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the “simplest” case: ππ elastic scattering 92

i s o s p i n =0 i s o s p i n =2i s o s p i n =1

a first target: can a first-principles QCD calculation lead to these kinds of behaviour ?

a next target: can we understand these behaviours in terms of resonances ?

an ultimate target: can we understand the quark-gluon make-up of these resonances ?
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and a similar calculation  
at a heavier pion mass
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this is the hardest one by far …

op e r a t o r  b a s i s W i c k  d i a g r ams
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P = [110]

a single entry of the correlation matrix — ππ-like operator :
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producing meson resonances 104

B,D, 
J/ψ …

p
p
_

π,K

p N p N

γ

e−

e+e+

e−

π,K,p

p

heavy flavour decays
peripheral meson  
hadroproduction

peripheral meson  
photoproduction

e+e− annihilationtwo photon fusion central production

pp annihilation
_

e.g. LHCb

e.g. COMPASS e.g. GlueX

e.g. BES III

e.g. Belle e.g. WA102

e.g. Crystal Barrel

many decades of accumulated data …

some example processes:
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‘straightforward’ coupled-channel resonances 106

same ‘bump’ appears in multiple different processes …

π

Pb Pb

π
π
π

π

η

π

p

K

K

p

pdg  s ummary  en t r y

… due to same a2 resonance
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the experimental excited meson spectrum 107

pdg  me son  l i s t i n g s

pdg . l b l . g o v



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

coupled-channel scattering 108

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements

e.g. in coupled ππ, KK scattering 
_

more convenient to work with t-matrix typically in partial-waves

in time-reversal invariant theories, t is symmetric ⇒                  complex numbers at each energy?1
2N(N + 1)
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conservation of probability, a.k.a. unitarity is an important constraint 

completeness of 
outgoing states

sum over channels 
kinematically open

or

⇒                  real numbers at each energy1
2N(N + 1)
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ππ, KK, ηη S-wave scattering 109

_

ππ
KK

_

ηη

ππ→ππ

ππ→KK
_

ππ→ηη

ππ KK
_

ηη
ππ

KK
_

ηη

experimentally  
quite difficult to fill out 
the whole matrix

normalization of ππ→KK 
also slightly uncertain …

_

isolating kaon exchange hard 
& η beams don’t exist
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two-channel scattering X

elastic form regained if η→1

a common parameterization uses two phase-shifts, δ1, δ2, and an inelastiticity, η  

channel coupling given by η≠1
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coupled-channel scattering — a simple resonance model 110

Flatté form — coupled-channel generalisation of Breit-Wigner mπ = 300 MeV 
mK = 500 MeV

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 600  800  1000  1200  1400  1600

ππ→ππ ππ→KK
_

KK→KK
_ _

m = 1182 MeV
gππ = 296 MeV 
gKK = 592 MeV  800  1000  1200

threshold 
cusp
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coupled-channel scattering in a finite-volume 111

the quantization condition generalizes to 

diagonal in angular momentum space 
— ℓ good q.n. in infinite-volume

dense in channel space 
— infinite-volume dynamics mixes channels

e.g. in A1+ irrep (ℓ = 0, 4 …)

diagonal in channel space 
— no dynamics in M

dense in angular momentum 
— cubic symmetry lives here
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a 3+1 field theory derivation X

consider a two-point correlation function — operators with the quantum numbers of a two-hadron system

CL(t,P) =

Z

L
d3x

Z

L
d3y e�iP·(x�y)

⌦
0
��A(x, t)B†(y, 0)

��0
↵
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now consider the ‘all-orders’ skeleton perturbative expansion for this

in infinite volume
B
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<latexit sha1_base64="ChwlHNJKRiq1B2yEP2hn0ejDGJE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJiY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzHik1E=</latexit>

B

<latexit sha1_base64="QZ30P6lKGpZZD8x/Q15JXt5LSM8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzN1k1I=</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

B

<latexit sha1_base64="QZ30P6lKGpZZD8x/Q15JXt5LSM8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzN1k1I=</latexit>

A

<latexit sha1_base64="ChwlHNJKRiq1B2yEP2hn0ejDGJE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJiY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzHik1E=</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

+ + + …L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

where the colored lines are fully-dressed propagators,  
and where we are below three-hadron thresholds, so diagrams with three lines can’t go on-shell
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<latexit sha1_base64="XhBoOEv9uPCYO+JAu59R3zvFYDY=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AW8pkOmnHzkzCzEQIoX6DW127E7f+i0v/xElbwYoeuHA4517uvSeIGVXacT6swsbm1vZOcbe0t39weFQ+PumoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG8yucr97T6SikbjVaUyGHE0EDSlG2kidARWhTkflimP7Na9eb0DHdmvVqu/lxPcbjgdd21mgAlZojcqfg3GEE06Exgwp1XedWA8zJDXFjMxLg0SRGOEZmpC+oQJxoobZ4to5vDDKGIaRNCU0XKg/JzLElUp5YDo50lP128vFv7x+osP6MKMiTjQReLkoTBjUEcxfh2MqCdYsNQRhSc2tEE+RRFibgNa2BHxuMvl+HP5POlXb9ezajVdpOqt0iuAMnINL4AIfNME1aIE2wOAOPIIn8Gw9WC/Wq/W2bC1Yq5lTsAbr/QsLgZYi</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

−L

<latexit sha1_base64="JGme1kKA5o97dZbu5dayqIvSGYk=">AAACAXicbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsbCIYB6wWcLsZDYZMjO7zMwKYUnlN9hqbSe2fomlf+JssoVJPDBwOOde7pkTJpxp47rfTmltfWNzq7xd2dnd2z+oHh61dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHt7nfeaJKs1g+mklCA4GHkkWMYGMlvyewGRHMs/tpv1pz6+4MaJV4BalBgWa/+tMbxCQVVBrCsda+5yYmyLAyjHA6rfRSTRNMxnhIfUslFlQH2SzyFJ1ZZYCiWNknDZqpfzcyLLSeiNBO5hH1speL/3l+aqKbIGMySQ2VZH4oSjkyMcr/jwZMUWL4xBJMFLNZERlhhYmxLS1cCUXeibfcwCppX9S9y/rVw2Wt4RbtlOEETuEcPLiGBtxBE1pAIIYXeIU359l5dz6cz/loySl2jmEBztcvX/eX7g==</latexit>

L

<latexit sha1_base64="JGme1kKA5o97dZbu5dayqIvSGYk=">AAACAXicbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsbCIYB6wWcLsZDYZMjO7zMwKYUnlN9hqbSe2fomlf+JssoVJPDBwOOde7pkTJpxp47rfTmltfWNzq7xd2dnd2z+oHh61dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHt7nfeaJKs1g+mklCA4GHkkWMYGMlvyewGRHMs/tpv1pz6+4MaJV4BalBgWa/+tMbxCQVVBrCsda+5yYmyLAyjHA6rfRSTRNMxnhIfUslFlQH2SzyFJ1ZZYCiWNknDZqpfzcyLLSeiNBO5hH1speL/3l+aqKbIGMySQ2VZH4oSjkyMcr/jwZMUWL4xBJMFLNZERlhhYmxLS1cCUXeibfcwCppX9S9y/rVw2Wt4RbtlOEETuEcPLiGBtxBE1pAIIYXeIU359l5dz6cz/loySl2jmEBztcvX/eX7g==</latexit>

R

<latexit sha1_base64="Q/O0WXC0jyhfCxQrTJ88vR0uHH4=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG5dV7AOmQ8mkmTY0yQxJRihDV36DW127E7d+iUv/xEw7C9t6IHA4517uyQkTzrRx3W+ntLa+sblV3q7s7O7tH1QPj9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPb3O88UaVZLB/NJKGBwEPJIkawsZLfE9iMCObZw7Rfrbl1dwa0SryC1KBAs1/96Q1ikgoqDeFYa99zExNkWBlGOJ1WeqmmCSZjPKS+pRILqoNsFnmKzqwyQFGs7JMGzdS/GxkWWk9EaCfziHrZy8X/PD810U2QMZmkhkoyPxSlHJkY5f9HA6YoMXxiCSaK2ayIjLDCxNiWFq6EIu/EW25glbQv6t5l/er+stZwi3bKcAKncA4eXEMD7qAJLSAQwwu8wpvz7Lw7H87nfLTkFDvHsADn6xdpb5f0</latexit>

R

<latexit sha1_base64="Q/O0WXC0jyhfCxQrTJ88vR0uHH4=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG5dV7AOmQ8mkmTY0yQxJRihDV36DW127E7d+iUv/xEw7C9t6IHA4517uyQkTzrRx3W+ntLa+sblV3q7s7O7tH1QPj9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPb3O88UaVZLB/NJKGBwEPJIkawsZLfE9iMCObZw7Rfrbl1dwa0SryC1KBAs1/96Q1ikgoqDeFYa99zExNkWBlGOJ1WeqmmCSZjPKS+pRILqoNsFnmKzqwyQFGs7JMGzdS/GxkWWk9EaCfziHrZy8X/PD810U2QMZmkhkoyPxSlHJkY5f9HA6YoMXxiCSaK2ayIjLDCxNiWFq6EIu/EW25glbQv6t5l/er+stZwi3bKcAKncA4eXEMD7qAJLSAQwwu8wpvz7Lw7H87nfLTkFDvHsADn6xdpb5f0</latexit>

basic loop : 
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<latexit sha1_base64="upo7jiWy5NGXDFoTuUpNH+sUN3U="></latexit>
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performing the k4 integration = �
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<latexit sha1_base64="aewpRsKsm2M9/reV3pfddR2RmH4="></latexit>

=

<latexit sha1_base64="dkyuVngkk28NuIrPJu/PVmmTlg0=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0UYI2FgmYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOxw8zv/2MSrNYPplJgoEgQ8kiRomxUuO+X654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIQ6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QsrlpNN</latexit>

for smooth functions of k,  
the difference between ∑ and ∫  
is exponentially suppressed

but there is a pole at
E = !k + !P�k

<latexit sha1_base64="VbX83AFurEuRERBu81NPdIYtx2Y=">AAACGHicbZDLSsNAFIYn9VbrLerSzdQiCGJJpKIboSCCywr2Ak0Ik+mkHTqThJmJUEK2PoTP4FbX7sStO5e+idM2gm39YeDjP+dwzvx+zKhUlvVlFJaWV1bXiuuljc2t7R1zd68lo0Rg0sQRi0THR5IwGpKmooqRTiwI4j4jbX94Pa63H4iQNArv1SgmLkf9kAYUI6Utz4Q38Ao6ESd95A3hyS+mDad86pSHGfTMilW1JoKLYOdQAbkanvnt9CKccBIqzJCUXduKlZsioShmJCs5iSQxwkPUJ12NIeJEuunkJxk80k4PBpHQL1Rw4v6dSBGXcsR93cmRGsj52tj8r9ZNVHDppjSME0VCPF0UJAyqCI5jgT0qCFZspAFhQfWtEA+QQFjp8Ga2+DzTmdjzCSxC66xq16rnd7VKvZanUwQH4BAcAxtcgDq4BQ3QBBg8gmfwAl6NJ+PNeDc+pq0FI5/ZBzMyPn8ASKCelQ==</latexit>

this ensures on-shell dominance 
in L,R†

<latexit sha1_base64="PPeDeTbyeHPWTNoM7K+UyLV1wZI=">AAACFXicbVDLSsNAFJ34rPUVdSnCYBFcSEmkosuCGxcuqtgHNLFMJpN26EwSZiZCCVn5EX6DW127E7euXfonTtogtvXAwLnn3Mu9c7yYUaks68tYWFxaXlktrZXXNza3ts2d3ZaMEoFJE0csEh0PScJoSJqKKkY6sSCIe4y0veFl7rcfiJA0Cu/UKCYuR/2QBhQjpaWeeeBwpAYYsfQ6O4G/xW127/io3zMrVtUaA84TuyAVUKDRM78dP8IJJ6HCDEnZta1YuSkSimJGsrKTSBIjPER90tU0RJxINx1/I4NHWvFhEAn9QgXH6t+JFHEpR9zTnfmdctbLxf+8bqKCCzelYZwoEuLJoiBhUEUwzwT6VBCs2EgThAXVt0I8QAJhpZOb2uLxTGdizyYwT1qnVbtWPbupVeq1Ip0S2AeH4BjY4BzUwRVogCbA4BE8gxfwajwZb8a78TFpXTCKmT0wBePzB4jgn4k=</latexit>

expanding in partial-waves

1

<latexit sha1_base64="XhBoOEv9uPCYO+JAu59R3zvFYDY=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AW8pkOmnHzkzCzEQIoX6DW127E7f+i0v/xElbwYoeuHA4517uvSeIGVXacT6swsbm1vZOcbe0t39weFQ+PumoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG8yucr97T6SikbjVaUyGHE0EDSlG2kidARWhTkflimP7Na9eb0DHdmvVqu/lxPcbjgdd21mgAlZojcqfg3GEE06Exgwp1XedWA8zJDXFjMxLg0SRGOEZmpC+oQJxoobZ4to5vDDKGIaRNCU0XKg/JzLElUp5YDo50lP128vFv7x+osP6MKMiTjQReLkoTBjUEcxfh2MqCdYsNQRhSc2tEE+RRFibgNa2BHxuMvl+HP5POlXb9ezajVdpOqt0iuAMnINL4AIfNME1aIE2wOAOPIIn8Gw9WC/Wq/W2bC1Yq5lTsAbr/QsLgZYi</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

−L

<latexit sha1_base64="JGme1kKA5o97dZbu5dayqIvSGYk=">AAACAXicbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsbCIYB6wWcLsZDYZMjO7zMwKYUnlN9hqbSe2fomlf+JssoVJPDBwOOde7pkTJpxp47rfTmltfWNzq7xd2dnd2z+oHh61dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHt7nfeaJKs1g+mklCA4GHkkWMYGMlvyewGRHMs/tpv1pz6+4MaJV4BalBgWa/+tMbxCQVVBrCsda+5yYmyLAyjHA6rfRSTRNMxnhIfUslFlQH2SzyFJ1ZZYCiWNknDZqpfzcyLLSeiNBO5hH1speL/3l+aqKbIGMySQ2VZH4oSjkyMcr/jwZMUWL4xBJMFLNZERlhhYmxLS1cCUXeibfcwCppX9S9y/rVw2Wt4RbtlOEETuEcPLiGBtxBE1pAIIYXeIU359l5dz6cz/loySl2jmEBztcvX/eX7g==</latexit>

L

<latexit sha1_base64="JGme1kKA5o97dZbu5dayqIvSGYk=">AAACAXicbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsbCIYB6wWcLsZDYZMjO7zMwKYUnlN9hqbSe2fomlf+JssoVJPDBwOOde7pkTJpxp47rfTmltfWNzq7xd2dnd2z+oHh61dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHt7nfeaJKs1g+mklCA4GHkkWMYGMlvyewGRHMs/tpv1pz6+4MaJV4BalBgWa/+tMbxCQVVBrCsda+5yYmyLAyjHA6rfRSTRNMxnhIfUslFlQH2SzyFJ1ZZYCiWNknDZqpfzcyLLSeiNBO5hH1speL/3l+aqKbIGMySQ2VZH4oSjkyMcr/jwZMUWL4xBJMFLNZERlhhYmxLS1cCUXeibfcwCppX9S9y/rVw2Wt4RbtlOEETuEcPLiGBtxBE1pAIIYXeIU359l5dz6cz/loySl2jmEBztcvX/eX7g==</latexit>

R

<latexit sha1_base64="Q/O0WXC0jyhfCxQrTJ88vR0uHH4=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG5dV7AOmQ8mkmTY0yQxJRihDV36DW127E7d+iUv/xEw7C9t6IHA4517uyQkTzrRx3W+ntLa+sblV3q7s7O7tH1QPj9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPb3O88UaVZLB/NJKGBwEPJIkawsZLfE9iMCObZw7Rfrbl1dwa0SryC1KBAs1/96Q1ikgoqDeFYa99zExNkWBlGOJ1WeqmmCSZjPKS+pRILqoNsFnmKzqwyQFGs7JMGzdS/GxkWWk9EaCfziHrZy8X/PD810U2QMZmkhkoyPxSlHJkY5f9HA6YoMXxiCSaK2ayIjLDCxNiWFq6EIu/EW25glbQv6t5l/er+stZwi3bKcAKncA4eXEMD7qAJLSAQwwu8wpvz7Lw7H87nfLTkFDvHsADn6xdpb5f0</latexit>

R

<latexit sha1_base64="Q/O0WXC0jyhfCxQrTJ88vR0uHH4=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG5dV7AOmQ8mkmTY0yQxJRihDV36DW127E7d+iUv/xEw7C9t6IHA4517uyQkTzrRx3W+ntLa+sblV3q7s7O7tH1QPj9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPb3O88UaVZLB/NJKGBwEPJIkawsZLfE9iMCObZw7Rfrbl1dwa0SryC1KBAs1/96Q1ikgoqDeFYa99zExNkWBlGOJ1WeqmmCSZjPKS+pRILqoNsFnmKzqwyQFGs7JMGzdS/GxkWWk9EaCfziHrZy8X/PD810U2QMZmkhkoyPxSlHJkY5f9HA6YoMXxiCSaK2ayIjLDCxNiWFq6EIu/EW25glbQv6t5l/er+stZwi3bKcAKncA4eXEMD7qAJLSAQwwu8wpvz7Lw7H87nfLTkFDvHsADn6xdpb5f0</latexit>

= �L`m(P )F`m,`0m0(P,L)R†
`0m0(P )

<latexit sha1_base64="8zBqlBmsU/Gn0eTPy3ZuEJU52Pc="></latexit>

with F`m,`0m0(P,L) = �
"

1

L3

X

k

�
Z

d3k

(2⇡)3

#
4⇡ Y`m(k̂?)Y ⇤

`m(k̂?)

2!k 2!P�k (E � !k � !P�k + i✏)

✓
k?

q?

◆`+`0

<latexit sha1_base64="qvfp30SvzHlENTp+CrtKjLtwrhg="></latexit>

[ Poisson summation formula ]

[ only the poles matter ]

k

P−k
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a 3+1 field theory derivation X

consider a two-point correlation function — operators with the quantum numbers of a two-hadron system

CL(t,P) =

Z

L
d3x

Z

L
d3y e�iP·(x�y)

⌦
0
��A(x, t)B†(y, 0)

��0
↵

<latexit sha1_base64="Q/IfDRFOwlVFZPL8Ppk+tOR3d6k="></latexit>

now consider the ‘all-orders’ skeleton perturbative expansion for this

in infinite volume B

<latexit sha1_base64="QZ30P6lKGpZZD8x/Q15JXt5LSM8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzN1k1I=</latexit>

A

<latexit sha1_base64="ChwlHNJKRiq1B2yEP2hn0ejDGJE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJiY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzHik1E=</latexit>

A

<latexit sha1_base64="ChwlHNJKRiq1B2yEP2hn0ejDGJE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJiY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzHik1E=</latexit>

B

<latexit sha1_base64="QZ30P6lKGpZZD8x/Q15JXt5LSM8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzN1k1I=</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

B

<latexit sha1_base64="QZ30P6lKGpZZD8x/Q15JXt5LSM8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzN1k1I=</latexit>

A

<latexit sha1_base64="ChwlHNJKRiq1B2yEP2hn0ejDGJE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJiY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzHik1E=</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

+ + + …1

<latexit sha1_base64="XhBoOEv9uPCYO+JAu59R3zvFYDY=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AW8pkOmnHzkzCzEQIoX6DW127E7f+i0v/xElbwYoeuHA4517uvSeIGVXacT6swsbm1vZOcbe0t39weFQ+PumoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG8yucr97T6SikbjVaUyGHE0EDSlG2kidARWhTkflimP7Na9eb0DHdmvVqu/lxPcbjgdd21mgAlZojcqfg3GEE06Exgwp1XedWA8zJDXFjMxLg0SRGOEZmpC+oQJxoobZ4to5vDDKGIaRNCU0XKg/JzLElUp5YDo50lP128vFv7x+osP6MKMiTjQReLkoTBjUEcxfh2MqCdYsNQRhSc2tEE+RRFibgNa2BHxuMvl+HP5POlXb9ezajVdpOqt0iuAMnINL4AIfNME1aIE2wOAOPIIn8Gw9WC/Wq/W2bC1Yq5lTsAbr/QsLgZYi</latexit>

1

<latexit sha1_base64="XhBoOEv9uPCYO+JAu59R3zvFYDY=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AW8pkOmnHzkzCzEQIoX6DW127E7f+i0v/xElbwYoeuHA4517uvSeIGVXacT6swsbm1vZOcbe0t39weFQ+PumoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG8yucr97T6SikbjVaUyGHE0EDSlG2kidARWhTkflimP7Na9eb0DHdmvVqu/lxPcbjgdd21mgAlZojcqfg3GEE06Exgwp1XedWA8zJDXFjMxLg0SRGOEZmpC+oQJxoobZ4to5vDDKGIaRNCU0XKg/JzLElUp5YDo50lP128vFv7x+osP6MKMiTjQReLkoTBjUEcxfh2MqCdYsNQRhSc2tEE+RRFibgNa2BHxuMvl+HP5POlXb9ezajVdpOqt0iuAMnINL4AIfNME1aIE2wOAOPIIn8Gw9WC/Wq/W2bC1Yq5lTsAbr/QsLgZYi</latexit>

1

<latexit sha1_base64="XhBoOEv9uPCYO+JAu59R3zvFYDY=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AW8pkOmnHzkzCzEQIoX6DW127E7f+i0v/xElbwYoeuHA4517uvSeIGVXacT6swsbm1vZOcbe0t39weFQ+PumoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG8yucr97T6SikbjVaUyGHE0EDSlG2kidARWhTkflimP7Na9eb0DHdmvVqu/lxPcbjgdd21mgAlZojcqfg3GEE06Exgwp1XedWA8zJDXFjMxLg0SRGOEZmpC+oQJxoobZ4to5vDDKGIaRNCU0XKg/JzLElUp5YDo50lP128vFv7x+osP6MKMiTjQReLkoTBjUEcxfh2MqCdYsNQRhSc2tEE+RRFibgNa2BHxuMvl+HP5POlXb9ezajVdpOqt0iuAMnINL4AIfNME1aIE2wOAOPIIn8Gw9WC/Wq/W2bC1Yq5lTsAbr/QsLgZYi</latexit>

1

<latexit sha1_base64="XhBoOEv9uPCYO+JAu59R3zvFYDY=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AW8pkOmnHzkzCzEQIoX6DW127E7f+i0v/xElbwYoeuHA4517uvSeIGVXacT6swsbm1vZOcbe0t39weFQ+PumoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG8yucr97T6SikbjVaUyGHE0EDSlG2kidARWhTkflimP7Na9eb0DHdmvVqu/lxPcbjgdd21mgAlZojcqfg3GEE06Exgwp1XedWA8zJDXFjMxLg0SRGOEZmpC+oQJxoobZ4to5vDDKGIaRNCU0XKg/JzLElUp5YDo50lP128vFv7x+osP6MKMiTjQReLkoTBjUEcxfh2MqCdYsNQRhSc2tEE+RRFibgNa2BHxuMvl+HP5POlXb9ezajVdpOqt0iuAMnINL4AIfNME1aIE2wOAOPIIn8Gw9WC/Wq/W2bC1Yq5lTsAbr/QsLgZYi</latexit>

1

<latexit sha1_base64="XhBoOEv9uPCYO+JAu59R3zvFYDY=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AW8pkOmnHzkzCzEQIoX6DW127E7f+i0v/xElbwYoeuHA4517uvSeIGVXacT6swsbm1vZOcbe0t39weFQ+PumoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG8yucr97T6SikbjVaUyGHE0EDSlG2kidARWhTkflimP7Na9eb0DHdmvVqu/lxPcbjgdd21mgAlZojcqfg3GEE06Exgwp1XedWA8zJDXFjMxLg0SRGOEZmpC+oQJxoobZ4to5vDDKGIaRNCU0XKg/JzLElUp5YDo50lP128vFv7x+osP6MKMiTjQReLkoTBjUEcxfh2MqCdYsNQRhSc2tEE+RRFibgNa2BHxuMvl+HP5POlXb9ezajVdpOqt0iuAMnINL4AIfNME1aIE2wOAOPIIn8Gw9WC/Wq/W2bC1Yq5lTsAbr/QsLgZYi</latexit>

1

<latexit sha1_base64="XhBoOEv9uPCYO+JAu59R3zvFYDY=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXcOOygn1AW8pkOmnHzkzCzEQIoX6DW127E7f+i0v/xElbwYoeuHA4517uvSeIGVXacT6swsbm1vZOcbe0t39weFQ+PumoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG8yucr97T6SikbjVaUyGHE0EDSlG2kidARWhTkflimP7Na9eb0DHdmvVqu/lxPcbjgdd21mgAlZojcqfg3GEE06Exgwp1XedWA8zJDXFjMxLg0SRGOEZmpC+oQJxoobZ4to5vDDKGIaRNCU0XKg/JzLElUp5YDo50lP128vFv7x+osP6MKMiTjQReLkoTBjUEcxfh2MqCdYsNQRhSc2tEE+RRFibgNa2BHxuMvl+HP5POlXb9ezajVdpOqt0iuAMnINL4AIfNME1aIE2wOAOPIIn8Gw9WC/Wq/W2bC1Yq5lTsAbr/QsLgZYi</latexit>

in finite volume B

<latexit sha1_base64="QZ30P6lKGpZZD8x/Q15JXt5LSM8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzN1k1I=</latexit>

A

<latexit sha1_base64="ChwlHNJKRiq1B2yEP2hn0ejDGJE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJiY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzHik1E=</latexit>

A

<latexit sha1_base64="ChwlHNJKRiq1B2yEP2hn0ejDGJE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJiY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzHik1E=</latexit>

B

<latexit sha1_base64="QZ30P6lKGpZZD8x/Q15JXt5LSM8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzN1k1I=</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

B

<latexit sha1_base64="QZ30P6lKGpZZD8x/Q15JXt5LSM8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzN1k1I=</latexit>

A

<latexit sha1_base64="ChwlHNJKRiq1B2yEP2hn0ejDGJE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJiY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjft+ueJVvTncdeLnpAI56v3yT28Q01SgNJQTrbu+l5ggI8owynFa6qUaE0LHZIhdSyURqINsfujUvbDKwI1iZUsad67+nciI0HoiQtspiBnpVW8m/ud1UxPdBRmTSWpQ0sWiKOWuid3Z1+6AKaSGTywhVDF7q0tHRBFqbDZLW0IxtZn4qwmsk9ZV1b+u3jSuKzUvT6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLzHik1E=</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

M

<latexit sha1_base64="OAho4y8Zh3nbqkpEpdKqaVcA+tU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E0TJgYyMkYD4gOcLeZi5Zsrt37O4J4cgvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5oUJZ9p43rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pik8Y8Vp2QaORMYtMww7GTKCQi5NgOx/czv/2MSrNYPplJgoEgQ8kiRomxUuOxX654VW8Od534OalAjnq//NMbxDQVKA3lROuu7yUmyIgyjHKclnqpxoTQMRli11JJBOogmx86dS+sMnCjWNmSxp2rfycyIrSeiNB2CmJGetWbif953dREd0HGZJIalHSxKEq5a2J39rU7YAqp4RNLCFXM3urSEVGEGpvN0pZQTG0m/moC66R1VfWvqzeN60rNy9MpwhmcwyX4cAs1eIA6NIECwgu8wpszcd6dD+dz0Vpw8plTWILz9QtExpNd</latexit>

+ + + …L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

L3

<latexit sha1_base64="J+Eu0cKrPCLka1nvIlPuXXqYOS8=">AAAB+XicdVDLSgMxFM3UV62vqks3wSK4GtJ2xra7ghsXLiraB7RjyaSZNjSTGZKMUIZ+gltduxO3fo1L/8T0IVjRAxcO59zLvff4MWdKI/RhZdbWNza3stu5nd29/YP84VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74cua3H6hULBJ3ehJTL8RDwQJGsDbS7fV9uZ8vILvo1MolBJHtoIuK4xpSrlVdtwSLNpqjAJZo9POfvUFEkpAKTThWqltEsfZSLDUjnE5zvUTRGJMxHtKuoQKHVHnp/NQpPDPKAAaRNCU0nKs/J1IcKjUJfdMZYj1Sv72Z+JfXTXRQ9VIm4kRTQRaLgoRDHcHZ33DAJCWaTwzBRDJzKyQjLDHRJp2VLX44NZl8Pw7/J62Syc12b5xCHS3TyYITcArOQRFUQB1cgQZoAgKG4BE8gWcrtV6sV+tt0ZqxljPHYAXW+xfl65RO</latexit>

CL � C1 = Ã (�F ) B̃ + Ã (�F )M(�F ) B̃ + Ã (�F )M(�F )M(�F ) B̃ + . . .

<latexit sha1_base64="Q+vN6WJyVkSRnQcu5MoDvSmsUs8="></latexit>

a geometric series can be summed: Ã
⇥
F�1 +M

⇤�1
B̃

<latexit sha1_base64="HyNwhqhaANWQM4KVEgJVIC24fhI=">AAACLnicbVDLSgMxFM3UV62vUZdugkUQ1DIj9bGsCuJGqGAf0BlLJk3b0MyDJCOUYf7Ej/Ab3OpacCHizs8w81jY1gOBk3PO5SbHCRgV0jA+tMLc/MLiUnG5tLK6tr6hb241hR9yTBrYZz5vO0gQRj3SkFQy0g44Qa7DSMsZXSV+65FwQX3vXo4DYrto4NE+xUgqqaufWpKyHokuYmgdQsuhgw68foiOzBgewNtUsLNrYmfZyxh29bJRMVLAWWLmpAxy1Lv6t9XzcegST2KGhOiYRiDtCHFJMSNxyQoFCRAeoQHpKOohlwg7Sv8Xwz2l9GDf5+p4Eqbq34kIuUKMXUclXSSHYtpLxP+8Tij753ZEvSCUxMPZon7IoPRhUhbsUU6wZGNFEOZUvRXiIeIIS1XpxBbHjVUn5nQDs6R5XDGrlZO7arlWzdspgh2wC/aBCc5ADdyAOmgADJ7AC3gFb9qz9q59al9ZtKDlM9tgAtrPL1O4ptA=</latexit>

CL(t,P) = L3

Z
dE

2⇡
eiEt

h
C1(E,P)� Ã

⇥
F�1(E,P, L)�M(E,P)

⇤�1
B̃
i

<latexit sha1_base64="rtkTjgvhGbkN6bl4PwGkg0itutQ="></latexit>

giving

discrete spectral decomposition for finite-volume requires poles in E

⇒ divergence of 
⇥
F�1(E,P, L)�M(E,P)

⇤�1

<latexit sha1_base64="bfZw1uHs6FftDxysTcqzRSLaKW0="></latexit>

det
⇥
F�1(E,P, L)�M(E,P)

⇤
= 0

<latexit sha1_base64="N/v5+cMcj3kEM9pDPUHdwcNhbkk="></latexit>

⇒

+

<latexit sha1_base64="Q6OWJu5T1O7A/EeUi1CbRcZbL3U=">AAAB93icbVBNS8NAEJ3Ur1q/qh69BIsgCCWRih4LXjy2YGuhDWWznbRLdzdhdyOE0l/gVc/exKs/x6P/xG2bg219MPB4b4aZeWHCmTae9+0UNja3tneKu6W9/YPDo/LxSVvHqaLYojGPVSckGjmT2DLMcOwkCokIOT6F4/uZ//SMSrNYPposwUCQoWQRo8RYqXnVL1e8qjeHu078nFQgR6Nf/ukNYpoKlIZyonXX9xITTIgyjHKclnqpxoTQMRli11JJBOpgMj906l5YZeBGsbIljTtX/05MiNA6E6HtFMSM9Ko3E//zuqmJ7oIJk0lqUNLFoijlrond2dfugCmkhmeWEKqYvdWlI6IINTabpS2hmNpM/NUE1kn7uurXqjfNWqVey9MpwhmcwyX4cAt1eIAGtIACwgu8wpuTOe/Oh/O5aC04+cwpLMH5+gUQdJM/</latexit>

+

<latexit sha1_base64="Q6OWJu5T1O7A/EeUi1CbRcZbL3U=">AAAB93icbVBNS8NAEJ3Ur1q/qh69BIsgCCWRih4LXjy2YGuhDWWznbRLdzdhdyOE0l/gVc/exKs/x6P/xG2bg219MPB4b4aZeWHCmTae9+0UNja3tneKu6W9/YPDo/LxSVvHqaLYojGPVSckGjmT2DLMcOwkCokIOT6F4/uZ//SMSrNYPposwUCQoWQRo8RYqXnVL1e8qjeHu078nFQgR6Nf/ukNYpoKlIZyonXX9xITTIgyjHKclnqpxoTQMRli11JJBOpgMj906l5YZeBGsbIljTtX/05MiNA6E6HtFMSM9Ko3E//zuqmJ7oIJk0lqUNLFoijlrond2dfugCmkhmeWEKqYvdWlI6IINTabpS2hmNpM/NUE1kn7uurXqjfNWqVey9MpwhmcwyX4cAt1eIAGtIACwgu8wpuTOe/Oh/O5aC04+cwpLMH5+gUQdJM/</latexit>

+

<latexit sha1_base64="Q6OWJu5T1O7A/EeUi1CbRcZbL3U=">AAAB93icbVBNS8NAEJ3Ur1q/qh69BIsgCCWRih4LXjy2YGuhDWWznbRLdzdhdyOE0l/gVc/exKs/x6P/xG2bg219MPB4b4aZeWHCmTae9+0UNja3tneKu6W9/YPDo/LxSVvHqaLYojGPVSckGjmT2DLMcOwkCokIOT6F4/uZ//SMSrNYPposwUCQoWQRo8RYqXnVL1e8qjeHu078nFQgR6Nf/ukNYpoKlIZyonXX9xITTIgyjHKclnqpxoTQMRli11JJBOpgMj906l5YZeBGsbIljTtX/05MiNA6E6HtFMSM9Ko3E//zuqmJ7oIJk0lqUNLFoijlrond2dfugCmkhmeWEKqYvdWlI6IINTabpS2hmNpM/NUE1kn7uurXqjfNWqVey9MpwhmcwyX4cAt1eIAGtIACwgu8wpuTOe/Oh/O5aC04+cwpLMH5+gUQdJM/</latexit>
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a 3+1 field theory derivation X

16⇡ F`m,`0m0 = i⇢ �``0�mm0 � ⇢M`m,`0m0

<latexit sha1_base64="osCxQi0ifRmpiWoJOV3SY+T9OKY="></latexit>

formalism dictionary:

M = 16⇡ t

<latexit sha1_base64="zalJBy6dKUKz3DRvO/AvjL497cQ=">AAACB3icbVDLSsNAFL3xWeujUZduBovgQkoi9bERCm7cCBXsA5pQJtNJO3QmCTMToYR+gN/gVtfuxK2f4dI/cdpmYVsPXDiccy/ncoKEM6Ud59taWV1b39gsbBW3d3b3Svb+QVPFqSS0QWIey3aAFeUsog3NNKftRFIsAk5bwfB24reeqFQsjh71KKG+wP2IhYxgbaSuXbpHN8i9RF7CkHeGdNcuOxVnCrRM3JyUIUe9a/94vZikgkaacKxUx3US7WdYakY4HRe9VNEEkyHu046hERZU+dn08TE6MUoPhbE0E2k0Vf9eZFgoNRKB2RRYD9SiNxH/8zqpDq/9jEVJqmlEZkFhypGO0aQF1GOSEs1HhmAimfkVkQGWmGjT1VxKIMamE3exgWXSPK+41crFQ7Vcq+btFOAIjuEUXLiCGtxBHRpAIIUXeIU369l6tz6sz9nqipXfHMIcrK9fT0aXkw==</latexit>

det
⇥
F�1(E,P, L) +M(E,P)

⇤
= 0

<latexit sha1_base64="jqBUB0hlahg6J2fabvwbe8LGHsc="></latexit>
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coupled-channel scattering in a finite-volume 112

the quantization condition generalizes to 

can also be expressed as

which exposes the role of unitarity

the quantization condition is a single real condition:

the zeroes E=En(L) of the function

correspond to the spectrum in an L×L×L volume
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zeroes of the determinant 113
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800

1000
1200

1400
1600

e.g. previously presented two-channel Flatté form — [000] A1+ irrep in L=2.4 fm box

Re[det]

Im[det]

π [1
00

]π [-1
00

]

π [1
10

]π [-1
-1

0]

π [0
00

]π [0
00

]

K [0
00

]K [0
00

]

K [1
00

]K [-1
00

]

E / MeV

mπ = 300 MeV 
mK = 500 MeV

numerical root-finding exercise in practice
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a more practical approach XPRD 1 0 1  1 1 4 5 0 5  ( 2 0 2 0 )

don’t take the determinant — look at the matrix eigenvalues …

0 = detD(Ecm)

<latexit sha1_base64="stF6yPscTPj/7xgXdEkZ4CQiVxc=">AAACGXicbVDLSgMxFM3UV62vUZduokWomzIjFd0IBRVcVrC20Cklk2ba0CQzJBmhDLP2I/wGt7p2J25dufRPzEy7sK0HAueecy/35vgRo0o7zrdVWFpeWV0rrpc2Nre2d+zdvQcVxhKTJg5ZKNs+UoRRQZqaakbakSSI+4y0/NFV5rceiVQ0FPd6HJEuRwNBA4qRNlLPPnTgpdcnGnoc6aEfJNdp5aaXF5InmKcnPbvsVJ0ccJG4U1IGUzR69o/XD3HMidCYIaU6rhPpboKkppiRtOTFikQIj9CAdAwViBPVTfKvpPDYKH0YhNI8oWGu/p1IEFdqzH3Tmd2o5r1M/M/rxDq46CZURLEmAk8WBTGDOoRZLrBPJcGajQ1BWFJzK8RDJBHWJr2ZLT5PTSbufAKL5OG06taqZ3e1cr02TacIDsARqAAXnIM6uAUN0AQYPIEX8ArerGfr3fqwPietBWs6sw9mYH39Am4QoHc=</latexit>

D = 1+ i⇢t
�
1+ iM

�

<latexit sha1_base64="+mUhnCyYIJmY1SeBIweRgBstC5E="></latexit>

inconvenient — eigenvalues are unbounded, houses divergences matrix

perform a transformation to a matrix with the same determinant

D = 1
2⇢

1/2
�
1+ SV

��
1� iM

�
⇢�1/2

<latexit sha1_base64="Kg2zNaJqiksXWRQX3hhGC6jZois="></latexit>

S = 1+ 2i⇢1/2 t⇢1/2

<latexit sha1_base64="Wc7vMTDzI86pTWZXTZKabc9SKcE="></latexit>

V =
�
1+ iM

� �
1� iM

��1

<latexit sha1_base64="jZ7Lhn/Y2vu4eRuqK/idDjkZrFM="></latexit>

unitary matrices

DV = 1+ SV

<latexit sha1_base64="iSDVgqn+Aim0shgoCQZd2eX9btc=">AAACLHicbVDLSsNAFJ34rPUVdelmsAiCUhKJ6EYo6MJlRZsWmlAm00k7dPJgZiKUkB/xI/wGt7p2I+LCjd/hpI3Fth4YOOfce7l3jhczKqRhvGsLi0vLK6ultfL6xubWtr6za4so4Zg0cMQi3vKQIIyGpCGpZKQVc4ICj5GmN7jK680HwgWNwns5jIkboF5IfYqRVFZHt5wAyb7np9dZx4aX8FeaGTyeiLsMOicTZWcdvWJUjRHgPDELUgEF6h39y+lGOAlIKDFDQrRNI5ZuirikmJGs7CSCxAgPUI+0FQ1RQISbjn6XwUPldKEfcfVCCUfu34kUBUIMA0915heK2Vpu/ldrJ9K/cFMaxokkIR4v8hMGZQTzqGCXcoIlGyqCMKfqVoj7iCMsVaBTW7wgz8ScTWCe2KdV06qe3VqVmlWkUwL74AAcAROcgxq4AXXQABg8gmfwAl61J+1N+9A+x60LWjGzB6agff8A1jOn3g==</latexit>

is unitaryDV � 1

<latexit sha1_base64="a/m2nVc+q/zdMweLetUkUbDzEuM=">AAACE3icbVDLSgMxFM34rPU16rKbYBHcWGakosuCLlxWsA9ohyGTZtrQJDMkGaEMs/Aj/Aa3unYnbv0Al/6JmXYE23ogcO4593JvThAzqrTjfFkrq2vrG5ulrfL2zu7evn1w2FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGF/nfueBSEUjca8nMfE4GgoaUoy0kXy70udIj4Iwvcn8NjyDv6WbwbJvV52aMwVcJm5BqqBA07e/+4MIJ5wIjRlSquc6sfZSJDXFjGTlfqJIjPAYDUnPUIE4UV46/UQGT4wygGEkzRMaTtW/EyniSk14YDrzG9Wil4v/eb1Eh1deSkWcaCLwbFGYMKgjmCcCB1QSrNnEEIQlNbdCPEISYW1ym9sS8Mxk4i4msEza5zW3Xru4q1cb9SKdEqiAY3AKXHAJGuAWNEELYPAInsELeLWerDfr3fqYta5YxcwRmIP1+QMxb52W</latexit>

eigenvectors are orthogonaleigenvalues are bounded

�p(Ecm) = 2 ei
1
2 ✓p(Ecm) cos 1

2✓p(Ecm)

<latexit sha1_base64="HpRD3GTbO8SJWFcv7CAPGBj+dCA="></latexit>

find the zeroes of the eigenvalues …
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a more practical approach XPRD 1 0 1  1 1 4 5 0 5  ( 2 0 2 0 )

D = 1+ i⇢t
�
1+ iM

�

<latexit sha1_base64="+mUhnCyYIJmY1SeBIweRgBstC5E="></latexit>

DV = 1+ SV

<latexit sha1_base64="iSDVgqn+Aim0shgoCQZd2eX9btc=">AAACLHicbVDLSsNAFJ34rPUVdelmsAiCUhKJ6EYo6MJlRZsWmlAm00k7dPJgZiKUkB/xI/wGt7p2I+LCjd/hpI3Fth4YOOfce7l3jhczKqRhvGsLi0vLK6ultfL6xubWtr6za4so4Zg0cMQi3vKQIIyGpCGpZKQVc4ICj5GmN7jK680HwgWNwns5jIkboF5IfYqRVFZHt5wAyb7np9dZx4aX8FeaGTyeiLsMOicTZWcdvWJUjRHgPDELUgEF6h39y+lGOAlIKDFDQrRNI5ZuirikmJGs7CSCxAgPUI+0FQ1RQISbjn6XwUPldKEfcfVCCUfu34kUBUIMA0915heK2Vpu/ldrJ9K/cFMaxokkIR4v8hMGZQTzqGCXcoIlGyqCMKfqVoj7iCMsVaBTW7wgz8ScTWCe2KdV06qe3VqVmlWkUwL74AAcAROcgxq4AXXQABg8gmfwAl61J+1N+9A+x60LWjGzB6agff8A1jOn3g==</latexit>

divergences & closely spaced solutions

removed divergences, but still closely spaced solutions
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a more practical approach XPRD 1 0 1  1 1 4 5 0 5  ( 2 0 2 0 )

DV = 1+ SV

<latexit sha1_base64="iSDVgqn+Aim0shgoCQZd2eX9btc=">AAACLHicbVDLSsNAFJ34rPUVdelmsAiCUhKJ6EYo6MJlRZsWmlAm00k7dPJgZiKUkB/xI/wGt7p2I+LCjd/hpI3Fth4YOOfce7l3jhczKqRhvGsLi0vLK6ultfL6xubWtr6za4so4Zg0cMQi3vKQIIyGpCGpZKQVc4ICj5GmN7jK680HwgWNwns5jIkboF5IfYqRVFZHt5wAyb7np9dZx4aX8FeaGTyeiLsMOicTZWcdvWJUjRHgPDELUgEF6h39y+lGOAlIKDFDQrRNI5ZuirikmJGs7CSCxAgPUI+0FQ1RQISbjn6XwUPldKEfcfVCCUfu34kUBUIMA0915heK2Vpu/ldrJ9K/cFMaxokkIR4v8hMGZQTzqGCXcoIlGyqCMKfqVoj7iCMsVaBTW7wgz8ScTWCe2KdV06qe3VqVmlWkUwL74AAcAROcgxq4AXXQABg8gmfwAl61J+1N+9A+x60LWjGzB6agff8A1jOn3g==</latexit>

closely spaced solutions 
appear in different eigenvalues
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a more practical approach XPRD 1 0 1  1 1 4 5 0 5  ( 2 0 2 0 )

very powerful in  
coupled-channel situation
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zeroes of the determinant 114

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

L=2.4 fm



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

 600

 800

 1000

 1200

 1400

 1600

1.5 2.0 2.5 3.0 3.5 4.0

zeroes of the determinant 115
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<latexit sha1_base64="ozPIee3pp7cEysCCFML0mluHb8s=">AAACB3icbVDLSsNAFL2pr1ofjbp0M1gEVzWRii4Lbly4qGBroQ1lMp20Q2eSMDMRSugH+A1ude1O3PoZLv0TJ2kWtvXAhcM593IPx485U9pxvq3S2vrG5lZ5u7Kzu7dftQ8OOypKJKFtEvFIdn2sKGchbWumOe3GkmLhc/roT24y//GJSsWi8EFPY+oJPApZwAjWRhrY1Tt0jvoC67EUaSBmA7vm1J0caJW4BalBgdbA/ukPI5IIGmrCsVI914m1l2KpGeF0VuknisaYTPCI9gwNsaDKS/PgM3RqlCEKImkm1ChX/16kWCg1Fb7ZzCKqZS8T//N6iQ6uvZSFcaJpSOaPgoQjHaGsBTRkkhLNp4ZgIpnJisgYS0y06Wrhi5934i43sEo6F3W3Ub+8b9SajaKdMhzDCZyBC1fQhFtoQRsIJPACr/BmPVvv1of1OV8tWcXNESzA+voF9FWZPA==</latexit>
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finite-volume spectrum 116
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<latexit sha1_base64="ozPIee3pp7cEysCCFML0mluHb8s=">AAACB3icbVDLSsNAFL2pr1ofjbp0M1gEVzWRii4Lbly4qGBroQ1lMp20Q2eSMDMRSugH+A1ude1O3PoZLv0TJ2kWtvXAhcM593IPx485U9pxvq3S2vrG5lZ5u7Kzu7dftQ8OOypKJKFtEvFIdn2sKGchbWumOe3GkmLhc/roT24y//GJSsWi8EFPY+oJPApZwAjWRhrY1Tt0jvoC67EUaSBmA7vm1J0caJW4BalBgdbA/ukPI5IIGmrCsVI914m1l2KpGeF0VuknisaYTPCI9gwNsaDKS/PgM3RqlCEKImkm1ChX/16kWCg1Fb7ZzCKqZS8T//N6iQ6uvZSFcaJpSOaPgoQjHaGsBTRkkhLNp4ZgIpnJisgYS0y06Wrhi5934i43sEo6F3W3Ub+8b9SajaKdMhzDCZyBC1fQhFtoQRsIJPACr/BmPVvv1of1OV8tWcXNESzA+voF9FWZPA==</latexit>
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finite-volume approach 118
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but in a lattice QCD calculation 
we have the inverse problem … ?
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finite-volume approach 119

position of each energy level depends upon all elements of the t-matrix

at E = En(L)  
is one equation in three unknowns …
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parameterizing the t-matrix 120

a solution is to propose that different energies are not unrelated — parameterize

then can use many energy levels to constrain the parameters by minimising a 

energy levels solving

for 

inverse 
data 
covariance

lat. par. lat. par. lat. par.

decreasing 
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an example minimization 121
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parameterizing the t-matrix 122

a solution is to propose that different energies are not unrelated — parameterize

need to ensure multi-channel unitarity

— K-matrix approach 

with

simplest choice has 

a more sophisticated approach =  
“Chew-Mandelstam” phase-space

K(E) should be a real symmetric matrix for reasons you’ll see later,  
better to parameterize in terms of s = E2

e.g. gives the Flatté form
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Chew-Mandelstam phase space X

(subtracted) dispersion of the phase-space I(s) = I(s0)�
s� s0

⇡

Z 1

sthr

ds0
⇢(s0)

(s0 � s0)(s0 � s)

<latexit sha1_base64="sNa1BPaLAQ92ns5dQPuZIiEPo48="></latexit>

in the equal mass case evaluates to

I(s) = I(4m2)� ⇢(s)

⇡
log


1� ⇢(s)

1 + ⇢(s)

�
� i⇢(s)

<latexit sha1_base64="MHPmvCU7NOBtxzWVa+piCn3ZSpw="></latexit>

s

<latexit sha1_base64="9lFXt+CH9nwjXTEwCGo61iPOyY8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkongqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaup+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teNmuV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AN7VjPc=</latexit>

Im I(s)

<latexit sha1_base64="ID9DiLqFLukLawU8H7ve658PAXc=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQQUJSU0x3BTd2V8E+oCllMp22Q2eSMDMRS+ivuHGhiFt/xJ1/46StoKIHBg7n3Ms9c4KYUals+8PIra1vbG7ltws7u3v7B+ZhsS2jRGDSwhGLRDdAkjAakpaiipFuLAjiASOdYHqV+Z07IiSNwls1i0mfo3FIRxQjpaWBWfQ5UhPB0waf++ewUZZnA7NkW7Wq51Wq0LYu7Jpby4hd8TzXgY5lL1ACKzQH5rs/jHDCSagwQ1L2HDtW/RQJRTEj84KfSBIjPEVj0tM0RJzIfrrIPoenWhnCUST0CxVcqN83UsSlnPFAT2ZJ5W8vE//yeokaef2UhnGiSIiXh0YJgyqCWRFwSAXBis00QVhQnRXiCRIIK11XQZfw9VP4P2lXLMe1qjduqe6u6siDY3ACysABl6AOrkETtAAG9+ABPIFnY248Gi/G63I0Z6x2jsAPGG+fXzKT+w==</latexit>

Re I(s)

<latexit sha1_base64="ySCn+FQnqdpSzIxgtlbuh2SR1D8=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQQUJSUtLuCm50V8U+oAllMp20QycPZiZiCf0VNy4UceuPuPNvnLQVVPTAwOGce7lnjp8wKqRpfmiFtfWNza3idmlnd2//QD8sd0Wcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn17kfu+OcEHj6FbOEuKFaBzRgGIklTTUy26I5ISH2Q2Zu+fwqirOhnrFNJy63Wg0oWlY9VrNsXPiOE3ThpZhLlABK7SH+rs7inEakkhihoQYWGYivQxxSTEj85KbCpIgPEVjMlA0QiERXrbIPoenShnBIObqRRIu1O8bGQqFmIW+msyTit9eLv7lDVIZNLyMRkkqSYSXh4KUQRnDvAg4opxgyWaKIMypygrxBHGEpaqrpEr4+in8n3RrhmUb9Wu70rJXdRTBMTgBVWABB7TAJWiDDsDgHjyAJ/CszbVH7UV7XY4WtNXOEfgB7e0TYLGT/A==</latexit>

s = 0

<latexit sha1_base64="PyFkL2OMuJHTf4nfr5huK++Lqho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoheh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6cHcuP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrourVqpf3tUq9lsdRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx/NN41y</latexit>

4m2

<latexit sha1_base64="2suoySocupxmCVhTTsdXUMw7GVU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRI8FLx4r2A9oY9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepv73SeqNIvlg5klNBB4LFnECDa55IvHxrBac+vuAmideAWpQYHWsPo1GMUkFVQawrHWfc9NTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiW6CjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7EheKsvr5NOo+759at7v9b0izjKcAbncAkeXEMT7qAFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QNto43N</latexit>

�1
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notice the smooth behavior below threshold  
& absence of a singularity at s=0

equivalent to the scalar loop integral
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[ regularization → subtraction ]
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ππ, KK, ηη S-wave scattering 123

_

ππ
KK

_

ηη

ππ→ππ

ππ→KK
_

ππ→ηη

explore this non-trivial system … 
… at a higher quark mass …
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op e r a t o r  b a s i s

at mπ = 0.069 
at mK = 0.097 
at mη = 0.104
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what t-matrix gives these spectra ?
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ππ, KK, ηη scattering with mπ~391 MeV 126
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not obvious what amplitude parameterization likely to describe the spectra well — try many …
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e.g.

{ a … h }  are free parameters
be s t  f i t  t o  l a t t i c e  s pec t r a
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with Chew-Mandelstam phase-space



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

ππ, KK, ηη scattering with mπ~391 MeV 127

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

e.g.

{ a … h }  are free parameters
S -wave  amp l i t ude s
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not obvious what amplitude parameterization likely to describe the spectra well — try many …
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va r i a t i o n  w i t h  pa r a me t e r i z a t i o n

K-1 as matrix of polynomials, 
K as matrix of polynomials, 
K as pole plus matrix of polynomials, 
simple versus Chew-Mandelstam phase-space …

keep choices that can describe 
spectra with good 
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s c a t t e r i n g  a mp l i t u de  ‘ p r e d i c t i o n ’

… but what do we do with this ?  
… is this strange energy dependence due to resonances ?

ππ→ππ

ππ→KK
_

ππ→ηη

‘ a na l o gou s ’  e xpe r imen ta l  d a t a
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also computed spectra for irreps with lowest subduced spin J=2

no operators  
looking like  
these included

WARNING:
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? a couple of avoided level crossings ?



lattice QCD and the hadron spectrum | Jun 2021 | HUGS

ππ, KK, ηη scattering with mπ~391 MeV 132

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

e.g. parameterize coupled D-wave t-matrix with 
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be s t  f i t  t o  l a t t i c e  s pec t r a

and the simple phase-space
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e.g. parameterize coupled D-wave t-matrix with 

D -wave  amp l i t ude s

and the simple phase-space
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… and varying the particular choice of parameterization …

D -wave  amp l i t ude s
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D -wave  amp l i t ude s
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‘looks like’ two resonances 
— lighter one has larger width, big coupling to ππ 
— heavier one has smaller width, big coupling to KK

_

… there must be a more rigorous way to know the resonance content ?


