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elastic scattering “solving the simplest problem”

lattice QCD phase-shift results
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the “simplest” case: nrt elastic scattering 92
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a first target: can a first-principles QCD calculation lead to these kinds of behaviour ?

a next target: can we understand these behaviours in terms of resonances ?

an ultimate target: can we understand the quark-gluon make-up of these resonances ?
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i isospin=2 — myz~391 MeV

PRD86 034031 (2012)

93

[ basis of rrt-like operators only |

[ computed in three volumes ]
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i isospin=2 — myr~391 MeV PRD86 034031 (2012)| 94
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it isospin=1 — mp~236 MeV, mr~391 MeV 95

you saw this earlier ...
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it isospin=1 — mp~236 MeV, mr~391 MeV %

you saw this earlier ...
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it isospin=0

97

this is the hardest one by far ...

operator basis Wick diagrams
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it isospin=0 98
a single entry of the correlation matrix — nn-like operator : mr ~ 236 MeV
3
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it isospin=0

99
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it isospin=0 100

mr~391 MeV
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it isospin=0 101
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contents 103

coupled-channel scattering “a more realistic situation”

mapping the discrete spectrum to the t-matrix
lattice QCD calculation results
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producing meson resonances 104

some example processes:

peripheral meson peripheral meson
heavy flavour decays hadroproduction photoproduction
B,D,
J/L,J...—<E mK‘(E o )
e.g. LHCb ; ;
p O——N p O——N
e.g. COMPASS e.g. GlueX
two photon fusion e*e” annihilation central production
e~ et m,K,p O pp annihilation
> ,3_
e : p—\ |
e.g. BES I ;
e- p O e.g. Crystal Barrel
e.g. Belle e.g. WA102

many decades of accumulated data ...
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‘straightforward’ coupled-channel resonances 105

same ‘bump’ appears in multiple different processes
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‘straightforward’ coupled-channel resonances 106

a2(1320) same ‘bump’ appears in multiple different processes ...

;
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... due to same a; resonance
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the experimental excited meson spectrum

107

pdg meson listings
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coupled-channel scattering 108

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements 5;; = <0ut,z' ] in, j >

I/ ST('?T T S 578
e.g. in coupled nirt, KK scattering S = ( ’ ”’KK)
SKKW SKF,K?

more convenient to work with t-matrix S=1+2i,/p-t-\/p typically in partial-waves t@(f)(E)

in time-reversal invariant theories, t is symmetric = %N(N + 1) complex numbers at each energy?

conservation of probability, a.k.a. unitarity is an important constraint
(STS) i = Z <in,’1.7 ‘ out, ]<;><out7 k } in,j> = 0;j

— * . sum over channels
Im Lij Z Lk Pl L kinematically open k
k
1= Z ’ out, k:><out, k ’

= —0;; pi(E) O(E — E{™) 5

or | Im (t_l(E))z.j

N(N + 1) real numbers at each energy

N~

=
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T, KR, nn S-wave scattering 109

PiP; tij‘2

T T T T T

1 1
TTIT— M

experimentally
- quite difficult to fill out
the whole matrix
| mn KK nn
H B m\ T
t = O O KK
i O/ nn

QU=

6

I M
'l!"

mn
> KK
> nn
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two-channel scattering

a common parameterization uses two phase-shifts, d1, 02, and an inelastiticity, n

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2021 | HUGS

n 02101 imei(éﬁéz)
S - 'L /1 _ ,',]2 6’i(51+52) ,'7 €2i52

1 . .

t1; = —eit [%(77 +1)siné; — 5(n — 1) cos 51]
P1

elastic form regained if n—1

p1p2’t12’2 =1-n°

channel coupling given by n=1
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coupled-channel scattering — a simple resonance model 110

Flatté form — coupled-channel generalisation of Breit-Wigner

9i 9j
tij(E) = 3
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coupled-channel scattering in a finite-volume

111

the quantization condition generalizes to

e.g.inAr+irrep (£=0,4..)

0 0
( (t%ﬁ ts)

0 0
o) téQ)

0

0

1)

4 4
()
t12 t22

0=det[L+ip-t-(1+iM)]

: \ dense in channel space
— infinite-volume dynamics mixes channels

, ) diagonal in angular momentum space

— £ good q.n. in infinite-volume

_|_
My (k1)
0
+
Mfzf (k1)
0

0

AT
Mg (k2)

0

+
MY (k)

).
)

diagonal in channel space
— no dynamics in M

dense in angular momentum
— cubic symmetry lives here

D= 1 B2 am2
ki1 =35\ F 4m3
. — 1 2 2
ko =354/ FE 4ms
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a 3+1 field theory derivation X

consider a two-point correlation function — operators with the quantum numbers of a two-hadron system

CLt.P) = [dx [dby e V(0] A6k, 0 B (v.0)[0)
L L

now consider the ‘all-orders’ skeleton perturbative expansion for this

o D D
in finite volume
- D LD -

where the colored lines are fully-dressed propagators,
and where we are below three-hadron thresholds, so diagrams with three lines can’t go on-shell

in infinite volume
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a 3+1 field theory derivation X

basic loop : .
- d3k dk
G°® Gc® = [L32 /( ] / L L(P—k, k) A(R)A(P — k) RN (P—k, k)
dressed
P-k finite infinite propagators

volume volume

performing the k4integration

Z /d3k r 1 R
3 2w 2wp p B —wrp —wp tie  lki=iwg

for smooth functions of k, but there is a pole at
the difference between ¥ and [

. : E=wp+wpy
is exponentially suppressed

this ensures on-shell dominance

in L, RT

expanding in partial-waves

QPG D =Ll Fn (PR (P

. 3k AT Yy, (K¥) Y7 (K* £\
with  Fomorm — [ng /d ] ™ Yo (K*) Y7, (K¥) ‘ (k’_)

2w 2wp i (E — wi, — wpg + 1€) \ ¢*
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a 3+1 field theory derivation X

consider a two-point correlation function — operators with the quantum numbers of a two-hadron system

CLt.P) = [dx [dby e V(0] A6k, 0 B (v.0)[0)
L L

now consider the ‘all-orders’ skeleton perturbative expansion for this

in finite volume @0@ Qc@
in infinite volume

Cp—Cop=A(—F)B+A(—F)M(-F)B+ A(-F)M(—-F)M(—F)B

Uy
o
_|_

+

+
+

a geometric series can be summed: A [F~! + M] 'B

dE

21

—1

giving Cr(t,P) :L3/ e'Et [COO(E,P) ~ A[F~YEB,P,L)+ M(E,P)] B]

discrete spectral decomposition for finite-volume requires poles in E

= divergence of [F~'(E,P,L)+ M(E,P)] -

= det [F~'(E,P,L) + M(E,P)] =0
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a 3+1 field theory derivation X

det [F7}(E, P, L) + M(E, P)] = 0 formalism dictionary:
. ) 167 Fym 0rme = 2P 000 Omms — PMopm ormy
O:det[1+zp-t-(1+zM)} M — 16t
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coupled-channel scattering in a finite-volume 112

the quantization condition generalizes to 0 = det [1 -+ ip -t - (1 —+ ZM)]

can also be expressed as 0 = det [t~ +ip — M - p)]

which exposes the role of unitarity Im (t7'(E)),. = —d;; pi(E) ©(E — E;™)

the quantization condition is a single real condition:

the zeroes E=Ex(L) of the function det [1 + ip(E)-t(E)- (1 +iM(E,L))]

correspond to the spectrum in an LxLxL volume
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zeroes of the determinant 113

. ] , B L — my = 300 MeV
e.g. previously presented two-channel Flatte form — [000] A¢* irrep in L=2.4 fm box mk = 500 MeV
det [1 4+ ip(E)-t(E)- (1 +iM(E,L
[1+ip(B) 4B (L +IMED)] - I
& ' &
Qé\ \\Q
N N
Re[det]
- - E/ MeV
% %%
Im[det]

numerical root-finding exercise in practice
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a more practical approach PRD101 114505 (2020)] X

don’t take the determinant — look at the matrix eigenvalues ...
0=det D(Fepm) matrix D =1 + ipt (1 -+ ZM) inconvenient — eigenvalues are unbounded, houses divergences
perform a transformation to a matrix with the same determinant

D= %pl/2 (1 + SV) (1 — ZM) p_1/2 unitary matrices
S =1+2ip'/?tp'/?
V=(1+iM)(1-iM)""

Dy =14+SV Dy — 1 isunitary

eigenvalues are bounded eigenvectors are orthogonal
.1
Ap(Bem) = 2€72% (Fem) g 20, (Ecm)

find the zeroes of the eigenvalues ...
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a more practical approach PRD101 114505 (2020)] X

D =1+ipt(1l+iM)

8 3

al 4

01— T 1 i T 01— Q—————0
1101591 101595 101599 A01603 101607 103]73 103177 \__ 10318 103185

4l

gL

divergences & closely spaced solutions

Dy=1+4+SV
) x107* , X107
8 - : | i i : -}
—~ 6| : . : C o ‘ ‘
E ' 101591 1.01595 1.01599 1.01603 1.01607 ! 1 03173 1.03177 1.03185
O 41| ! Al ! S
\m'/ 2t E 2L E E 2
2 0 e — D)—=; /
- 1 o N \\k&v 103
— 2+ ! ! !
p 1 1 1
o : : :
T 6l : : :
removed divergences, but still closely spaced solutions
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a more practical approach

PRD101 114505 (2020) X

Dy =1+4+SV

002 -

)\1 (Ecm)

closely spaced solutions
appear in different eigenvalues

>\2 (Ecm)

)\3(Ecm)

)\4 (Ecm)

—_

-1 L
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a more practical approach PRD101 114505 (2020)] X

very powerful in
coupled-channel situation

A2

A4

A6

- o = W
T T

T T T | T T | T a’t Ecm
0.14 0.16 0.18 ) 02 022 . 0.24 V 0\4}‘6\/

et o B N W
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zeroes of the determinant 114

[=2.4 fm

1600 o

1400 | ’
1200 | °

1000} :
300 |
600 } :
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zeroes of the determinant 115

1600 - \\\
1400 1 \Qii::::I
1200

1000 (- =
800 |-

600 |= o
1.5 20 25 30 35 4.

L/fm

-
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finite-volume spectrum 116

1600
1400
1200
1000
300 |-

310] ()| S— R
| | | | | |

1.5 20 25 30 35 40

—= KK non-interacting

nrm non-interacting

L/fm
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finite-volume approach 117

0=det|[1+ip-t-(1+iM)]

2
pipj [tis]
_ _ (@)
05 | KK—= KK
(@)
04 F
03 | o
02 o
0.1 |- o
MT— 1 nn—KK
0 _ |
600 800 1000 1200 1400 1600
(@)
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finite-volume approach 118

f} 0=det|[1+ip-t-(1+iM)]

2
pipj [tis]
_ _ (@)
05 | KK—= KK
(@)
04 F
03 |} o
02 o
0.1 |- o
MT— 1 nn— KK
0 _ |
600 800 1000 1200 1400 1600
(@)

but in a lattice QCD calculation
we have the inverse problem ... ? ——J
o
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finite-volume approach 119

position of each energy level depends upon all elements of the t-matrix

o B(L) = (L t11(Bn), tia(Bu), ta2(En) )

0=det [14+ip-t-(1+iM)]| &o-oitb)

is one equation in three unknowns ...
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parameterizing the t-matrix 120

a solution is to propose that different energies are not unrelated — parameterize t(E; {ai})

then can use many energy levels to constrain the parameters by minimising a x>

C({a}) = (B0t — B (Li{ai))) ok, (Bt — BR™ (Li{a:)))

n,n’ - energy levels solving
e 0=det [1+ip-t-(1+iM)]
covariance for t(E; {ai})
lat. par. lat. par. lat. par.
@)
— — © ™ o
o © &> O & O
O O
] C—/ — O
] (— /] O
'®) @)
e © @ o &= o

»  decreasing X
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an example minimization 121
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o é
[ ]
3°
°
. A " 1 L 1 A
° 0.20 0.22 024 0.26 0.28
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parameterizing the t-matrix

122

a solution is to propose that different energies are not unrelated — parameterize t(E; {ai})

need to ensure multi-channel unitarity — Im (¢t 7'(E)).. = —d;; pi(E) O(E — E"™)

¥

— K-matrix approach

t N F) =K YE)+1I(E) with  Im (I(E)). .

i = ~0i pi(E)

simplest choice has ReI(FE) =0

a more sophisticated approach =
“Chew-Mandelstam” phase-space

K(E) should be a real symmetric matrix for reasons you’ll see later,
better to parameterize in terms of s = E2

9i g

e.g. Kij = R

gives the Flatté form

.;,g_tf/e?son Lab
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Chew-Mandelstam phase space X

. 00 /
(subtracted) dispersion of the phase-space I(s) =1(sg) — 7 %0 / ds’ pLs)
T s (81— 80)(8" — 8)
in the equal mass case evaluates to
I(s) = I(4m?) — p(s) lo {1 — p(s)] —ip(s) equivalent to the scalar loop integral
™ 1+ p(s)
K—p
‘ <>
P K?=s
16m'/ d'p L !
— Re I(s) (2m)% p?2 —m?2 +ie (K —p)?2 —m? + ic
= NC LS
[ regularization — subtraction ]
s=20 4m2 » S
—1— Im I(s)
notice the smooth behavior below threshold
& absence of a singularity at s=0
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T, KR, nn S-wave scattering 123

PiP; tij‘2

T T T

|
I b5
“E:":!!!!;!.'."
: 1.6
, T
> KK
> nn

explore this non-trivial system ...
... at a higher quark mass ...
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i, KK, nn scattering with my~391 MeV

PRD 97 054513 (2018) 124
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i, KK, nn scattering with my~391 MeV

PRD 97 054513 (2018)

125

000] A}

0.24

0.22

0.20
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0.16

0.14
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0.10

100 A, [110] A,

WILLIAM & MARY

what t-matrix gives these spectra ?
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i, KK, nn scattering with my~391 MeV 126

PRD 97 054513 (2018)

not obvious what amplitude parameterization likely to describe the spectra well — try many ...

a+bs c+ds e
eg. Kl(s)=|c+ds f g
e g h
{a..h} are free parameters , ,
best fit to lattice spectra
[000] A;“ [100] A4 [110] A4 [111] A4 [200] A
0.24_f -

450k ot
)y
4

4 Hpge

0.22

ozogi? e R niz §f%

=
0.18-} . I % 5 | Tt [N

el
L

0.16 -

0.14 L s B l i En
"""""""" } }Ei ni% i

0.121- 5 ¥ L= I i i

p<s>10g[p<g>—1] T S e DT




i, KK, nn scattering with my~391 MeV

PRD 97 054513 (2018) 127

a+bs c+ds e
eg. Kl(s)=|c+ds f g
e g h

{a..h} are free parameters

S-wave amplitudes

pins|tis|
0.8}
0.6}
04}
0.2

(JI ] ]

T — T

KK - KK

mr — KK

L~ ] ]

0.14 0.16 018 020 022 024

at Ecm

o o o o o L] L] L] @ o oo o o oo 0 0o o0 oo0o0O0

L] © L] L] L] o L] o
L] L]

000 O 00O o coo ooo

o o

o

0.14 0.6 0.8 020 022 024 '
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i, KK, nn scattering with my~391 MeV

PRD 97 054513 (2018) 128

not obvious what amplitude parameterization likely to describe the spectra well — try many ...

K-1 as matrix of polynomials,

K as matrix of polynomials,

K as pole plus matrix of polynomials,

simple versus Chew-Mandelstam phase-space ...

keep choices that can describe
spectra with good X

variation with parameterization

2
pipj [tis]
0.8}
0.6 T — T
0.2 ar — KK

I I A Y £ o I I CTtEcm
0.14 0.16 0.18 020 022 024

] © o o o o o o 000 0 00O o 000 @0 o
o o o

0.2 — g — KK
nn — T

| | | o—l
0.14 0.16 0.18 020 022 024 '
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i, KK, nn scattering with my~391 MeV 129

PRD 97 054513 (2018)

scattering amplitude ‘prediction’

2
pips|ti|
0.8}
0.6 T — T ¢ , .
K KT analogous’ experimental data
0.4 2
024 ) pipj}tij‘
' Y 4 mm — KK
o l I ——o I l at Ecm
0.14 0.16 0.18 020 022 024 1.0
0.2 m— KK 0.8
nn — T

1 1 o—l
0.14 0.6 0.18 020 022 024 177 08

04

0.2

... but what do we do with this ?
... 1s this strange energy dependence due to resonances ?

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2021 | HUGS

.gg_tg-?son Lab

omas Jefferson National Accelerator Facility




i, KK, nn scattering with my~391 MeV

PRD 97 054513 (2018)

also computed spectra for irreps with lowest subduced spin J=2

(000 EY  [000]T5"  [100] B;  [100] By
0.30 \
0.20 SURU SURU SURTR
0.15F - u N
0.10 Ex 1 1 = 1 1 = 1 1 - 1 1
16 20 24 16 20 24 16 20 24 16 20 24

WARNING:
no operators
looking like
these included
V4
| lene.
/
M’ |thr.
777T7T’thr.
M lthr.
KK|thr
TTC |thr
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i, KK, nn scattering with my~391 MeV 131

PRD 97 054513 (2018)

also computed spectra for irreps with lowest subduced spin J=2

<} R AN
o

5 o
Io

? a couple of avoided level crossings ?
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i, KK, nn scattering with my~391 MeV

PRD 97 054513 (2018) 132

0 0 0
~=l0 0 0
0 0 Yonmm

and the simple phase-space

(1) (1) (2) (2)

9; "9 9i 9,
K;i(s) = =52 L i
() m%—s+m§—s+73

e.g. parameterize coupled D-wave t-matrix with

best fit to lattice spectra

(000 ET  [000] 75" [100] By  [100] B
0.30-% %\\%@ : %\% -\\ X \“\* - \%\
BT N e
o = o™ “ x %
r o | E = 1
025} = S i = |
= o [ 2 %
=
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0.15F i i 2 28.9
""""""""""""""""""""" Naw 34-9 1P
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i, KK, nn scattering with my~391 MeV

133

PRD 97 054513 (2018)

e.g. parameterize coupled D-wave t-matrix wi

th

(1) (1) (2) (2) 0 0 0
g9; "g; 9, 9.
Kij(s) = 51—+ ="+ y=10 0 0

0 0 Yynmm

and the simple phase-space

D-wave amplitudes

2
pipj[tij
1+ — _
KK - KK
08 B T — T
0.6
04+
0.2 o
& | | 1 7T — KK
0.14 0.18 0.22 0.26 0.30
o ceoo o weo o (It Ecm
0.2 nn — KK
] ] OJ—C ] ] ] | ] 7777 — T
0.14 0.18 0.22 0.26 0.30 nm — nn

WILLIAM & MARY lattice QCD and the hadron spectrum | Jun 2021 | HUGS %%ﬁgﬂr)ﬂbaammmFam_my



i, KK, nn scattering with my~391 MeV

PRD 97 054513 (2018)

134

... and varying the particular choice of parameterization ...

PiPj ’tz’j ‘ ’

1L
0.8}
0.6+
041
0.2}

d ]

D-wave amplitudes

0.14

0 .ZJ; |

0.14

0.18 0.22 0.26 0.30 "M 17
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i, KK, nn scattering with my~391 MeV

135

PRD 97 054513 (2018)

D-wave amplitudes
2
pip; [ti]
1L
0.8}
0.6}

04+

02+

J | Lol ,A?A\\,K_::_% ar — KK
0.14 0.18 0.22 0.26 0.30
cees co e o Ut Ecm

O.2£ m — KK

! L ol ol | | LM
0.14 0.18 0.22 0.26 0.30 711 = 17

‘looks like’ two resonances
— lighter one has larger width, big coupling to nmt
— heavier one has smaller width, big coupling to KK

... there must be a more rigorous way to know the resonance content ?
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