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SDE tower for QED

N
Electron SDE
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Need for a truncation scheme

® First, let us examine the SDE for the fermion in isolation
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® This equation is more complicated than it seems.

The full electron propagator (containing all order corrections) can be written as

S~ (p) = A(p*)p — B(p°)L o (p) = (p—m)

A and B are unknown functions

. _ B(p)
Notice that at tree level A(p?) =1and B(p?) =m M(p) = ==
A(p)

The pole of the propagator defines the mass of the particle. Dynamical mass



To sum up, we have:

- 2 unknowns functions, A and B from full electron propagator, which

S~ (p) = A(p*)p — B(p*)I

Nt

are coupled + 12 (form factors of the vertex) unknowns functions:
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® To understand the basic principles of the dynamical mass generation, it
is not necessary to solve this intricate coupled system.

® Let's make some approximations to get the general idea of the problem.

® We will approximate the photon propagator and the vertex by their tree
level values, i.e.

A(¢?) = 1 I(p, k) =~

® Then, only the electron is treated nonperturbatively. Diagrammatically
we have
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Rainbow approximation




QED invthe rainbow approximatiovw

(— @) - (=) - ‘Q‘ q=p—k
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AP =) Sp=mar /W [g’” ¢ ] 2[A2(k2)k2 — B2(k2)] |
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In Euclidean space, we have

[A(p?) — 1]p? = €2 /(d‘% A(k?) [(k )+ NCRIIC .p)] 1

2m)t (A2 (R2)R + B2 (k)] R e
The angular integral for the Dirac-vector component vanishes - A(p?)=1
d*k M(Kk?) B
M 2 = 3 2 / M _ ()
|_,(£:) m + €o (27.‘.)4 q2 [kZ + M2(k.2)] () A(p)
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Measure in 4D spherical coordinates
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The angular part for B(p?) is simple -
8 P (p?) P 2/0dk:k(47r/0d9s1n0)

Angular integration:

1 & sin? 0
df)—— = 47‘(’/d9
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Mp?) = 0| L /pde KEME) / a2 ME)

1672 | p2 2 + M2(k2?) k2 + M2(k2)
The integral equation can be converted in a differential equation +
boundary conditions.

For more details see:
M.R.Pennington, J. Phys. Conf. Ser. 18, 1-73 (2005)
E. S. Swanson, AIP Conf. Proc. 1296, no.1, 75-121 (2010)



M(p?)/A
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It is convenient to define the fine structure constant agp = 1
® Then, we see that the nontrivial solution appears only when
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The electron dynamical mass will be generated only when the constant
will be greater than one.

...0or we can interpret it as, we are consider that the electron is
massless (no lagrangian mass), but it may develop dynamical mass if it
will be immersed in the field of a heavy nucleus with charge Z > 144.



Wowrd-Takashashi Identity (WTI)

The Ward-Takahashi identity (WTlIs) is one of the most important consequences
of gauge invariance in QED — valid to all orders. It states

Full ivwerse
electrovw propagator




. (p, k) = S~ (p) — S~ (k)
Clearly, this relation is satisfied at tree level
q.T*(p, k) = S~ (p) — S (k) g (p, k) = 7"
(0~ B)uy* = (p—m) — (F —m) .
p—k=p—K So () = ( )

But when we combine the vertex at tree level and the propagador dressed
(as we have done in the rainbow approximation) the WTls is not satisfied

P A

$ip) =p-BE) T
I'(p, k) = +*

g, (p, k) = S~ (p) — S~ (k)
(p— k)uy" = [p— B(p*)] - [¥ — B(k*)]
p—k#p—¥k-B@®*) + B(k*)

The rainbow approximation violates gauge invariance.

We have to use more sophisticated Ansatz for the electron-photon!



(onsequences

The result depends on the gauge (¢-dependence)
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C.D. Curtis and M.R. Pennington, Phys. Rev. D46 2663 (1992). 0y

A. Kizilersu and M. R. Pennington, Phys. Rev. D79, 125020 (2009)



Transversality of photov
vaccuwm polawization

k+q . . _
q ot Gauge invariance also imposes the
I,(q) = o~ = transversality of the vaccum polarization, i.e.
|
M v
—

qMHuV(Q) — qVH,uu(Q) =0

We can show that full vaccum polarization is transverse using the WT]
¢"T, =S (k+q) — ST (k)

The vaccum polarization can be written as

I,.(q) = C [d* Tr[y,S(k)[,S(k + q)]




k+q
[M.(q) = /\/\,0\/V M,,(q) = C [d% Tx [y,S(k)T,S(k + g)]

v
Contracting with the momenta of the photon ¢

¢T(@) = C [ERTspyS(0) (1] S(h+ o)

k+q
T L NEA e
¢ | WTI
W v
iy

¢'Mw(q) = C [dkTr[y,S(k) [S7'(k+q) — ST (k)] S(k + q)]

. J ; ]

q”HW(q) = C [d kTr[VuS(k)] —C |d kﬂ[VuS(k+Q)]

shift x+q—k
¢'IL(q) =

"Photon polarigatiov

L s trowsverse to-all ovders!
Similow property will hold DO“@ECY?@U

for the WPOWWWM



What awe the SDEs for QCD?



SDE for QCD

Two- -point sector

* Quark SDE or gap equation

{W‘Q’; * Ghost SDE
@) () e
(o @) = (merenn) 4
p p

* Glwon SDE
(f\/\/!/’\/yb)‘1 = (vvvnn) Tl +%WA§:§\NV +%

" (a2)/w

(a1) v



Thwree-point sector
* Quawk-gluow vertexr SDE

* Three-gluow vertex SDE

i
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Difficulties with SDEY

The need for truncations is evident

No obvious expansion parameter, so, no formal way of estimating the size
of the omitted terms. However, it seems that the “projection” of higher

Green’s functions on the lower ones is “small”.

Casual truncation interferes with the symmetries encoded in the form of
the SDEs

q“HIJ'V (q) =0 = n.0- [guy—q’(‘%l I1(¢?)
H“V(q) s the gluow self-energy

IT is travwsverse
Self-consistent truncation scheme must be used.



The complete SDE for the gluow
propagator

i o - > Wﬁww
AF”(Q) = AN, = AAAAANANANAN +% _._%
H y (b)
(a)
.'.
(c) (d) (€)

Retaining only (a) and (b) is not correct even at one loop

" (@) | (@)+) # O

Adding (c) is not sufficient for a full analysis - beyond one loop

q" H;w(q)l(a)+(b)+(0) # 0



Q, a

Slavnov Taylor identities /}\
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The main problem is that fully dressed vertices satisfy STls instead of WI.

¢°Taw(a,mp) = F(q) [A ()P (p)Hpualr,p) — A7 (r) P (r)Hyu(p, )]

Pa Ty A™Hg®) = ¢*J(¢")
P;w(‘]) = Guv — qMQV/q2
All diagrams must conspire to maintain intact crucial properties of the theory.

If one truncates “naively”, i.e., just by dropping diagrams without a guiding
principle = one will violate the fundamental transversality property.

To-awvoid that > use SDE inthe Pinch Technique -
Background field method (PT-BFM) formalism

b



Background field method: Crashv course
1

g (0" AL)? + (=0 Dy )

oy = —iGﬁj”wa —
G, = 0,A% — 9,A% — gf*™ AL AL
The BFM is a special quantization scheme: Split the gauge field
A% — B+ Q)
BZ - background field; QZ - quantum (fluctuating) field;

. . . a
In the generating functional integrate only over QM

The gauge-fixed £yM is invariant under the transformations

BZ — BZ -+ D,ﬁ“’ @ Simplifies the WTIs satisfied by these

_ ‘paa Green’s functions
Proliferation of vertices and propagators.
B. S. Witt, Phys. Rev. 162 (1967) 195—1239

G. 't Hooft, In *Karpacz 1975, Proceedings, Acta Universitatis Wratislaviensis No.368, 1976, 345-369
L. F. Abbott, Nucl. Phys. B185 (1981) 189



New Greew s functions

® Three types of gluon propagators:
QWQg gZ\A/\.\/\/\gS M b

® Relation between gluon propagators

s N =1 +E)x ANNGI

A(g) = [1+ G()] A(q)

|

Auxiliary function

P. A. Grassi, T. Hurth and M. Steinhauser, Annals Phys. 288 , 197 (2001)
D. Binosi and J. Papavassiliou., Phys. Rev. D66, 025024 (2002)

® New vertices:




Special Properties

QED-like (ghost free) Ward identities

o 4

Mt /L,b

Instead of the standard

! ¢°Tapn(¢,7,p) = iF(q)[A5, () H (¢, p,7) — A7, (p)HY (7, D))

oe b H,,(q,7,p) : Ghost-gluon kernel
D(¢°) = F(¢*)/q¢* : Ghost propagator
F(¢”) : Ghost dressing function



Fromv Takahashi to-Wawd identities

® Takahashi Identities

QED : r
_ -1 —1
¢“Tyu(g,r,—p)=S5""(p)— S5 (r) 7
) p=q+r

® Taylor expansion around g = 0, in the absence of poles ~ 3 in the vertex:

flg,m,p) = f(O,r,—7) + ¢* {%f(q, T,p)} :O+ 0(¢%)

7 2 7 0 —1 2
¢"Tu(0,r, =)+ O(¢) = ¢" y 5 25 (a+7r)p +0(d)

® \We obtain

oS~ (r
FM(O7 T? _,r) — 8r“( ) WMd/Ld/Q/VLﬁIy




From Takahashi to-the Wowrd identities

Scalar QED

QCD (in the BFM)

0
FN (0? T, _T) — %D ! (rr) FH (07 r, _T)

~ 0
= ;%S_l(’r) Fa/u/(oa'ra _r) = _i_A_l(T)

WOWVWV\g/ Only valid in the absence of massless poles



Pinch Technique - Background Field Method

D0) - rnoons — amenons 14 W{:}W Mﬁw Ag) = Alg)[1 + G(q)]

®  Transversality is enforced separately for gluon and ghost loops, and order

by order in the “dressed-loop” expansion!
0"Thop(a,r,p) =iAZ50) —iA3 () mp  ¢'1(@1)+ (@)l =0
¢Tular,—p) =D7'(p) - D7'(r) WP 2[(as) + (@a))uw =0

MFZZ%: fm,sefernl—wojﬁ’y + fmnefesrrﬂfya + fmrefensrﬂyaﬁ “ q#[(as) _|_ (06)];w = O

A.C. A. and J.Papavassiliou, JHEP 0612, 012 (2006)
D. Binosi and J. Papavassiliou, Phys.Rev. D 77, 061702 (2008); JHEP 0811:063,2008.



Trowsversality of the first block

Let us check the transversality of the first

Q group of diagrams
+

pra x Considering first the diagram (a;) contracting
(a2) it with the external background gluon

momentum ¢”

(k) |’ Tl | A%,k + )

]‘ amn (67
¢ (@) =5 / Thag At
k

(a1) o ) pap mm/’
_ 1 F(O)amnAap L bm'n’ A1k A1k Aﬂa I
_5 . paf mm’( )gf [ pa( ‘I'Q)_ pa( )] nn’( +Q)7
Now using the conventional Feynman rule for the three-gluon vertex at tree-level, we
obtain
T)5(a,7,P) = gas(r — Py + 9us(P — @)a
+9ua(q —T)p
~ 1
¢ (@) | =5Ca9" /k 9082k + @) + 95u(—k = 20)a + gua(a — k)p] x [AP (k) — A*P(k +q)] .

Performing the contraction, we find

_ %cAgz /k {(2k + @), [AZ(R) — AS(k + )] — (2k + q),, [AS(K) — Ak +q)] }
shift k+q > k

~

q” H;W(Q)

(a1)



Then, we arrive at

BFM Feynman rule
,m v,n
E Fzmﬂas = ™ f " (Gup9vo — GuwGpo)

0,8 P,

+ I (GuoGvp = Gup9uo)
+fmrefesn (g;wgvp - g,ul/gpa)

2I-\mnr (0)

(ay) (a2)

Now, contracting the diagram (a,) with ¢*, we easily find

1 5(0)
= AP (k
o = 30 [ Tias )

= —CAg2/k [Q,uAg(k) — quﬁ(k)] ’

Y 11,,,(q)

Therefore, the transversality of the first block of diagrams shown in the figure is proved,

v 11ab __
H,uu (Q) = 0.

(a1)+(a2)




In order to verify the transversality of the other two groups, one can follow the same
procedure, using the appropriate WTls

qNF/.Loc,B (Q7 r, p) = ZA;ﬁl (T) - ZA;; (p)7
¢"T,u(g,m,p) = iD~'(r?) —iD ™' (p%),
qﬂle(;lgfj (qa T, D, t) — fmsefernraﬁ’y (T7p7 q+ t) + fmnefesrrﬂfya (p7 t,q + T)fmrefensr’yaﬂ (ta T,q + p) .

m ) O
; . ﬁo . :"’ﬁ, i
N2 = ~> @0 + i VT
,a k +1[/A v, b W\/W\/O ( ) —
n O n' j.a v,b q H“V q O

(as) (a) (a3)+(aa)

v To prove the transversality of second block
(yellow) use the second WI.

qy]:[/“”/ (q) — O ﬂ“’(q) —
(a5)+(as) " b

v’ To verify the transversality of the
last group (blue), one needs to
use the first and last Wis.




Covwerting the PT- BFM propagator

__________________

_ q2Pm,(q) +2 Zf=1 (@)
9= 1+ G(g°) ’

L (ag) b ¢

Auxiliary function

K0
H,,(k,q) = HY + , S 2
/‘( \O" A;W(q) = —ig Ca /kAZ(k)D(q - k)HVa(_Q1 q— k’ k)
k+q L
= 9wG(¢) + %L(tf),
Apu(‘]) = H{/‘O\/éu + ;LWU ]
A N A In Landau gauge the ghost dressing
O SOF SOF . . o
function satisfies
o F(¢?) F~(¢*) =1+ G(q*) + L(¢*).
D(q") = 2

A.C. A., D. Binosi and J. Papavassiliou, JHEP 0911, 066 (2009)
A. C. A., D. Binosi, J. Papavassiliou and J. Rodriguez-Quintero, Phys. Rev. D 80, 085018 (2009)



£ Y
) (a2)

as y (a3) (a4)

(as) (ag)

Short Swmmawy:

We can truncate the SDE for the PT-BFM propagator without violating the

transversality of the gluon self-energy, as long as we consider all diagrams within the
chosen blocks.

Note, however, that this fact does not imply that the contributions from the neglected
groups are necessarily small.

Nonetheless, being able to truncate the SDE while preserving, by construction, the
symmetry of the theory is a great achievement!



Emergent masy scale invthe gauge sector

8 e .
({ d o } Lattice V = 64 ® Saturation of the gluon
:\/ - -~ 1 _— 4
b <t § Lalilee V = 72 propagator can be
6" Lattice V = 80* .
— —_Fit explained by the
| .
> generation of a gluow
D4t mass scade.
::1_04/
<l ° : .
ol Natural parametrization:
1.2\ 2772 2/ 2
EE .. A" (q%) =q¢*J(¢°) + m~(q°)
o o \ J
we w® 1! 1 10 10° — Y
q° [GeVz] Kinetic term running mass
Lattice data from: i with
I. L. Bogolubsky, et al , PoS LAT2007, 290 (2007).

A nonperturbative mechanism is needed.

J. M. Cornwall, Phys. Rev. D26, 1453 (1982).
ACA., D. Binosi and J. Papavassiliou., Phys.Rev. D78 (2008) 025010.



Gluow mass generatiov

The dynamical gluon mass should be generated without
modifying the QCD lagrangian

1

1
— —_GH*Ge
LYM 4Ga GLW 2€

(0*A%)? + e*(—0* D) c”

where the gluonic field strength tensor

G, = 0,A% — 9,A% — gf "™ AL AL

A mass term (mZAH2 ) is forbidden by gauge invariance.

The mechanism should not generate quadratic divergences = to
renormalize them away you must add a mass term.




PT- BFM Seagull = E p

* Seagull cancellationw

(valid in dimensional regularization)

ACA and J. Papavassiliou Phys. Rev. D 81, 034003 (2010) _




Seagull Muty the invvScalawr QED

PN

>

()= =0 e

/ H,(}u) (q) = (dl)uu (d2);u/a

(d2)

qu9v
) (g) = (gm, _ q—) 0 (g?).

() = € / (2% + @), D()D(k + Q)T (—q, k + ¢, —k),

(o) = —2€%, / D),

Taking the limitg > 0, we
have that g*¥ component

dy = 22 k, D*(K*)T*(0, k, —k),
dy = —2¢% [ D(K?).
2 €/k
Use the Wils
0
Lu(0,r, —r) = oD~ H(r)

D*(k*)TH(0, k, —k) = _61;1(5)’
Thus, using that af(kz) 2k26f(k2)_
we find Ok Ok?
B 46 , OD(k?)
h=— /k "ok

I (0) = —42 [ /k 01(;](5 / Dl k2)]
1) () — oo
II*/(0) =0 [1050) 4 [ ey g

ACA, D. Binosi, C. T. Figueiredo. and J. Papavassiliou, Phys. Rev. D94, no. 4, 045002 (2016).



Seagull identity inthe PT-BFM

Following exactly the same reasoning as in the scalar QED case, we have

1 ~
a@(0) = 5Cag’ / (0, k, —k) A% (k) AP (k)T% (0, k. k),

a;(0) = —iCag*(d—1) / A2 (k). Using  jpulfE)_ppa0f(k)
k
Use the Wis Tios(0, &, —k) = 2kugas — ksgan — kagsu:
Lo (0,7, —1) = _ia%’fa(r)’ We find - 2@=D g, [ k% . /A(kz)] |
Thus, we have that
s DA (k) e
AP (k) A ()T, (0, b, —k) = T2

Ti(0) = 2(%‘1)920,4 [ / agk’f / A(K?) } _
OAB (k) -

o =994 [0 0 _ |
AR i) =0  seagull




Following the same steps, we can prove that

(as) (as)

fmnes (0,7, p, —r — p) = (f’""ef‘”’" e ) Loy (7,9, =T = ) ﬁ(3) (()) — ()

0
Frurs (0, _r, —p,r +p) = (fmnefesr s ) T (i)

AN = +i [ﬁ(”(f) + I3 (g?) + ﬁ“”((f)} ) AL(0) =0



The question is: How canwone evade
the seagull cancellation and get a
gluonw mass?

Ansgwer: Introduce massless poles
to-trigger the Schwinger Mechanism



4 4 4
Schwinger Mechanism inv QCD
J. S. Schwinger, Phys. Rev.125, 397 (1962);
Propagator in the Landau gauge: Phys.Rev.128, 2425 (1962).

Aw/ = —1 [PAW(Q)A(Q2)] Pu(q) = guw — qg#
Vaccum polarization:
M (q) = P (9)q’TI(¢?)

=  A(¢®) =1+ I(¢)]

If the vaccum polarization has a pole in g% = 0 with positive residue m?, i.e.

Then

A—l(q2) _ q2 4+ m2 A_l(()) _ m2

Dynamical gluon mass generation requives the existence of
vertices containing poles of nonpertubative origin.



Glnonw mass generaliovw
inv v nutshell

The gauge invariant generation of a gluon mass proceeds through the

implementation of the Schwinger mechanism.

It requirves the existence of a very special types of
nonperturbative vertices:

Contain massless polesof nonpertubative origin> evades the
seagull caoncellatiovv > make possible that At (0) = 0;

They guarantee that the STIs remain intact;

They are completely longitudinally coupled; act as a composite

Nambu-Goldstone bosons.

R. Jackiw and K. Johnson, Phys. Rev. D 8, 2386 (1973)
J. M. Cornwall, Phys. Rev. D26, 1453 (1982).
E. Eichten and F. Feinberg, Phys. Rev. D 10, 3254 (1974)



7
Vertices with maussless poles
To evade the previous result, one must relax one of the underlying assumptions
In particular, the derivation of the WI hinges on the absence of poles 1/612

~

Therefore, let us introduce polesin L'uag  (full three gluon vertex)

F,uaﬁ (q7 r, p) uaﬁ (q7 r p) + Fpaﬁ (q7 r p)

1, @

Massless
pole

Hor
Z [C g°" + Crg%¢” + Cy 1" + Cyr®g” + Csrr |

Explicit implementation of the Schwinger mechanisnvin Yang-Mills

theories



The abelianized STI must

la la be realized in part by
— means of a longitudinally
&7 N W coupled pole term
f,u,aﬁ (Q7 r, p) —
\ _ quqo
A™H(g%) = +m?(¢?) T
q° = p*J(p°) Puu(p) — 72 J (%) Py (1)

<+

“—

¢°TV 5(q,7,p) = m?(p

[\
~
thu
R
—~
=
—

|
3[\3
—~~

=

DN
~—~

thU
K
—~
=
~—

qaf,u,a,@(Q7 r, p) — A_l(pz)P,UV(p) o A—1(742)P/~W(,r)
Full Abelianized STI

Pole part is longitudinal: Drops out when embedded in a S-matrix

Py (Q)P[:/ (r) P}, (p)FZa,B(qa"“a p)=0 | element and also in transversely projecte

Green’s functions



Waowd identity invthe presence of poles

= qu ~
anﬁ(q’ T‘,p) = q_gcaﬁ(Qa T‘,p)

~ o o ’ ’
"I ap(q,m,p0) = ZAaé(r) _ ?’Aaé(p) Same WTI identity !

v

¢“TF 5(q,7,p) + Caplg, m,p) = iA5(r) — iA L (p),

J

©wnp ~ L 0 ~ . MaA;é(T)
¢"T 1ep(0,7,—1) + Cop(0,7,—7) + g 8—W0a5(q,?°, p) o = —iq

~

Cop(0,7,—1) =0

~ OA_ 5 () 0 ~
np . . afB -
F'u,a,B (07 T, T) (/ ar'u/ { —aq'u/ Ca,B (q, T, p) }qzo

= ~

0045 (Q7 T, p) = Cgl(Qa r, p)gaﬁ +



= lim
q—0

Triggers seagull identity exactly as before PO{& CQ'VLtV'Lbufb(TVI/
Vanishes identically X C; (k%)

ATL0) ~ [E2AX(K?)CL (K?)  ffectove gluon mass
k _
C’,(k?) = lim {Cf”(q’ b, k= q)}

ACA, D.Binosi, C.T.Figueiredo and J.Papavassiliou, Phys. Rev. D 94, no. 4, 045002 (2016) g—0 O(k + q)?




Dynamical equationw for massless pole

Bethe-Salpeter equation
for the full vertex

Substitute:

q—0 Describes the

formation of the
dynamical formation
of massless pole




~ ~

(4%) = ouCn | AXK)AGKk+)K(a, k)Tl ()

Homogeneous integral equation coupled with

A=1(0) = A /k R2A%(k2) 7, (k)

—a, = 0.27

o) $ Lattice V = 64*

Q )8 ) 3 4
R ¢ Lattice V =72

- Lattice V = 80* |

—Fit

10’3 102 107 1 10 102
q* [GeVz]




Relation with the gluon mass

A Y?) = PRI+ m2(¢?) A = —i[Pu(@)A(?)]
¢"TP (g, 7, p) + Capla,m,p) = iAL5(r) — iA(p)

N |

Cop(q,7,p) = m?(p?) Pap(p) — m?(r?) Pag(r)




Dynamical gluwovnw mass

2

m2 (%) = A(0) + / "4y ()

0'14: — with ghosts ]
0.12} - = without ghosts - _

: : Including massless poles
= 0-101 ] in the ghost-gluon vertex,
O, 0.08} ; one can see that the
& 0.061 ] impact in the gluon mass
2 004! ] is mild.

0.02} _ Power law behavior
000:_| . . . . 1 . . . . |-.--.-.--.-|-: . _ B
0 5 10 15 () = m2(¢®) |
q [GeV] 1+ (2/ M2)1+p

ACA, D. Binosi, C. T. Figueiredo., and J. Papavassiliou, Eur. Phys. J. C78, no. 3, 181 (2018).



Swmmounry é%

The fundamental issue of mass generation can be addressed in a
self-consistent framework.

The quadratic divergences that plague the study of dynamical mass
generation can be shown to vanish by virtue of the seagull identity.

Such identity, together with the WIs satisfied by the are responsible
for the vanishing A=1(0) = 0 in the absence of the poles.

Therefore, to obtain massive solutions for the gluon propagator, we
must require the three gluon vertex to contain longitudinally
coupled massless poles.

These poles are responsible for generating a pole in the gluon
vacuum polarization, which triggers the Schwinger mechanism
allowing for a dynamical gluon mass.



