pole contributions.
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Statement of model

I Model is

iMµ
GIVGL ∝uN (p2)γ5F p

1 (Q2)

[
(/p1 + /q + mN )

s −m2
N

γµ +
f1(q2)

t −m2
π

(2pπ − q)µ

+ g1(q2)(2pπ − q)µ − f2(t ,m2
π,q2)

t −m2
π

qµ
]

uN (p1)

I Multiply by F p
1 (Q2). Identify Fπ(Q2) = F p

1 (Q2)f1(q2)

I Other options are possible: motivated by simplicity.
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Testing the New Approach on our Toy Model
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Fits to Fπ Data (2008)
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Figure 2: Fits to the experimental cross section data using the modified VGL model.
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Extracting the Pion Form Factor From
Electroproduction Data
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Application to Kaon Electroproduction

I H (e, e′K +)Λ

I Construct Gauge invariant amp from Effective Lagrangian

MBTM = +

I Exchange coupling gπNN → gKNΛ

I Gauge restoration prescription still valid.
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Reggeizing Model

I Also possible to retain Reggeization of VGL Model.

I Take ‘inspiration’ from WTI; use Regge propagator in identity.

iMµ
Regge ∝ uN (p2, λ2)γ5

[
(/p1 + /q + mN )

s −m2
N

γµ

+ [f1(t ,p2
π; q2)(2pπ − q)µ − f2(t ,p2

π; q2)qµ]Rπ(s, t)

]
uN (p1, λ1).

where

f2(t 2,m2
π; q2) =

R−1
π (s, t)− (t 2 −m2

π)f1(t ,m2
π; q2)

q2 .
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Conclusions

I Investigated model dependence of Fπ in simple model: possible model
dependence at large Q2

I Motivates extracting Fπ with multiple models to study systematics

I Proposed an alternative implementation of gauge invariance

I Led to less model dependence in toy Fπ extraction

I Physical Fπ agree within errors: extraction is reliable.
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Thanks
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Spare Slides
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Kinematics and Conventions

Figure 3: Blok et al., 2008

Mandelstam Variables:

s = p2
s = (p + q)2 = (p′ + pπ)2 ≡W 2

t = p2
t = (pπ − q)2 = (p − p′)2 < 0

u = p2
u = (p − pπ)2 = (p′ − q)2

Experimentally, use Q2, W and t .
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Evidence for Enhanced Form Factor
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Evidence for Enhanced Form Factor

I How does pion form factor vary
off-shell?

I Although off-shell pion is not
well defined, can attempt to
address question using BSE.

I v ≥ 0 parameterizes
“off-shellness” in units of m2

π

I t = 0.015 ≈ m2
π GeV2, v = 1

I t = 0.35 ≈ 18m2
π GeV2, v = 18
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Experimental Measurements

I At low energy, scatter pion beam from electrons in liquid hydrogen
target.

I Measure recoiling pion and electron.

q

π π′

e e′

Fπ(Q2)

I Differential cross section is

dσ
dq2 ∝ |Fπ|

2 1
q4

(
1− q2

q2
max

)
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Kinematic Limitations

I Direct measurement has kinematic limitation.

dσ
dq2 ∝ |Fπ|

2 1
q4

(
1− q2

q2
max

)
I Where q2

max corresponds to backward scattering in CM frame.
I roughly proportional to pion beam momentum

I For 300 GeV pion beam, q2
max = 0.288 GeV2.

I Close to this momentum, the cross section is suppressed, and an
extraction becomes difficult.

I Thus could only measure pion form factor up to about 0.3 GeV.
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Extracting Pion Form Factor from Data

I Measure cross section at a range
of t values for fixed Q2 and W .

I Fit model to cross section.
I If required...

I Fit each data point.
I Extrapolate these points to

t = tmin, where there is least
contamination from
interfering backgrounds not
included in the VGL model.

I More on this later...
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