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Who Decides What’s Important?

Overarching Theme: Where Do Properties
Of The Nucleon Come From, And How Are They
Distributed?

That information is contained in Form Factors!
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How Do Form Factors Arise in QFT?

Question: What must we include in our calculation to describe this process 
quantum mechanically? 
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How Do Form Factors Arise in QFT?

Question: What must we include in our 
calculation to describe this process 
quantum mechanically? 

We need:
• Operators to bring the lepton and
hadron from their initial to their final state.
• A term characterizing how the exchange particle
propagates.
• Strength of the interaction.

Conserved Current
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How Do Form Factors Arise in QFT?
𝑑𝜎

𝑑Ω
∝ ℳ 2, and the conserved current for the lepton is given by 

Conserved current: 𝑗𝒍
𝜇
= ത𝜓𝛾𝜇𝜓

Because hadrons are composite particles, the conserved current is not so simple. However,
we can still express the current as a linear combination of available tensors.

What tensors are available? 𝛾
𝜇, 𝜎𝜇𝜈, 𝑞𝜇. Can only use divergenceless combinations of these.

What about 𝑗ℎ
𝜇

?

Our ignorance on the proportionality to those tensors is absorbed into Form Factors (FF’s):
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How Do Form Factors Arise in QFT?
Conserved currents for composite particles → Form Factors → Related 
Densities. Relating FF’s to densities is typically done with respect to a 
specific reference frame (i.e. Breit Frame)

Theory Conserved Current Related Densities

E&M 𝑗𝑒𝑚
𝜇

Charge, Magnetic Moment

Gravity 𝑇𝜇𝜈 Mass, Angular Momentum, 
Pressure (?)

…
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Gravitational Form Factors  of the EMT

For a spin-0 particle, we may decompose the EMT into linear combinations of available 
tensors. The common parameterization is in terms of the incoming and outgoing 
four-momentum 𝑃𝜇 = 𝑝′𝜇 + 𝑝𝜇 , Δ𝜇 = 𝑝′𝜇 − 𝑝𝜇, 𝑡 = Δ2, and the metric 𝑔𝜇𝜈. 
The general form of the EMT is then:

< 𝑝′ 𝑇𝜇𝜈 0 𝑝 >=
𝑃𝜇𝑃𝜈

2
𝐴 𝑡 +

Δ𝜇Δ𝜈 − 𝑔𝜇𝜈Δ2

2
𝐷(𝑡)

Mass distribution Distribution of…D-term?

+… J(t) for non spin-0
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The D-term

The ij-components of the EMT define the Stress-Tensor:

𝑇𝑖𝑗 𝑟 =
𝑟𝑖𝑟𝑗

𝑟2
−
1

3
𝛿𝑖𝑗 𝑠 𝑟 + 𝛿𝑖𝑗𝑝(𝑟)

Where s(r) and p(r) are the shear forces and pressure distributions, respectively.

Can relate these densities to the D-term Schweitzer, Polyakov (2018)

𝑠 𝑟 = −
1

4𝑚
𝑟
𝑑

𝑑𝑟

1

𝑟

𝑑

𝑑𝑟
෩𝐷 𝑟 , p 𝑟 =

1

6𝑚

1

𝑟2
𝑑

𝑑𝑟
𝑟2

𝑑

𝑑𝑟
෩𝐷 𝑟 , ෩𝐷 𝑟 = ∫

𝑑3Δ

2𝜋 3 𝑒
−Δ𝑟𝐷(−Δ2)
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D-Term Describes
Pressure and Shear

Stress inside of Nucleon!



How These Form Factors May Be
Extracted Experimentally

1) Graviton scattering

Direct access, and completely analogous to probing
𝐹1 and 𝐹2, but practically impossible…

2) Generalized Parton Distributions (GPD’s)

𝐻, 𝐸(𝑥, 𝜉, 𝑡)

෩𝐻, ෨𝐸(𝑥,𝜉, 𝑡)

𝑇𝜇𝜈

Indirect access and non-trivial to extract, 
but more practical. Describes the 
transverse position of the partons and
their longitudinal momentum.
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Relating GPD’s to the Form Factors
GPD’s are not directly observable, but are related to many measurable quantities:

We also have

Ji’s Sum Rule: ∫ 𝑑𝑥𝑥 𝐻 𝑥, 𝜉, 𝑡 + 𝐸 𝑥, 𝜉, 𝑡 = 2𝐽(𝑡)

𝐻𝑞 𝑥, 0,0 = 𝑞 𝑥
෩𝐻 𝑥, 0,0 = Δ𝑞(𝑥)

Momentum and Angular Momentum Distributions

EMT Form Factors
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Relating GPD’s to the Form Factors

1. Calculate the Compton Form Factor (CFF) from GPD H

2. Relate real and imaginary parts of CFF through dispersion relation:

3. Subtraction “constant” proportional to D-term
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Free Field Case

For a real Klein-Gordan Field: 𝐴 𝑡 = 1, 𝐷 𝑡 = −1

Question: Is the D-term sensitive to interactions?

Only one way to find out is to calculate it for some
interacting field theory. 

D-term
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Goeke et al, PRD75 (2007) 094021



𝝓𝟑-Theory and Scalar Diquark Model

ℒ =
1

2
𝜕𝛼𝜙𝜕

𝛼𝜙 −
1

2
𝑚2𝜙2 −

𝜆

3!
𝜙3

𝜙3 is the training wheels version of the scalar-diquark Lagrangian.

Still insightful because of how little we know about the D-term. 

Nucleon

Quark/Scalar Diquark

How they interact
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Scalar Diquark Model

GPD’s already calculated to lowest order (Bhattacharya et al. 2018):
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Scalar Diquark Model

GPD’s already calculated to lowest order (Bhattacharya et al. 2018):

Project is front heavy, reproducing GPD’s calculated by Bhattacharya et al. has
been challenging, particularly at Δ⊥ = 0. 
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Preliminary Results
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Re H(𝜉)

Starting to extract CFF from GPD’s. Still need to reproduce
GPD H at Δ⊥ = 0. 



Summary

The D-term is an important property of matter related to how pressure is distributed
inside of particles.

Because gravity is so much weaker than the other interactions, must extract 
D-term experimentally though other methods such as DVCS.

The D-term can be calculated exactly for a free field, but even in simple models such as 𝜙3

and Scalar Diquark it has proven to be difficult to extract.

Future: Once the D-term has been calculated from the CFF, we can verify its value
by calculating the relevant Feynman Diagrams for the matrix element of the
EMT directly. Then we can relate it to pressure distributions, perhaps in IMF for 2-D 
Interpretation. Additional insight might be gained by calculating the form factor
classically as well (Filip Bergabo).
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The Energy-Momentum Tensor (EMT)

A Lagrangian that exhibits global space-time translational invariance (i.e. 𝑥𝜇 → 𝑥𝜇+ 𝛼𝜇)
yields the EMT as it’s conserved current:

𝑇𝜇𝜈 = ෍

𝑛

𝜕ℒ

𝜕 𝜕𝜇𝜙𝑛
𝜕𝜈𝜙𝑛 − 𝑔𝜇𝜈ℒ

Which must satisfy 𝜕𝜇𝑇
𝜇𝜈 = 0

Example: 𝜕𝜇𝑇
𝜇0 =

𝜕𝐸

𝜕𝑡
+ ∇ ⋅ Ԧ𝑝 = 0

This is a statement of the conservation
of energy and momentum!
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Free Field Case

The EMT for a free real scalar field is:

𝑇𝜇𝜈 =
𝜕ℒ

𝜕 𝜕𝜇𝜙
𝜕𝜈𝜙 − 𝑔𝜇𝜈ℒ, with ℒ =

1

2
𝜕𝛼𝜙𝜕

𝛼𝜙 −
1

2
𝑚2𝜙2

= 𝜕𝜇 𝜙𝜕𝜈𝜙 −
1

2
𝑔𝜇𝜈 𝜕𝛼𝜙𝜕

𝛼𝜙− 𝑚2𝜙2

Its matrix elements (Hudson, Schweitzer (2017) and reproduced in our work) are:

< 𝑝′ 𝑇𝜇𝜈 0 𝑝 >=
𝑃𝜇𝑃𝜈

2
−
Δ𝜇Δ𝜈 − Δ2𝑔𝜇𝜈

2

And since < 𝑝′ 𝑇𝜇𝜈 0 𝑝 >=
𝑃𝜇𝑃𝜈

2
𝐴 𝑡 +

Δ𝜇Δ𝜈−𝑔𝜇𝜈Δ2

2
𝐷(𝑡),

𝐴 𝑡 = 1, 𝐷 𝑡 = −1
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EMT for 𝝓𝟑-Theory

ℒ =
1

2
𝜕𝛼𝜙𝜕

𝛼𝜙 −
1

2
𝑚2𝜙2 −

𝜆

3!
𝜙3

The corresponding EMT for this theory is:

𝑇𝜇𝜈 = 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑔𝜇𝜈
1

2
𝜕𝛼𝜙𝜕

𝛼𝜙 −
1

2
(𝑚𝑝ℎ

2 + 𝛿𝑚2)𝜙2 −
𝜆

3!
𝜙3

Where 𝑚2 = 𝑚𝑝ℎ
2 + 𝛿𝑚2 ,and 𝛿𝑚2 is a mass counterterm to subtract the divergence

of the self energy diagram.

Free-Field EMT
Contribution 

due to Interaction
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EMT for 𝝓𝟑-Theory

𝑇𝜇𝜈 = 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑔𝜇𝜈
1

2
𝜕𝛼𝜙𝜕

𝛼𝜙 −
1

2
(𝑚𝑝ℎ

2 + 𝛿𝑚2)𝜙2 −
𝜆

3!
𝜙3

For this theory, we obtain no contributions
to the free field EMT at 𝒪 𝜆 . That is,

< 𝑝′ 𝑇𝒪(𝜆)
𝜇𝜈 𝑥, 𝑦 𝑝 > = 0

Must go to 𝓞(𝝀𝟐) !

< 𝑝′ 𝑇𝜇𝜈 𝑥, 𝑦 𝑒 𝑖∫ 𝑑
4𝑧𝐿𝑖𝑛𝑡 𝑝 >= < 𝑝′ 𝑇𝑓𝑟𝑒𝑒

𝜇𝜈 𝑥,𝑦 𝑝 >

+∫ 𝑑4𝑧 −
𝑖𝜆

3!
< 𝑝′ 𝑇𝜇𝜈 𝑥, 𝑦 𝜙3 𝑧 𝑝 > +⋯

The matrix element to arbitrary order in perturbation theory calculated by expanding:

Execute 𝒪(𝝀𝟐)
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Diagrams That Contribute at 𝒪(𝝀𝟐)

The diagrams which contribute at 𝒪 𝜆2 :

𝑧1 𝑧2

𝑥

Let x = y after derivatives are taken

x𝑧1
x y

𝑧1 𝑧2
p p
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Not Done Yet

These are the important diagrams, but still need to take various derivatives of them
and/or multiply by appropriate factors according to the EMT definition:

𝑇𝜇𝜈 = 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑔𝜇𝜈
1

2
𝜕𝛼𝜙𝜕

𝛼𝜙 −
1

2
(𝑚𝑝ℎ

2 + 𝛿𝑚2)𝜙2 −
𝜆

3!
𝜙3
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Putting It All Together

Key Issues:
• No mutual factor to pull out of Δ𝜇Δ𝜈 and 𝑔𝜇𝜈 terms -> No D-term yet
• A(t) factored out, however doesn’t satisfy A(0)=1 
• Uniqueness?

with

< 𝑝′ 𝑇𝜇𝜈 0 𝑝 >=
𝑃𝜇𝑃𝜈

2
𝐴 𝑡 +

Δ𝜇Δ𝜈−𝑔𝜇𝜈Δ2

2
𝐷(𝑡),Should have
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Improvement Term

One may modify the definition of the EMT so long as it remains symmetric (GR) and 
divergenceless (NT) (and, if this were a gauge theory, not contribute to the Ward Identities)

Define 𝑇𝑖𝑚𝑝
𝜇𝜈 = 𝑇𝜇𝜈+ Θ𝜇𝜈

Where Θ𝜇𝜈 = −ℎ 𝜕𝜇𝜕𝜈 − 𝑔𝜇𝜈 ◻ 𝜙2

Introducing this improvement term will affect the D-term by a constant, but not the A-term
Polyakov, Schweitzer (2018)

Interesting because D-term is an observable and should be uniquely defined. 
Has been shown that this is the correct improvement term even when studying
𝜙4 theory in a weakly curved gravitational background Brown, Collins (1980)


