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singularities in the complex energy plane 138

scattering amplitudes are measured for real energies above threshold

ππ→ππ

ππ→KK
_

ππ→ηη

E

and we’ve seen that lattice calculations  
can lead to something similar 



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

singularities in the complex energy plane 139

does it make sense to consider how the amplitude behaves ‘elsewhere’ 
— below threshold ? 
— for complex values of E ?

Re[E]

Im[E]

complex variable theory tells us that  
singularities (poles, cuts) 
‘control’ the behaviour of functions 

— what singularities can our amplitudes have ?

?

?
?
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140

there’s a rather nice (old) book that gives a gentle introduction to this topic
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the unitarity cut 141

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

e.g. elastic partial-wave case:
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the unitarity cut 142

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

e.g. elastic partial-wave case:

square root branch cut
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the unitarity cut 143

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

Re[s]

Im[s]

e.g. elastic partial-wave case:

square root branch cut

function is discontinuous  
across the real axis

has an immediate consequence  
— the complex plane must be multi-sheeted

4m2
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unitarity cut X

Re[s]

Im[s]

4m2 s+ i✏

<latexit sha1_base64="Y8P0R0BUqZ2svtidpxPlmWFQoK4=">AAAB83icdVDLSsNAFJ3UV62vqks3g0UQhDCpKba7ghuXFewDmlAm00k7dDIJMxOhhP6GGxeKuPVn3Pk3TtoIKnrgwuGce7n3niDhTGmEPqzS2vrG5lZ5u7Kzu7d/UD086qk4lYR2ScxjOQiwopwJ2tVMczpIJMVRwGk/mF3nfv+eSsVicafnCfUjPBEsZARrI3nqgkGPJorxWIyqNWQ3Wi5CCObkstWsF6RVh46NlqiBAp1R9d0bxySNqNCEY6WGDkq0n2GpGeF0UfFSRRNMZnhCh4YKHFHlZ8ubF/DMKGMYxtKU0HCpfp/IcKTUPApMZ4T1VP32cvEvb5jqsOlnTCSppoKsFoUphzqGeQBwzCQlms8NwUQycyskUywx0Samignh61P4P+nVbce1G7dure0WcZTBCTgF58ABV6ANbkAHdAEBCXgAT+DZSq1H68V6XbWWrGLmGPyA9fYJLM+RxA==</latexit>

s� i✏

<latexit sha1_base64="haXOWWBYLDyppmQmVHwkQppidTk=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwY5jUFNtdwY3LCvYBTSiT6aQdOpmEmYlQQn/DjQtF3Poz7vwbJ20EFT1w4XDOvdx7T5BwpjRCH1ZpbX1jc6u8XdnZ3ds/qB4e9VScSkK7JOaxHARYUc4E7WqmOR0kkuIo4LQfzK5zv39PpWKxuNPzhPoRnggWMoK1kTx1waBHE8V4LEbVGrIbLRchBHNy2WrWC9KqQ8dGS9RAgc6o+u6NY5JGVGjCsVJDByXaz7DUjHC6qHipogkmMzyhQ0MFjqjys+XNC3hmlDEMY2lKaLhUv09kOFJqHgWmM8J6qn57ufiXN0x12PQzJpJUU0FWi8KUQx3DPAA4ZpISzeeGYCKZuRWSKZaYaBNTxYTw9Sn8n/TqtuPajVu31naLOMrgBJyCc+CAK9AGN6ADuoCABDyAJ/Bspdaj9WK9rlpLVjFzDH7AevsEL+uRxg==</latexit>

p
s� 4m2

<latexit sha1_base64="zSay7GlhxW8eKZCGaNNLQ7SQUU4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3rOix4MVjBfsB7VqyadqGJtltki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2POtHHdbye3sbm1vZPfLeztHxweFY9PGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go7u535xQpVkkH800poHAA8n6jGBjpaCjx8qk+soXT5VZt1hyy+4CaJ14GSlBhlq3+NXpRSQRVBrCsdZtz41NkGJlGOF0VugkmsaYjPCAti2VWFAdpIujZ+jCKj3Uj5QtadBC/T2RYqH1VIS2U2Az1KveXPzPayemfxukTMaJoZIsF/UTjkyE5gmgHlOUGD61BBPF7K2IDLHCxNicCjYEb/XlddKolD2/fP3gl6p+FkcezuAcLsGDG6jCPdSgDgTG8Ayv8OZMnBfn3flYtuacbOYU/sD5/AGD9JHl</latexit>

(s+ i✏)� 4m2 =
��s� 4m2

�� ei✏̃

<latexit sha1_base64="iSJQGsTBWymiD7mJAUJs5XfM4lc="></latexit>

just above the cut

just below the cut

(s� i✏)� 4m2 =
��s� 4m2

�� ei(2⇡�✏̃)

<latexit sha1_base64="SuLT0piyCqFTeOLQNEmDoOqm/yM="></latexit>

p
s� 4m2 =

��s� 4m2
��1/2

<latexit sha1_base64="oZe/tsIran1deypwswlX61M3biQ=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQoTUpEd0IBTcuK9gHNGmZTCft0MnDmYlQYv7Bjb/ixoUibt2482+ctFlo64ELZ865l7n3uBGjQhrGt1ZYWl5ZXSuulzY2t7Z39N29lghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm746vMb98TLmgY3MpJRBwfDQPqUYykkvr6iS3uuExExfJ7tRReQtulwwcoYAVmyuzZS8zTWtrXy0bVmAIuEjMnZZCj0de/7EGIY58EEjMkRNc0IukkiEuKGUlLdixIhPAYDUlX0QD5RDjJ9KYUHillAL2QqwoknKq/JxLkCzHxXdXpIzkS814m/ud1Y+ldOAkNoliSAM8+8mIGZQizgOCAcoIlmyiCMKdqV4hHiCMsVYwlFYI5f/IiadWqplU9u7HKdSuPowgOwCE4BiY4B3VwDRqgCTB4BM/gFbxpT9qL9q59zFoLWj6zD/5A+/wBiYScAg==</latexit>

⇒

⇒
p

s� 4m2 = �
��s� 4m2

��1/2

<latexit sha1_base64="vZwwE1D6YN0683k3q7brkrEIdlA=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARXNialIhuhIIblxXsBZq0TKaTdujk4sxEKDEv4cZXceNCEbeCO9/GSZuFtv4w8M1/zmHm/G7EqJCG8a0VlpZXVteK66WNza3tHX13ryXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vgqq7fvCRc0DG7lJCKOj4YB9ShGUll9/cQWd1wmomL5vVoKL2EF2i4dPkChKPNm115intbSvl42qsZUcBHMHMogV6Ovf9mDEMc+CSRmSIiuaUTSSRCXFDOSluxYkAjhMRqSrsIA+UQ4yXSrFB4pZwC9kKsTSDh1f08kyBdi4ruq00dyJOZrmflfrRtL78JJaBDFkgR49pAXMyhDmEUEB5QTLNlEAcKcqr9CPEIcYamCLKkQzPmVF6FVq5pW9ezGKtetPI4iOACH4BiY4BzUwTVogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB1vKnGM=</latexit>

discontinuity across the cut !
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Riemann sheet structure 144

Re[s]

Im[s]

4m2 ‘physical’ sheet

‘unphysical’ sheet

upper 
half-plane

lower 
half-plane

sheets can be characterised by the sign of Im[k]

physical sheet = sheet I  = Im[k] > 0

unphysical sheet = sheet II = Im[k] < 0
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Riemann sheet structure X

Re[s]

Im[s]

4m2 ‘physical’ sheet

‘unphysical’ sheet

upper 
half-plane

lower 
half-plane

sheets can be characterised by the sign of Im[k]

physical sheet = sheet I  = Im[k] > 0

unphysical sheet = sheet II = Im[k] < 0

'

<latexit sha1_base64="lpySdmIu25nvWfIYmL2rtI7IfO8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV2J6DHgxWME84BkCb2TSTJkdnaYmQ2EJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VKcGN9f1vb2Nza3tnt7BX3D84PDounZw2TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx/dxvTZg2PJFPdqpYGONQ8gGnaJ3U6k5QqxHvlcp+xV+ArJMgJ2XIUe+Vvrr9hKYxk5YKNKYT+MqGGWrLqWCzYjc1TCEd45B1HJUYMxNmi3Nn5NIpfTJItCtpyUL9PZFhbMw0jlxnjHZkVr25+J/XSe3gLsy4VKllki4XDVJBbELmv5M+14xaMXUEqebuVkJHqJFal1DRhRCsvrxOmteVoFq5eayWa9U8jgKcwwVcQQC3UIMHqEMDKIzhGV7hzVPei/fufSxbN7x85gz+wPv8AXmsj6A=</latexit>

physical sheet = sheet I : 0 < ' < 2⇡

<latexit sha1_base64="FrhWPihZQJqOufD7VT2gC5pkfTE=">AAAB+3icbZDNTgIxFIXv4B/i34hLN43ExBWZIRhduCBx4xITARNmQjqlQEOn07QdIpnwKm5caIxbX8Sdb2OBWSh4kiZfzr039/ZEkjNtPO/bKWxsbm3vFHdLe/sHh0fucbmtk1QR2iIJT9RjhDXlTNCWYYbTR6kojiNOO9H4dl7vTKjSLBEPZippGOOhYANGsLFWzy176AYFE6zkiFmqBZL13IpX9RZC6+DnUIFczZ77FfQTksZUGMKx1l3fkybMsDKMcDorBammEpMxHtKuRYFjqsNscfsMnVunjwaJsk8YtHB/T2Q41noaR7YzxmakV2tz879aNzWD6zBjQqaGCrJcNEg5MgmaB4H6TFFi+NQCJorZWxEZYYWJsXGVbAj+6pfXoV2r+vXq5X290qjncRThFM7gAny4ggbcQRNaQOAJnuEV3pyZ8+K8Ox/L1oKTz5zAHzmfP4x6ks4=</latexit>

unphysical sheet = sheet II : 2⇡ < ' < 4⇡

<latexit sha1_base64="CSZ7JC9bwTvmaebTEypkJBIi4kY=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFWSEtGFi4IblxXsBZpQJtNpO3QyCTOTQgkFX8WNC0Xc+hzufBsnbRba+sPAx3/O4Zz5w4QzpR3n21pb39jc2i7tlHf39g8O7aPjlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbD8V1eb0+oVCwWj3qa0CDCQ8EGjGBtrJ59WvMThm6RP8EyGeXkGaNnV5yqMxdaBbeAChRq9Owvvx+TNKJCE46V6rpOooMMS80Ip7OynyqaYDLGQ9o1KHBEVZDNz5+hC+P00SCW5gmN5u7viQxHSk2j0HRGWI/Uci03/6t1Uz24CTImklRTQRaLBilHOkZ5FqjPJCWaTw1gIpm5FZERlphok1jZhOAuf3kVWrWq61WvHrxK3SviKMEZnMMluHANdbiHBjSBQAbP8Apv1pP1Yr1bH4vWNauYOYE/sj5/AOzclCU=</latexit>

Im k / sin('/2)

<latexit sha1_base64="oXrP3g4PIK5r2q3Trm5EIDT7Kr8=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUkTpTKrosuNFdBfuAzlAyadqGJpmQZApl6D+48VfcuFDErRt3/o2ZtgttPRA4nHMvN+eEklFtXPfbyaysrq1vZDdzW9s7u3v5/YOGjmKFSR1HLFKtEGnCqCB1Qw0jLakI4iEjzXB4k/rNEVGaRuLBjCUJOOoL2qMYGSt18mc+R2ageHLHJ/45HEJfqkiaCPqaCliE/ggpOaAXZXjayRfckjsFXCbenBTAHLVO/svvRjjmRBjMkNZtz5UmSJAyFDMyyfmxJhLhIeqTtqUCcaKDZJppAk+s0oW9SNknDJyqvzcSxLUe89BOpgn0opeK/3nt2PSug4QKGRsi8OxQL2bQZk4Lgl2qCDZsbAnCitq/QjxACmFja8zZErzFyMukUS55ldLlfaVQrczryIIjcAyKwANXoApuQQ3UAQaP4Bm8gjfnyXlx3p2P2WjGme8cgj9wPn8A2AaczQ==</latexit>

⇒
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pole singularities ? 145

scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state
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pole singularities ? 146

scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state

famous example is the  
deuteron at NN threshold

Re[s]

Im[s]

a stable bound-state 
will strongly enhance scattering at threshold
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X
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pole singularities ? 147

scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state

off the real axis, on the unphysical sheet Re[s]

Im[s]

4m2

(in complex conjugate pairs)

corresponds to a resonance
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pole on the unphysical sheet 148

600 800 1000 1200 1400

50
25

100

150

E

Re[E]Im[E]

an isolated pole on the unphysical sheet will produce a bump on the real axis

— the classic resonance signature

close to the pole

600 800 1000 1200 1400
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0

180
δ
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Breit-Wigner poles on the unphysical sheet X

<latexit sha1_base64="xbjxPA3Dsr0FkBqoNb+tYOx6v2k="></latexit>

<latexit sha1_base64="xg/IQmGpmceVopujH+ebOkeTZGk="></latexit>

× <latexit sha1_base64="JXAk6xjLYewrwjVK2F4+eQXNXI8=">AAACJXicbVDLSgNBEJyNrxhfUW96GQxChBh2Q0AvQsCLxwjmAckaZiedZHBmd5mZVUMI+DV61B/xJoInf8IPcDbZg0ksaCiquunu8kLOlLbtLyu1tLyyupZez2xsbm3vZHf36iqIJIUaDXggmx5RwJkPNc00h2YogQiPQ8O7u4z9xj1IxQL/Rg9DcAXp+6zHKNFG6mQP2kT2cV7hU1wWt6UTfIHbECrGYzNnF+0J8CJxEpJDCaqd7E+7G9BIgK8pJ0q1HDvU7ohIzSiHcaYdKQgJvSN9aBnqEwHKHU1+GONjo3RxL5CmfI0n6t+JERFKDYVnOgXRAzXvxeJ/XivSvXN3xPww0uDT6aJexLEOcBwI7jIJVPOhIYRKZm7FdEAkodrElplZ44mCMo8NoFuAR02kDB7U2MTkzIeySOqlomMXnetyrlJIAkujQ3SE8shBZ6iCrlAV1RBFT+gZvaI368V6tz6sz2lrykpm9tEMrO9f4HGjwQ==</latexit>

<latexit sha1_base64="dQsb9NGsrEaRfrVNSibRuMLiZIA="></latexit>

<latexit sha1_base64="JvdWbOFnCFztDkSgDtyxiIyIcf8=">AAACInicbVDLSgNBEJz1GeMr6sGDl8EgeAhhVwQ9ScCLxyjmAdkQZiedZMjMzjIzq4Zlv0aP+iPexJPgZ/gBTpI9mMSChqKqm+6uIOJMG9f9cpaWV1bX1nMb+c2t7Z3dwt5+XctYUahRyaVqBkQDZyHUDDMcmpECIgIOjWB4PfYbD6A0k+G9GUXQFqQfsh6jxFipUzj0BTEDJZI7SLFfwr4aSHyF3U6h6JbdCfAi8TJSRBmqncKP35U0FhAayonWLc+NTDshyjDKIc37sYaI0CHpQ8vSkAjQ7WTyQIpPrNLFPalshQZP1L8TCRFaj0RgO8fn6nlvLP7ntWLTu2wnLIxiAyGdLurFHBuJx2ngLlNADR9ZQqhi9lZMB0QRamxm+Zk1gShp+9gAuiV4MkQp+ahTG5M3H8oiqZ+VPbfs3Z4XK6UssBw6QsfoFHnoAlXQDaqiGqIoRc/oFb05L8678+F8TluXnGzmAM3A+f4FEBOjZw==</latexit>

<latexit sha1_base64="MJ/mWpZcWtYd8zaXuX+fJ2XoEMs="></latexit>

so no way for [D] to be zero

[D]

×
<latexit sha1_base64="zmgB/SqKEVsEPAEnWaoZwoCwp8g="></latexit>

<latexit sha1_base64="6UHuRwhTp+XAEF4XoULwid4Xkiw="></latexit>

<latexit sha1_base64="LB2B/JkHz9KgyMoL3pa5sv+0lN8="></latexit>

so no way for [D] to be zero

sheet I

×

×

sheet II
<latexit sha1_base64="E7nHn4/knCW79mqpzLe8oa45vEI="></latexit>

<latexit sha1_base64="Q679ixcApZuozXnQjA/tlCnMdnU="></latexit>

<latexit sha1_base64="BhpYCsyI2QwwDHlPpW23Zx/vjAU="></latexit>

<latexit sha1_base64="jCV0vxy76FvUHTuRBU6J6g+iHNQ=">AAACInicbVDLSgNBEJz1GeMr6sGDl8EgeAhhVwQ9eAh48RjFPCAbwuykkwyZ2VlmZtWw7NfoUX/Em3gS/Aw/wEmyB5NY0FBUddPdFUScaeO6X87S8srq2npuI7+5tb2zW9jbr2sZKwo1KrlUzYBo4CyEmmGGQzNSQETAoREMr8d+4wGUZjK8N6MI2oL0Q9ZjlBgrdQqHviBmoERyByn2S9hXA4mvsNspFN2yOwFeJF5GiihDtVP48buSxgJCQznRuuW5kWknRBlGOaR5P9YQETokfWhZGhIBup1MHkjxiVW6uCeVrdDgifp3IiFC65EIbOf4XD3vjcX/vFZsepfthIVRbCCk00W9mGMj8TgN3GUKqOEjSwhVzN6K6YAoQo3NLD+zJhAlbR8bQLcET4YoJR91amPy5kNZJPWzsueWvdvzYqWUBZZDR+gYnSIPXaAKukFVVEMUpegZvaI358V5dz6cz2nrkpPNHKAZON+/DMOjZQ==</latexit>

so [D] can be zero

<latexit sha1_base64="4GNw57tdRq9l3gxk9taNAFjOaaU="></latexit>

<latexit sha1_base64="WHokr5dqpijUghr0x1gPrQW/Pzs="></latexit>

so [D] can be zero
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Breit-Wigner poles on the unphysical sheet X

<latexit sha1_base64="xbjxPA3Dsr0FkBqoNb+tYOx6v2k="></latexit>

<latexit sha1_base64="xg/IQmGpmceVopujH+ebOkeTZGk="></latexit>

<latexit sha1_base64="MJ/mWpZcWtYd8zaXuX+fJ2XoEMs="></latexit>

[D]

[D]=0→s = 4m2 + 4k2

<latexit sha1_base64="jNnfr+1xunctgHA+mfuDUpxE9mM=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEpSInoRCl48VrAf0KZls920S3eTsLsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5gUJZ0o7zrdV2Njc2t4p7pb29g8Oj+zjk6aKU0log8Q8lu0AK8pZRBuaaU7biaRYBJy2gvH93G9NqFQsjp70NKG+wMOIhYxgbaS+bSt0hzzRq6Ir5KFxr9q3y07FWQCtEzcnZchR79tf3UFMUkEjTThWquM6ifYzLDUjnM5K3VTRBJMxHtKOoREWVPnZ4vIZujDKAIWxNBVptFB/T2RYKDUVgekUWI/UqjcX//M6qQ5v/YxFSappRJaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdNKsV16tcP3rlmpfHUYQzOIdLcOEGavAAdWgAgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/xnmRIA==</latexit>

⇢ =
2kp
s
⇡ 2k

M

<latexit sha1_base64="EcRMW9JxIU4Lg3DCSatJCG5Y7wY=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZNS0Y1QcONGqGAf0IQymU7aoZPMODMRS8hnuPFX3LhQxG13/o3TNgttPXDhcM693HtPIBhV2nG+rcLK6tr6RnGztLW9s7tn7x+0FE8kJk3MGZedACnCaEyammpGOkISFAWMtIPR9dRvPxKpKI/v9VgQP0KDmIYUI22knn3mySGHV9ALJcJpdZSlnnqQOlVZBj0khORPv7zbrGeXnYozA1wmbk7KIEejZ0+8PsdJRGKNGVKq6zpC+ymSmmJGspKXKCIQHqEB6Roao4goP509lsETo/RhyKWpWMOZ+nsiRZFS4ygwnRHSQ7XoTcX/vG6iw0s/pbFINInxfFGYMKg5nKYE+1QSrNnYEIQlNbdCPEQmBm2yLJkQ3MWXl0mrWnFrlfO7Wrley+MogiNwDE6BCy5AHdyABmgCDJ7BK3gHH9aL9WZ9Wl/z1oKVzxyCP7AmP5eooLs=</latexit>

0 = k2 + i
⇣

g2

2M

⌘
k � k2M

<latexit sha1_base64="r0srqwhmWLUlsUCksBsa+lNDfVo="></latexit>

k =
1

2

"
�i

⇣
g2

2M

⌘
±

r
�
⇣

g2

2M

⌘2
+ 4k2M

#

<latexit sha1_base64="L/mQDSEDEsjWMW3GUY5ptkoXK7Y="></latexit>

⇒

e.g. for narrow  
resonance k ⇡ ±kM � i g2

4M
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Im[k] < 0

unphysical 
sheet
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pole singularities ? 149

scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state

off the real axis, on the unphysical sheet Re[s]

Im[s]

4m2

(in complex conjugate pairs)

corresponds to a resonance

real energy axis, below threshold on unphysical sheet Re[s]

Im[s]

4m2

corresponds to a virtual bound-state
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X

virtual bound-state

bound-state
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pole singularities ? 150

scattering amplitudes can have pole singularities only in certain locations

not allowed: poles off the real axis 
   on the physical sheet Re[s]

Im[s]

4m2

would violate causality
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poor-man’s causality → analyticity argument … X

the response of a physical system, G(t) to an input g(t) can be described in general by a convolution

G(t) =

Z 1

�1
dt0 f(t� t0) g(t0)

<latexit sha1_base64="deefP68+A4ojV6gI0iQd++jFMuY="></latexit>

where f(t′-t) describes the effect time t′ has on time t

in order for the response to be causal, we require

f(⌧) = 0

<latexit sha1_base64="Kk6wQZ/WUR05oRzmpnNSYZL7kec=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mkoheh4MVjBfsBTSib7aZdutmE3YlQSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb2dtfWNza7uwU9zd2z84LB0dt0ySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+Ho7uZ337i2ohEPeI45UFMB0pEglG0kk+iio80uyC3xO2Vym7VnYOsEi8nZcjR6JW+/H7CspgrZJIa0/XcFIMJ1SiY5NOinxmeUjaiA961VNGYm2Ayv3lKzq3SJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3ndDKObYCJUmiFXbLEoyiTBhMwCIH2hOUM5toQyLeythA2ppgxtTEUbgrf88ippXVa9WvXqoVau1/I4CnAKZ1ABD66hDvfQgCYwSOEZXuHNyZwX5935WLSuOfnMCfyB8/kDo/SQFg==</latexit>

⌧ < 0

<latexit sha1_base64="fV2HTcRIQTsgan/Kq/gdnHDGDLk=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYygvmA5Ah7m71kyd7euTsnhCN/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YCThPsRHSoRCkbRSp0e0pTcELdfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/N4pObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtRCUbgrf88ippXVS9WvXyvlap1/I4inACp3AOHlxBHe6gAU1gIOEZXuHNeXRenHfnY9FacPKZY/gD5/MHv5KPFg==</latexit>

for 

consider the Fourier transform of f(τ) f̃(E) ⌘ 1

2⇡

Z 1

�1
d⌧ eiE⌧ f(⌧)

<latexit sha1_base64="jcyEblE+A2xg3izewlZcitrzr38="></latexit>

& f(⌧) =

Z 1

�1
dE e�iE⌧ f̃(E)

<latexit sha1_base64="UvS2CqylXpd3yiyKhQ+48C0SVDg="></latexit>

in order to be causal, f(E), must have no poles in the upper half-plane
~

E
0 =

I

C
dE e�iE⌧ f̃(E)

= f(⌧) +
�
semicircle at1

�

<latexit sha1_base64="I+GFa74sHG4RCd1s+K/pI1T/n6A="></latexit>

C

upper half-plane ⇒ Im(E) > 0

e�iE⌧ / e⌧ ·ImE

<latexit sha1_base64="4ZPJwQoLE24gYm3PSHdxi54uAm8=">AAACG3icbVDLSgMxFM34tr5GXboJFsGFlplS0WVBBN0p2Ad0asmkaRuaTIbkjlCG+Q83/oobF4q4Elz4N2ZqF9p6IHA4515yzwljwQ143pczN7+wuLS8slpYW9/Y3HK3d+pGJZqyGlVC6WZIDBM8YjXgIFgz1ozIULBGODzP/cY904ar6BZGMWtL0o94j1MCVuq4ZXaXHnN8gQMgSYaDWKsYFLZqLuCAdhUEksBAy/RKZsHRRdZxi17JGwPPEn9CimiC6477EXQVTSSLgApiTMv3YminRAOngmWFIDEsJnRI+qxlaUQkM+10nC3DB1bp4p7S9kWAx+rvjZRIY0YytJP5mWbay8X/vFYCvbN2yqM4ARbRn496icA2fV4U7nLNKIiRJYRqbm/FdEA0oWDrLNgS/OnIs6ReLvmV0slNpVitTOpYQXtoHx0iH52iKrpE16iGKHpAT+gFvTqPzrPz5rz/jM45k51d9AfO5zfAPqE8</latexit>

vanishes for τ<0

causal response functions are analytic in the upper-half plane of complex energy
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singularity structure from lattice calculations — elastic 151

no nearby poles

ππ  i s o s p i n=2

-30

-25

-20

-15

-10

-5

 0
 0.1  0.2  0.3  0.4

weak and repulsive interaction

PRD 8 6  0 3 4 0 3 1  ( 2 0 1 2 )  

mπ~391 MeV

<latexit sha1_base64="Yn2Up9Em7rPXP4w8kkbabRxX+nE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQlZKIYDdCwY3LCvYBTSiTyaQdOsmEmRuhhPyDG3/FjQtF3Lpx5984fSy0euDCmXPuZe49QSq4Bsf5skpLyyura+X1ysbm1vaOvbvX1jJTlLWoFFJ1A6KZ4AlrAQfBuqliJA4E6wSj64nfuWdKc5ncwThlfkwGCY84JWCkvn0y8s6wRyVgL2QCSN/BV9iLFKG5W+TmWeBT7IlQgu7bVafmTIH/EndOqmiOZt/+9EJJs5glQAXRuuc6Kfg5UcCpYEXFyzRLCR2RAesZmpCYaT+f3lTgI6OEOJLKVAJ4qv6cyEms9TgOTGdMYKgXvYn4n9fLIKr7OU/SDFhCZx9FmcAg8SQgHHLFKIixIYQqbnbFdEhMIGBirJgQ3MWT/5L2ec11au7tRbVRn8dRRgfoEB0jF12iBrpBTdRCFD2gJ/SCXq1H69l6s95nrSVrPrOPfsH6+AZLQpyC</latexit>

<latexit sha1_base64="UOww51KG/aoNVaJQhT+pqdaTVcQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEujBMio9uhIIblxXsA9oQJtNJO3QmCTMToYSCv+LGhSJu/Q53/o3TNgttPXDhcM693HtPkHCmNELfVmFldW19o7hZ2tre2d2z9w9aKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5Gt1O//UilYnH0oMcJ9QQeRCxkBGsj+faR8HsJg9hH8AaeI6dau6xcnfl2GTloBrhM3JyUQY6Gb3/1+jFJBY004ViprosS7WVYakY4nZR6qaIJJiM8oF1DIyyo8rLZ+RN4apQ+DGNpKtJwpv6eyLBQaiwC0ymwHqpFbyr+53VTHda8jEVJqmlE5ovClEMdw2kWsM8kJZqPDcFEMnMrJEMsMdEmsZIJwV18eZm0qo6LHPf+olyv5XEUwTE4ARXggmtQB3egAZqAgAw8g1fwZj1ZL9a79TFvLVj5zCH4A+vzB7sqkrI=</latexit>
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[ first term in the ‘effective range expansion’                                          ]k cot �0 = 1
a0

+ 1
2r0k

2 + . . .

<latexit sha1_base64="45ulrDEDJbtGsLiPxdQQs4ZbOvE="></latexit>

t`=0 =

p
s

2

1

k cot �0 � ik

<latexit sha1_base64="Z7YBqn2Anj8Op5n3G10ukeQ/jWk="></latexit>

a pole, but very far away
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singularity structure from lattice calculations — elastic 152

ππ  i s o s p i n=1
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of parameterization details
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singularity structure from lattice calculations — elastic 153

ππ  i s o s p i n=1

 0

 30

 60

 90

 120

 150

 180

 400  500  600  700  800  900  1000

mπ ~ 524 MeV
mπ ~ 391 MeV

mπ ~ 236 MeV

mπ ~ 702 MeV

mρ

Γρ

expt

evolution with changing quark mass

poles don’t ‘appear’ or ‘disappear’ with changing quark mass  
— they smoothly move round the complex plane
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singularity structure from lattice calculations — elastic 154

mπ~391 MeV — a bound-state pole

ππ  i s o s p i n=0

-1

-0.5

 0

 0.5

 1

-0.06 -0.03  0  0.03  0.06  0.09  0.12

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )  

-300

-200

-100

 0
 300

 −

 500  700  900

mπ~236 MeV — a resonance pole

will come back to  
this scatter later 
if there’s timet`=0 =

p
s

2

1

k cot �0 � ik

<latexit sha1_base64="Z7YBqn2Anj8Op5n3G10ukeQ/jWk="></latexit>
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coupled-channels 155

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels (ππ, KK)
_
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coupled-channels 156

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels (ππ, KK)

sheet II sheet III

sheet I

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

_
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coupled-channels 157

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels (ππ, KK)

sheet IV sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

sheet I

_
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coupled-channels 158

Re[s]

Im[s]

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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coupled-channels — between thresholds 159

Re[s]

Im[s]

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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coupled-channels — near second threshold 160

Re[s]

Im[s]

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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coupled-channels — well above both thresholds 161

Re[s]

Im[s]

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

poles in two-channel scattering X

Im[ kKK ]

Re[ kKK ]

IuIIl

IVu
IIIl
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poles in two-channel scattering X

Im[ kKK ]
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IuIIl

IVu
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poles in two-channel scattering X

Im[ kKK ]
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IuIIl

IVu
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poles in two-channel scattering X

Im[ kKK ]

Re[ kKK ]

IuIIl

IVu
IIIl



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

two-channel Flatté amplitude 162
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a less obviously resonant amplitude 163
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information from the pole 164

pole position can be interpreted as mass and width
<latexit sha1_base64="e8/YyTjO6mjammJTMaQxF3eyb8M="></latexit>

<latexit sha1_base64="GZVRkzmcKVC2yrkcIqxAZvSEtXg="></latexit>

near the complex pole, s0
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information from the pole 165

pole position can be interpreted as mass and width
<latexit sha1_base64="e8/YyTjO6mjammJTMaQxF3eyb8M="></latexit>

<latexit sha1_base64="GZVRkzmcKVC2yrkcIqxAZvSEtXg="></latexit>

pole residue factorizes into a product of resonance couplings 
to the various decay channels

<latexit sha1_base64="50RelQGmk7xdvPq/QA86zr9+/Q0="></latexit>

near the complex pole, s0
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information from the pole 166

pole position can be interpreted as mass and width
<latexit sha1_base64="e8/YyTjO6mjammJTMaQxF3eyb8M="></latexit>

<latexit sha1_base64="GZVRkzmcKVC2yrkcIqxAZvSEtXg="></latexit>

pole residue factorizes into a product of resonance couplings 
to the various decay channels

<latexit sha1_base64="50RelQGmk7xdvPq/QA86zr9+/Q0="></latexit>

as we’ve seen a single resonance can be responsible 
for poles on more than one sheet  

— often only one is close enough to physical scattering to have a large effect

near the complex pole, s0
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complex k-plane X
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ππ, KK, ηη scattering with mπ~391 MeV 167

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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ππ, KK, ηη scattering with mπ~391 MeV 168

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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ππ, KK, ηη scattering with mπ~391 MeV 169

_
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ππ, KK, ηη scattering with mπ~391 MeV 170

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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S -wave  amp l i t ude s  &  po l e s

summary, including spread over parameterizations in pole uncertainty
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f0(980) as a dip in elastic scattering X

ππ→ππ

ππ→KK
_

ππ→ηη
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f0(980) as a peak in “ss” production X

1.0

  → J/ψ  π +π −0
s

_
B

b

s

c

c
_

s
s
_

2.0 3.0

LHCb  2012

0.5 1.0 1.5

ππ

KK
_

J/ψ→φ (ππ , KK )

0.5 1.0 1.5

BES  I I  2 0 0 5

_

_

note the rapid turn-on  
of KK at threshold

_

_

not partial-wave  
projected

not partial-wave  
projected
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f0(980) as ? X
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pp→p (ππ , KK )p
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S—wave ππ production X
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dominated by π exchange 
— looks like the the 1970s  

elastic phase-shift data

other (non-π) exchanges  
becoming significant, 
f0(980) dip less pronounced

σ no longer large, 
f0(980) starting to be a peak ?
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singularity structure from lattice calculations — elastic 172

mπ~391 MeV — a bound-state pole

ππ  i s o s p i n=0
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πη, KK scattering with mπ~391 MeV 173

_
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πη, KK scattering with mπ~391 MeV 174
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πη, KK scattering with mπ~391 MeV 176
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the                   ?
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lattice f0, a0 similarities ? X
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masses similar widths a little different

but channel couplings quite similar ?
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main difference is the larger phase-space for ππ compared to πη

can explore the effect using the simple Flatté amplitude

Flatté denominator

has zeros at



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

ππ, KK, ηη scattering with mπ~391 MeV 177

_
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D -wave  amp l i t ude s
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bumps are in the three-channel region ⇒ 8 sheets !

won’t burden you with the sheet details here …
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ππ, KK, ηη scattering with mπ~391 MeV 178
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couplings at the poles 179
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ππ, KK, ηη scattering with mπ~391 MeV 180
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D -wave  amp l i t ude s  &  po l e s

 0.2

 0.4

 0.6

 0.8

 1

 800  1000  1200  1400  1600

-200
-150
-100
-50

pdg  s ummary



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

vector-pseudoscalar scattering 181

m(⇡+⇡�⇡�)
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many-body decays tend to be dominated by isobars
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e.g. πππ dominated by πρ

Dalitz plot
COMPASS
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m(⇡+⇡�⇡�)
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e.g. πππ dominated by πρ
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vector-pseudoscalar scattering 183

mπ ~ 524 MeV
mπ ~ 391 MeV

mπ ~ 236 MeV

mπ ~ 702 MeV

mρ

Γρ

expt

for heavier than physical light-quarks,  
the ρ resonance becomes stable

can rigorously study vector-pseudoscalar scattering

complication: need to account for the vector ρ spin

helicity formalism is common experimental approach, 
but 𝓵S formalism more convenient in finite-volume
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𝓵S formalism 184
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e.g. with S=1 can make JP=1+ in two ways: 3S1,
3D1
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finite-volume function basis changes too
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πρ isospin=2 — mπ~700 MeV 185

π

ρ

π
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JP = 1+
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πω isospin=1 — mπ~391 MeV 186

ω is stable down to quite low quark masses
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excited J−− meson resonances — mπ~700 MeV 187
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exact SU(3) flavor symmetry
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exotic 1−+ hybrid meson resonance — mπ~700 MeV 188PRD 1 0 3  0 5 4 5 0 2  ( 2 0 2 1 )
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exotic 1−+ hybrid meson resonance — mπ~700 MeV 189
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exotic 1−+ hybrid meson resonance — mπ~700 MeV 190

600

400

200

30

1500 1550 1600 1650

20

10

PRD 1 0 3  0 5 4 5 0 2  ( 2 0 2 1 )

a very crude extrapolation …
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why the heavier quark masses ? 191

we can compute spectra at lighter quark masses, but we wouldn’t know what to do with them 

the problem is three-body and higher channels…

πη

KK
_

πππ
? ? ?

all the complications 
of infinite-volume  
three-body (+ more?)

E
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physical pion masses = low-lying multipion channels 192

πη

KK
_

πππ

E

πη

KK
_

πππ

E

πη

KK
_

πππ

E
mπ ~ 391 MeV mπ < 391 MeV mπ → phys

two-body 
formalism 
valid

two-body 
formalism 
valid
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rigorous three body scattering 193

formalism is significantly more complicated — first applications have appeared
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coupling scattering systems to external currents 194

e.g. consider the process in which  
a pion absorbs a photon* to become two pions

* could be virtual

�⇡ ! ⇡⇡
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in infinite volume, described by a matrix element
⌦
⇡⇡(Ecm,P)

��jµ(0)
��⇡(p)

↵
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ππ state can be projected  
into a partial wave, e.g. 𝓵=1

/ F (Ecm, Q
2)

<latexit sha1_base64="d+Ng2xR3CrTstHOy1rqvTTu1+3I=">AAACFXicbVDLSsNAFJ3UV62vqEsRBotQQUpSKrosiOKyBfuAppbJdNIOnUnCzEQoISs/wm9wq2t34ta1S//EaZqFbT1w4XDOvdx7jxsyKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkgEpg0ccAC0XGRJIz6pKmoYqQTCoK4y0jbHV9P/fYjEZIG/r2ahKTH0dCnHsVIaalvHjuhCEIVwNvSTd/hSI2kF2OenMPGQ+WsbxatspUCLhM7I0WQod43f5xBgCNOfIUZkrJrW6HqxUgoihlJCk4kSYjwGA1JV1MfcSJ7cfpGAk+1MoBeIHT5Cqbq34kYcSkn3NWd6aGL3lT8z+tGyrvqxdQPI0V8PFvkRQzqt6eZwAEVBCs20QRhQfWtEI+QQFjp5Oa2uDzRmdiLCSyTVqVsV8sXjWqxVs3SyYMjcAJKwAaXoAbuQB00AQZP4AW8gjfj2Xg3PozPWWvOyGYOwRyMr1/1WZ6M</latexit>

γ*

π

π

π

after the current produces ππ ππ will rescatter strongly…

π

π

π

π
⇒ the matrix element is proportional to t`(Ecm)
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if there’s a resonance t`(s ⇠ s0) ⇠
c2

s0 � s
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s0 � s

<latexit sha1_base64="KKBvMJig4UqLGU5zk+wanM/4B9c=">AAACKnicbVDNSgMxGMzWv1r/Vj16CRahQi27paLHgiAeW7A/0F1LNs22ocnukmSFsvQ9fAifwauevRVPgg9itt2DbR0ITGbm40vGixiVyrJmRm5jc2t7J79b2Ns/ODwyj0/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHGd6nfeSZC0jB4VJOIuBwNA+pTjJSW+mb1viShIymHsm+VYfOperm4Or5AOMHQKUO/lMrTRCfglZz2zaJVseaA68TOSBFkaPTNb2cQ4piTQGGGpOzZVqTcBAlFMSPTghNLEiE8RkPS0zRAnEg3mf9tCi+0MoB+KPQJFJyrfycSxKWccE8nOVIjueql4n9eL1b+rZvQIIoVCfBikR8zqEKYFgUHVBCs2EQThAXVb4V4hHQpSte5tMXjaSf2agPrpF2t2LXKdbNWrNeydvLgDJyDErDBDaiDB9AALYDBC3gD7+DDeDU+jZnxtYjmjGzmFCzB+PkFKQ6knw==</latexit>

and 

γ*

π

π

π

res.

resonance transition form-factor f(Q2)  
rigorously defined at the complex pole position

but what changes in a finite volume … ?

e.g. ρ→πγ
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coupling scattering systems to external currents — fin. vol. 195

e.g. consider the process in which  
a pion absorbs a photon to become two pions

�⇡ ! ⇡⇡
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ππ|thr.

π

ππ

Ecm

γ*

infinite volume finite volume

ππ|thr.

π

γ*

can only transition  
to one of the discrete 
f.v. eigenstates

can transition  
to any energy 
in the ππ continuum

L

⌦
⇡⇡(En(L),P)

��jµ(0)
��⇡(p)

↵
L
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��⇡(p)
↵
L
=

��⇡(p)
↵
1 +O(e�m⇡L)
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single hadron state

hadron-hadron state

finite-volume matrix element

��⇡⇡(En(L),P)
↵
L
⇠

p
Rn

��⇡⇡(Ecm=En(L),P)
↵
1

<latexit sha1_base64="D79bmlFZjP10xeACmB9ENaU9JEw="></latexit>

effective f.v. 
normalization

F = 1
16⇡ i⇢ (1 + iM)

M = 16⇡ t
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effective f.v. normalization depends  
on the hadron-hadron scattering amplitude

Rn = 2En lim
E!En

(E � En)
⇣
F�1(E,P;L) +M(E)

⌘�1
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a 3+1 field theory derivation … matrix elements X

consider a two-point correlation function — operators with the quantum numbers of a two-hadron system

CL(t,P) =

Z

L
d3x

Z

L
d3y e�iP·(x�y)

⌦
0
��A(x, t)B†(y, 0)

��0
↵
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CL(t,P) = L3

Z
dE

2⇡
eiEt

h
C1(E,P)� Ã

⇥
F�1(E,P, L)�M(E,P)

⇤�1
B̃
i
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CL(t,P) =
X

n

e�Ent L3ÃnRnB̃n
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performing the energy integration

a discrete spectral decomposition

CL(t,P) =
X

n

e�Ent
�
L3/2Ãn

p
Rn

��
L3/2B̃n

p
Rn

�
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operator  
dependent  
overlap

operator  
independent  
f.v. overlap

Rn = 2En lim
E!En

(E � En)
⇣
F�1(E,P;L) +M(E)

⌘�1
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f o rm - f a c t o r  a t  t h e  p o l e

mπ~391 MeV
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consider the amplitude before we partial-wave projected π

π

π

π
s

t

T (s, t)

<latexit sha1_base64="Z/4dgfhLlHr0/BNIb3Pu1tiMhqU=">AAAB/nicbVBNSwMxEJ2tX7V+VT16CRahgpRdqeix4MVjhX5Bu5Rsmm1Dk+ySZIWyFPwNXvXsTbz6Vzz6T0zbPdjWBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsb3M7/9RJVmkWyYSUx9gYeShYxgY6VOo4z0FTKX/WLJrbhzoHXiZaQEGer94k9vEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaILqwxQGClb0qC5+ncixULriQhsp8BmpFe9mfif101MeOenTMaJoZIsFoUJRyZCs+fRgClKDJ9Ygoli9lZERlhhYmxES1sCMbWZeKsJrJPWdcWrVm4eq6VaNUsnD2dwDmXw4BZq8AB1aAIBDi/wCm/Os/PufDifi9ack82cwhKcr1/wB5VS</latexit>

a function of both s and t 

the same amplitude should describe crossed-channel scattering

e.g. suppose a stable (scalar) hadron can be exchanged in the t-channel 
what would that imply for the partial-wave amplitude ?

T (s, t) =
g2

M2 � t

<latexit sha1_base64="95eZB1q/Fr9GGYXverr9kEOGD24=">AAACFnicbZC7SgNBFIZn4y3GW9RSkMEgRNCwGyLaCAEbGyFCbpBswuxkNhkye2HmrBCWdD6Ez2CrtZ3Y2lr6Jk6SLUziDwM//zmHc+ZzQsEVmOa3kVpZXVvfSG9mtrZ3dvey+wd1FUSSshoNRCCbDlFMcJ/VgINgzVAy4jmCNZzh7aTeeGRS8cCvwihktkf6Pnc5JaCjbva4msfqHMMZvsFtVxIa9zvFcXzfKeILDONuNmcWzKnwsrESk0OJKt3sT7sX0MhjPlBBlGpZZgh2TCRwKtg4044UCwkdkj5raesTjyk7nv5jjE910sNuIPXzAU/TvxMx8ZQaeY7u9AgM1GJtEv5Xa0XgXtsx98MImE9ni9xIYAjwBArucckoiJE2hEqub8V0QDQN0OjmtjjehIm1SGDZ1IsFq1S4fCjlyqWEThodoROURxa6QmV0hyqohih6Qi/oFb0Zz8a78WF8zlpTRjJziOZkfP0CPv2deQ==</latexit>

t`(s) =
1
2

Z 1

�1
dxP`(x)T (s, t(x))

<latexit sha1_base64="kesryvOHROBTxz8WJr4NShqJa0o="></latexit>

x = cos ✓

<latexit sha1_base64="M3Mo2ptT90gEoHqyPfnFS7FM9AY=">AAACBHicbVC7SgNBFJ31GeMramkzGASrsCsRbYSAjWUE84DsGmYns8mQmZ1l5q4YlrR+g63WdmLrf1j6J06SLUzigQuHc+7lXE6YCG7Adb+dldW19Y3NwlZxe2d3b790cNg0KtWUNagSSrdDYpjgMWsAB8HaiWZEhoK1wuHNxG89Mm24iu9hlLBAkn7MI04JWOnhCV/7VBnsw4AB6ZbKbsWdAi8TLydllKPeLf34PUVTyWKgghjT8dwEgoxo4FSwcdFPDUsIHZI+61gaE8lMkE2/HuNTq/RwpLSdGPBU/XuREWnMSIZ2UxIYmEVvIv7ndVKIroKMx0kKLKazoCgVGBSeVIB7XDMKYmQJoZrbXzEdEE0o2KLmUkI5tp14iw0sk+Z5xatWLu6q5Vo1b6eAjtEJOkMeukQ1dIvqqIEo0ugFvaI359l5dz6cz9nqipPfHKE5OF+/uI6Yng==</latexit>

t = �2k2(1� x)

<latexit sha1_base64="a0DMtDogAbXLyUhGq3bas4qgAHM=">AAACB3icbVC7SgNBFJ2NrxgfWbW0GQxCLBJ2Q0QbIWBjGcHEQLKG2clsMmRmd5m5K4YlH+A32GptJ7Z+hqV/4uRRmMQDFw7n3Mu5HD8WXIPjfFuZtfWNza3sdm5nd28/bx8cNnWUKMoaNBKRavlEM8FD1gAOgrVixYj0Bbv3h9cT//6RKc2j8A5GMfMk6Yc84JSAkbp2HvAVLuHK8KFSdEtPZ1274JSdKfAqceekgOaod+2fTi+iiWQhUEG0brtODF5KFHAq2DjXSTSLCR2SPmsbGhLJtJdOHx/jU6P0cBApMyHgqfr3IiVS65H0zaYkMNDL3kT8z2snEFx6KQ/jBFhIZ0FBIjBEeNIC7nHFKIiRIYQqbn7FdEAUoWC6Wkjx5dh04i43sEqalbJbLZ/fVgu16rydLDpGJ6iIXHSBaugG1VEDUZSgF/SK3qxn6936sD5nqxlrfnOEFmB9/QIEXZdj</latexit>

t0(s) =
1
2g

2

Z 1

�1
dx

1

M2 + 2k2(1� x)

<latexit sha1_base64="nAiHbJW2kyJ07TykeTagb1aa7NY="></latexit>

t0(s) =
g2

4k2
log


s� 4m2 +M2

M2

�

<latexit sha1_base64="jFaZvYJXQMuqfx6fUUkmJ3942u8="></latexit>

S-wave

branch point at 
s = 4m2 �M2

<latexit sha1_base64="x5/8H0cci/BFJZzDgtcNJ2CgmNQ=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwMeyGFW2EgI2NEME8INmE2clsMmRmd5mZFcKS1m+w1dpObP0PS//ESbKFSTxw4XDOvZzL8WPOlLbtbyu3tr6xuZXfLuzs7u0fFA+PGipKJKF1EvFItnysKGchrWumOW3FkmLhc9r0R7dTv/lEpWJR+KjHMfUEHoQsYARrI3UVukGu6FbQBbrvVnrFkl22Z0CrxMlICTLUesWfTj8iiaChJhwr1XbsWHsplpoRTieFTqJojMkID2jb0BALqrx09vUEnRmlj4JImgk1mql/L1IslBoL32wKrIdq2ZuK/3ntRAfXXsrCONE0JPOgIOFIR2haAeozSYnmY0Mwkcz8isgQS0y0KWohxRcT04mz3MAqaVTKjlu+fHBLVTdrJw8ncArn4MAVVOEOalAHAhJe4BXerGfr3fqwPuerOSu7OYYFWF+/JmyXAQ==</latexit>

4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>

a left-hand cut
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consider the amplitude before we partial-wave projected π

π

π

π
s

t

T (s, t)

<latexit sha1_base64="Z/4dgfhLlHr0/BNIb3Pu1tiMhqU=">AAAB/nicbVBNSwMxEJ2tX7V+VT16CRahgpRdqeix4MVjhX5Bu5Rsmm1Dk+ySZIWyFPwNXvXsTbz6Vzz6T0zbPdjWBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsb3M7/9RJVmkWyYSUx9gYeShYxgY6VOo4z0FTKX/WLJrbhzoHXiZaQEGer94k9vEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaILqwxQGClb0qC5+ncixULriQhsp8BmpFe9mfif101MeOenTMaJoZIsFoUJRyZCs+fRgClKDJ9Ygoli9lZERlhhYmxES1sCMbWZeKsJrJPWdcWrVm4eq6VaNUsnD2dwDmXw4BZq8AB1aAIBDi/wCm/Os/PufDifi9ack82cwhKcr1/wB5VS</latexit>

a function of both s and t 

more generally, unitarity in the crossed-channels demands a left-hand cut

t`(s) =
1
2

Z 1

�1
dxP`(x)T (s, t(x))

<latexit sha1_base64="kesryvOHROBTxz8WJr4NShqJa0o="></latexit>

x = cos ✓

<latexit sha1_base64="M3Mo2ptT90gEoHqyPfnFS7FM9AY=">AAACBHicbVC7SgNBFJ31GeMramkzGASrsCsRbYSAjWUE84DsGmYns8mQmZ1l5q4YlrR+g63WdmLrf1j6J06SLUzigQuHc+7lXE6YCG7Adb+dldW19Y3NwlZxe2d3b790cNg0KtWUNagSSrdDYpjgMWsAB8HaiWZEhoK1wuHNxG89Mm24iu9hlLBAkn7MI04JWOnhCV/7VBnsw4AB6ZbKbsWdAi8TLydllKPeLf34PUVTyWKgghjT8dwEgoxo4FSwcdFPDUsIHZI+61gaE8lMkE2/HuNTq/RwpLSdGPBU/XuREWnMSIZ2UxIYmEVvIv7ndVKIroKMx0kKLKazoCgVGBSeVIB7XDMKYmQJoZrbXzEdEE0o2KLmUkI5tp14iw0sk+Z5xatWLu6q5Vo1b6eAjtEJOkMeukQ1dIvqqIEo0ugFvaI359l5dz6cz9nqipPfHKE5OF+/uI6Yng==</latexit>

t = �2k2(1� x)

<latexit sha1_base64="a0DMtDogAbXLyUhGq3bas4qgAHM=">AAACB3icbVC7SgNBFJ2NrxgfWbW0GQxCLBJ2Q0QbIWBjGcHEQLKG2clsMmRmd5m5K4YlH+A32GptJ7Z+hqV/4uRRmMQDFw7n3Mu5HD8WXIPjfFuZtfWNza3sdm5nd28/bx8cNnWUKMoaNBKRavlEM8FD1gAOgrVixYj0Bbv3h9cT//6RKc2j8A5GMfMk6Yc84JSAkbp2HvAVLuHK8KFSdEtPZ1274JSdKfAqceekgOaod+2fTi+iiWQhUEG0brtODF5KFHAq2DjXSTSLCR2SPmsbGhLJtJdOHx/jU6P0cBApMyHgqfr3IiVS65H0zaYkMNDL3kT8z2snEFx6KQ/jBFhIZ0FBIjBEeNIC7nHFKIiRIYQqbn7FdEAUoWC6Wkjx5dh04i43sEqalbJbLZ/fVgu16rydLDpGJ6iIXHSBaugG1VEDUZSgF/SK3qxn6936sD5nqxlrfnOEFmB9/QIEXZdj</latexit>

dispersion at fixed s

T (s, t) =
1

2⇡i

Z 1

4m2

dt̄
disct T (s, t̄)

t̄� t

<latexit sha1_base64="hA1uNgmU1cSIQExVcXwbVShDsNE="></latexit>

+ u�channel

<latexit sha1_base64="zwMk0XAZG9cPgVXyvQruxzpc8k8="></latexit>

t`(s) =
1

4⇡ik2

Z 1

4m2

dt̄ disct T (s, t̄)
1
2

Z 1

�1
dx

P`(x)�
1 + t̄

2k2

�
� x

<latexit sha1_base64="vWF/vO6XSYAMKefZ80UGF881dWk="></latexit>

= Q`

⇣
1 + t̄

2k2

⌘

<latexit sha1_base64="yuiuNhhiukLm0xgvvzSRYpVWEIs="></latexit>

Legendre function 
of the second kind

has branch points  
at z=±1 

Q`(z)

<latexit sha1_base64="n9mrrrN2tYEH/wNvYcpA5xnHxfk=">AAAB/3icdVDLSsNAFJ3UV31XXboZLELdhKRNbLsruHHZgn1IG8pkOmmHziRhZiLU0IXf4FbX7sStn+LSP3H6EKzogQuHc+7l3nv8mFGpLOvDyKytb2xuZbd3dvf2Dw5zR8ctGSUCkyaOWCQ6PpKE0ZA0FVWMdGJBEPcZafvjq5nfviNC0ii8UZOYeBwNQxpQjJSWbhv9HmGscH/Rz+Ut03aqpaIFLdOxLsuOq0mpWnHdIrRNa448WKLez332BhFOOAkVZkjKrm3FykuRUBQzMt3pJZLECI/RkHQ1DREn0kvnB0/huVYGMIiErlDBufpzIkVcygn3dSdHaiR/ezPxL6+bqKDipTSME0VCvFgUJAyqCM6+hwMqCFZsognCgupbIR4hgbDSGa1s8flUZ/L9OPyftIo6N9NtOPmas0wnC07BGSgAG5RBDVyDOmgCDDh4BE/g2XgwXoxX423RmjGWMydgBcb7F03xlsU=</latexit>

singularity if t̄ = �4k2 = 4m2 � s

<latexit sha1_base64="H65W4URJ2msq9yOdC1b/DkEl/pU=">AAACEnicbZDLSgMxFIYzXmu9jbrTTbAIblpmyohuhIIblxXsBdqxZNJMG5pkhiQjlGHAh/AZ3Oranbj1BVz6JqbtLGzrgZCP/z+Hk/xBzKjSjvNtrayurW9sFraK2zu7e/v2wWFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB0M/Fbj0QqGol7PY6Jz9FA0JBipI3Us4+7AZKpzuA1LENv9FA14HFzlVXPLjkVZ1pwGdwcSiCves/+6fYjnHAiNGZIqY7rxNpPkdQUM5IVu4kiMcIjNCAdgwJxovx0+ocMnhmlD8NImiM0nKp/J1LElRrzwHRypIdq0ZuI/3mdRIdXfkpFnGgi8GxRmDCoIzgJBPapJFizsQGEJTVvhXiIJMLaxDa3JeCZycRdTGAZmtWK61Uu7rxSzcvTKYATcArOgQsuQQ3cgjpoAAyewAt4BW/Ws/VufVifs9YVK585AnNlff0C7i2bow==</latexit>

which is in the integration region if s < 0

<latexit sha1_base64="Ykvb7OReGXxB0q056pR14cR0QRQ=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYygpcEkiPsbfaSJbt7x+6eEI77DbZa24mtP8bSf+ImucIkPhh4vDfDzLww4Uwb1/12ShubW9s75d3K3v7B4VH1+KSt41QR6pOYx6obYk05k9Q3zHDaTRTFIuS0E07uZ37nmSrNYvlkpgkNBB5JFjGCjZV8je6QO6jW3Lo7B1onXkFqUKA1qP70hzFJBZWGcKx1z3MTE2RYGUY4zSv9VNMEkwke0Z6lEguqg2x+bI4urDJEUaxsSYPm6t+JDAutpyK0nQKbsV71ZuJ/Xi810W2QMZmkhkqyWBSlHJkYzT5HQ6YoMXxqCSaK2VsRGWOFibH5LG0JRW4z8VYTWCftq7rXqF8/NmrNRpFOGc7gHC7BgxtowgO0wAcCDF7gFd6c3Hl3PpzPRWvJKWZOYQnO1y8nSpRb</latexit>

t-channel unitarity generates a left-hand cut

4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>
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4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>

sL

<latexit sha1_base64="xR2W2O8RI5uZsxjIMRB7nTOVYK8=">AAAB+XicdVDLSsNAFJ3UV62vqks3g0VwFSY1xXRXcOPCRUX7gDaUyXTSDp1JwsxEKKGf4FbX7sStX+PSP3HSVrCiBy4czrmXe+8JEs6URujDKqytb2xuFbdLO7t7+wflw6O2ilNJaIvEPJbdACvKWURbmmlOu4mkWAScdoLJVe53HqhULI7u9TShvsCjiIWMYG2kOzW4GZQryK7XPK9ag8i+QHW3nhNU9TzXgY6N5qiAJZqD8md/GJNU0EgTjpXqOSjRfoalZoTTWamfKppgMsEj2jM0woIqP5ufOoNnRhnCMJamIg3n6s+JDAulpiIwnQLrsfrt5eJfXi/VoednLEpSTSOyWBSmHOoY5n/DIZOUaD41BBPJzK2QjLHERJt0VrYEYmYy+X4c/k/aVdtx7dqtW2m4y3SK4AScgnPggEvQANegCVqAgBF4BE/g2cqsF+vVelu0FqzlzDFYgfX+BWJGlKA=</latexit>

narrow resonance

resonance pole nearby 
left-hand cut very distant

e.g. can describe scattering near the ρ  
resonance without describing the left-hand cut

broad resonance

4m2

<latexit sha1_base64="3LQOFLwCRO5xoSw/CA9SKMovJak=">AAAB+nicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AG8tkOmmHzkzCzEQosb/gVtfuxK0/49I/cdJWsKIHLhzOuZd77wkTRpV2nA+rsLG5tb1T3C3t7R8cHpWPTzoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphtOr3O/eE6loLG71LCEBR2NBI4qRziWP31WH5Ypj+zWvXm9Ax3Zr1arv5cT3G44HXdtZoAJWaA3Ln4NRjFNOhMYMKdV3nUQHGZKaYkbmpUGqSILwFI1J31CBOFFBtrh1Di+MMoJRLE0JDRfqz4kMcaVmPDSdHOmJ+u3l4l9eP9VRPcioSFJNBF4uilIGdQzzx+GISoI1mxmCsKTmVognSCKsTTxrW0I+N5l8Pw7/J52q7Xp27carNL1VOkVwBs7BJXCBD5rgGrRAG2AwAY/gCTxbD9aL9Wq9LVsL1mrmFKzBev8CpZ+UvQ==</latexit>

sL

<latexit sha1_base64="xR2W2O8RI5uZsxjIMRB7nTOVYK8=">AAAB+XicdVDLSsNAFJ3UV62vqks3g0VwFSY1xXRXcOPCRUX7gDaUyXTSDp1JwsxEKKGf4FbX7sStX+PSP3HSVrCiBy4czrmXe+8JEs6URujDKqytb2xuFbdLO7t7+wflw6O2ilNJaIvEPJbdACvKWURbmmlOu4mkWAScdoLJVe53HqhULI7u9TShvsCjiIWMYG2kOzW4GZQryK7XPK9ag8i+QHW3nhNU9TzXgY6N5qiAJZqD8md/GJNU0EgTjpXqOSjRfoalZoTTWamfKppgMsEj2jM0woIqP5ufOoNnRhnCMJamIg3n6s+JDAulpiIwnQLrsfrt5eJfXi/VoednLEpSTSOyWBSmHOoY5n/DIZOUaD41BBPJzK2QjLHERJt0VrYEYmYy+X4c/k/aVdtx7dqtW2m4y3SK4AScgnPggEvQANegCVqAgBF4BE/g2cqsF+vVelu0FqzlzDFYgfX+BWJGlKA=</latexit>

left-hand cut  
may be as close as 
resonance pole

e.g. the σ resonance in ππ I=0
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4m2
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this scatter potentially reflects  
the absence of accurate constraint  
on the left-hand cut …
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coupled-channel quantization condition det
h
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�
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�i
= 0
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e.g. two channels M =
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e.g. consider the rest-frame A1 irrep — below threshold: M(i) = i� i



X

n 6=0

e�|n|L

|n|L

<latexit sha1_base64="NmR1o9MSlhojMDcFemRSp+aBey0="></latexit>

so far below threshold M ! i
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suppose we’re above threshold 1, but well below threshold 2 1+ i⇢t
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quantization condition → 1 + i⇢1t11(1 + iM1) = 0
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which is the one-channel condition


