HUGS Topical Seminal
June 16, 2021

PDFpPtting:
methods and uncertainties

Wally Melnitchouk
..geff;?son Lab



Parton distributions in hadrons

B Parton distribution functiongPDF) are light-cone
correlation functions

)= A IR ) # W L0 ()P

— light cone momentum fractionx =

—> Wilson line (gauge invariance)
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B InA* =0 gauge, in fast-moving frarBFhas a probabillistic
Interpretation as a particle density
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Parton distributions in hadrons
B Inclusive high-energy particle productiaB ! cX

A B

X C Collins, Soper, Sterman (1980s)

— QCD factorization: separation of haKgerturbative, calculable)
from soft (nonperturbative, parametrized)hysics

a1 cx (Pa,PB) = dXa dXpfan (Xa, 1) Fos (Xp, 1)
e LR

B o (XaPa, XoPe , Q/M)

n

— process-independent parton distribution functiong,
characterizing structure of bound state
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Parton distributions in hadrons

B Most information onPDFs obtained from lepton-hadron
deep-inelastic scatterin@!|S)

d?! 4"2E'2cog § , #F1  Fs
- = 2tan® = — + —=
d' dE Q4 2M $
Qg
X0 = IMT yogiE

— structure function given as convolution of hard

Wilson coefbcient withPDF

, oo, bdx #xB P )
FZ(XB ’ Q ) - XB eq o Cq ) I S q(X1 Q )
. vy X X

—> XB - eg CI(XB,QZ)
q

for leading order approximationc, — 11 2B
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Parton distributions in hadrons

B PrecisionPDFs needed to
(1) understand basic structure @fCD bound states
(2) computebackgrounds in searches fBsMphysics

2 A
— Q?evolution feeds Q™1 [coticer
low X, highQ? (QAHCO)
from highx, low Q? (Qlabd) \
pxed-targe
> X

B Information onPDFs obtained from
(1) nonperturbative approachg®w-energy model)SE: EF)
(2) lattice QCD
(3) globalQCD analysis



GlobalPDFanalysis

B Universalityof PDFs allows data from many different
pProcessesIs SIDISweak boson/jet production ipp, Drell-Yan E)
to be analyzed simultaneously

— distributions parametrized using a specibc functional form,
with parameters pbtted to data

xf (x,n) = Nx' (1! x) P(x)

with polynomiale.g.P(x) =1+ ! x+ "X
or Chebyshev, neural net, E

B Extraction of PDFs Is challenging because usually
there exist multiple solutions N Oinverse problemO

— PDFs are not directly measured, but inferred from
observables involving convolutions with other functions



GlobalPDFanalysis

B Modern globalRCD analyses typically 200G of data points

from high-energy scattering experiments
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GlobalPDFanalysis
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GlobalPDFanalysis
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Why arePDFuncertainties importart

B In searches for new physics beyond thandardModel
a major source of uncertainty on limits/discoveries is from
calculation oQCD backgrounds— PDFerrors!

OThe PDF and.! uncertainties were calculated usin@Bfe4LHC prescription
[39] with the MSTW2008 68% CL NNLO [40, 41], CT10 NNLO [42, 43], and
NNPDF2.3 5f FFN [44] PDF sets, and added in quadrature to the scale uncert

Measurements of the charge asymmetry in top-quark pair production in the
dilepton bnal state at !s = 8 TeV with the ATLAS detectorPRD94, 032006 (2016

— drives a large part of the globabFcommunity(esp. LHC)

B Limits understanding of nucleon structure

— e.g.momentum and spin distributions dfquarks at large

— motivation for severallabl2 experiments
(MARATHON, BONUS, ®LID, E)
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Why arePDFuncertainties importart

B Traditionally extracted from neutron / proton
structure function ratiowhere Oneutron®deuteron- proton),
but large nuclear uncertainties affect highegion

— cannot discriminate between predictions fdfuat x ~1
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Owens, Accardi, WM (2013)
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Why arePDFuncertainties importart

B Different groups use different dePnitionsribFuncertainties
to take into accountensiondetween data sets

— multiply uncertainties by OtoleranceO factoe I |2

BN CJ15

0.8 MMHT14 i
N g f;llj : — CJI5 112=27
_ — MMHT: ! 121 25" 10C
%04: — CT14 ' 121 10C
0.2 — JR14 1 12=1
ol
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X

E is this a meaningful comparisén
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Need for new technology

B A major challenge has been to characterze-uncertainties
N In a statistically meaningful way N in the presence of
tensionsamong data sets

B Previous attempts sought to address tensions in data sets
by introducing

— OtoleranceO factogstipcially inRatingDFerrors)

— Oneural netO parametrizati@stead of polynomial
parametrization) together withmC techniques

B However, to address the problem in a more statistice

rigorous way, one requires goirgpyondthe standard
| 2 minimization paradigm

— utilize modern techniques based 8ayesian statistics!

13



Bayesian approach to btting

@ Analysiof datarequires estimating expectation values
and variance¥ of Oobservables® (= PDRs,FF) which are
functions of parameter

E[O]= d"aP(bdata) O(k)

V[O]= d"aP(bldata) O(r)! E[O]

(Bayesian master formulas"

m UsingBayesO theorenprobability distributionP given by

P (b|data) = % L (datalh) " (B)

In terms of thelikelihood functionL

14



Bayesian approach to btting

B Likelihood function

L (data|B) = exp !%"Z(Ia)

is aGaussian form in the data, witlé ~ function

' data;! theory;(a) °

#(data)

| (&) =

with priors ! (a) and Oevidencez

Z = | d"al (datajk) " (k)

— /Ztests ife.g.ann-parameter bt is statistically different
from (n+1)-parameter bt

15



Bayesian approach to btting

m Two methods generally used for computiBgyesian
master formulas:

Maximum Likelihood Monte Carlo
(! 2 minimization

16



Bayesian approach to btting

m Two methods generally used for computiBgyesian
master formulas:

Maximum Likelihood
(! 2 minimization

— maximize probability distributioR by minimizin 2
for a set of best-pbt parametel
E[R] = ko

— If O Is! linear in the parameters, and if probability is
symmetric in all parameters

E[O(B)] ! O(bo)

17



Bayesian approach to btting

m Two methods generally used for computiBgyesian
master formulas:

Maximum Likelihood
(! 2 minimization

—s variance computed by expandiayb) abaagt

e.g.in 1 dimension have Omaster formulaO

1° 2
VI[O] ! 1 O(a+'a)" O(a" 'a)

where

la® = V]a]

18



Bayesian approach to btting

m Two methods generally used for computiBgyesian
master formulas:

Maximum Likelihood
(! 2 minimization

— generalization to multiple dimensions assian approach:

Pnd set oforthogonal)contours in parameter space arouikg
such thatL along each contour is parametrized by statistical
Independent parameters N directions of contours given by

eigenvector®, oHessian matriH, with elements

112" 2(4) |
Hij = = |
2 la! d; b= B,

and contours parametrized asa® = a1 a, = tj "X

. . Vi
with v, eigenvectors o :

19



Bayesian approach to btting

m Two methods generally used for computiBgyesian
master formulas:

Maximum Likelihood
(! 2 minimization

— basic assumptior? factorizes along each eigendirection

P(! a) ! Py (ty)
k

where

H 1 —~ Ay
P (t)= Neexp | =12 ag+ tnx
2 Vi

note: in quadratic approximation for“ | this becomes a
normal distribution

20



Bayesian approach to btting

m Two methods generally used for computiBgyesian
master formulas:

Maximum Likelihood
(! 2 minimization

— uncertainties o0 along each eigendirection

(assuming linear approximation)
1 : . . H ” . H¥?2
(1 O2! - O ag+ T" X #0 ap# T" X
4 Vi Vi

where Ty Is Pnite step size mx  , with total variar

V[O] = (! Ok)?
k
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Bayesian approach to btting

m Two methods generally used for computiBgyesian
master formulas:

Monte Carlo

— In practice, generally one hago (k)] # O(E[h])
so the maximal likelihood method will sometimes fall

— Monte Carlo approach samples parameter space anc
assigns weights;,  to each set of paramet&ys

— expectation value and variance are then weighted average

E[O()] = wO(a), V[O®]= w O(a)! E[O]
k k

22



Bayesian approach to btting

m Two methods generally used for computiBgyesian

master formulas:

Maximum Likelihood
(! 2 minimization

o fast
@ assumesaussianity

@ ho guarantee that global
minimum has been found

@ errors only characterize
local geometry of
1 2 function

23

Monte Carlo

@ slow

@ does not rely on
Gaussian assumptions

@ includes all possible
solutions

@ accurate



Incompatible data sets

@ Incompatible data sets can arise because of errors
In determining central values, or underestimation
of systematic experimental uncertainties

— requires some sort of modiPcation to standard statistics

m Modify the master formula by introducing a OtoleranceO

factor T
V[O] ! T2 V][O]

e.g.for one dimension
T2! 2

VI[O] = vy O(a+'a)! O(a! 'a)

— effectively modibes the likelihood function

24



Incompatible data sets
m Smple exampleconsider observablai ,and two measurement

(mg,!'my), (M2, Imy)

— compute exactly the 2 function

. 2 .
2 m! my m! mo

- [ 1] +
m- moy

2

and, fromBayesian master formula, the mean value
my!ms + my! m?
Im? + I'm3

E[m] =

and variance does not

1. 'mitmg __—" depend on
Vim]=H Im2 + |m% mqi! my!

25



Incompatible data sets
m Smple exampleconsider observablai ,and two measurement

(mg,!'my), (M2, Imy)

A~ Iy Iy Same' m2
o 154 X 15 x .
S H | » — different
E;' 1.0 | 1.0/ '
é 05 0.5
_

0.0 . 0.0 . . .

| 4 2 4 14 | 2 0 2 4

m

— total uncertainty remains independent of degree of
(in)compatibility of data

— Gaussian likelihood gives unrealistic representation
of true uncertainty

26



Incompatible data sets

m Realistic examplerecent CJ(CTEQ-JLab)globalPDFanalysis

Likelihood

Likelihood

Projection
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24 parameters,
33 data sets

data sets
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along this
e-direction



Incompatible data sets

m Realistic examplerecent CJ(CTEQ-JLab)globalPDFanalysis

Projection
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Incompatible data sets

m Realistic examplerecent CJ(CTEQ-JLab)globalPDFanalysis

Likelihood

Likelihood

| ] (1 AR
: eigen-direction #1{|L
Pl 'l Il ]

— 24 parameters,
33 data sets

— data setqnot

= compatible
. g along this
Sesssa Z e-direction

— standardGaussian likelihood incapable of accounting for

underestimated individual erroi&ading to incompatible data sets)
N not designed for such scenarios!
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Incompatible data sets
m CTEQtolerance criteria

40 .
30
i o
20 > Q
L ol =
— r =
‘ N 10 |

BCDMSp

CCFR3
E605
CDFjet

s 2 3 g
ﬁ . H E? )
- : t ] { T( 10
- |
110 * ! . ! .
120 ¢
130 | eigen-direction # CTEQ6

o for each experiment, bnd minimun®¥  along given e-direc
o from 1 2 distribution determine90%CL for each experiment

o along each side of e-direction, determine maximum rad;,
allowed by the most constraining experiment

o T computed by averaging over aff (typically 5" 1C)
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Incompatible data sets

m CTEQtolerance criteria

40 .
30
@ ™ o
20 3 « & 3 & T 3 i
S o 9 O = O © 3@ 0
i o0 I N Z O uw o O
N0 i
- : ') { T( 10
| | l .
110 —? . .
120 ¢
' 30 | eigen-direction #- CTEQG6

@ This approach isot consistentvith Gaussian likelihood

— no clearBayesian interpretation of uncertainties
(ultimately, a prescriptionE)

31



To summarize standard maximum likelihood methodE

m Gradient searchiin parameter spacajepends how OgoodO the
starting pointis

— for ~30 parameters trying different starting points is
Impractical, if do not have some information about shape

m Common to free parameters initially, thdreezethose
not sensitive to datd! ¢ Rat locally

— introducesbias does not guarantee that Rat  globe

@ Cannot guarantee solution imique

B HEror propagationcharacterized by quadraticc  near minimt
— NO guarantee this is quadratic globaHy.sudent t-distributiorn?)

B Introduction oftolerancemodibes Gaussian statistics

32



Monte Carlo

B Designed to faithfully compute Bayesian master formulas

B Do not assume @ingle minimumnclude all possible solutions
(with appropriate weightings)

B Do not assume likelihood iGaussiann parameters

B Allows likelihood analysis to be extendedaddress tensions
among data sets via Bayesian inference

B More computationally demandirapmpared withHessian method

33



Monte Carlo

Hrst group to useMc for globalPDFanalysis walNPDF,
using neural network to parametrizeé(x) In

f(x)= Nx' (1! x) P(x)
N !, are btted Opreprocessing coefbcientsO

Forte et al. (2002)

lterative Monte Carlo (IMC), developed byAMCollaboration,
variant ofNNPDF, tailored to non-neutral net parametrizations

Markov ChainMC (MCMC)/ Hybid MC (HMC)

N recent Oproof of principleO analysis, ideas from latice
Gbedo, Mangin-Brinet (2017

Nested samplingNS)N computes integrals in Bayesian master
formulas (fork, V, 4 explicitly Skilling (2004)

34



Iterative Monte Carlo(IMC)

@ Use traditional functional form for input distribution shape,
but sample signibcantly larger parameter space than possible

In singlebt analyses

lterative Monte Carlo(IMC)

— NO assumptions for exponents

— crossvalidation to avoid
overbtting

— Iterate until convergence
criteria satisbed

parameters from
minimization steps

posterior

35



Iterative Monte Carlo(IMC)

m e.g.of convergence (for fragmentation functions)Mc
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Incompatible data sets

@ Rigorous(Bayesianyvay to address incompatible data sets
IS to use generalization @daussian likelihood

@ joint vs. disjoint distributions
@ empiricalBayes
@ hierarchicaBayes

e others, used in different bPelds

37



PDFs In latticeQCD

B Recent progress in extractingdependence oPDFs in
lattice QCD from matrix element of nonlocal operator

M q(z,P;) = IN(P2)|! 4(0,2)"W(z,0)! (0, 0)|N (P,)"

= dy &% by, Py)

— quasiPDF ¢ related to light-conePDFvia matching kernet

dy . X e
—yC _1|"11PZ CI(y,Pz,H)

G 1) = oyl Ty

B Conlicting results on sign af! asymmetry

Y — — 6

Lo AN ] |:|6ij u—d
E o A ] 8r/L
O/ %e&( PN ] B
SR RN ] 4 | EH0%/L ]
04k o - AN . [ CI15
“ t M ] BB ABMP16
- o/ f A E 5 | [INNPDF3.1
104
1 0=
/
#>a — .- #< a —

1/01  1/o( / 10( /o1 /02 /03 'O/ -1 -0.5 0 0.5 1

Lin et al. (2015) Alexandrou et al. (2018)



PDFs In latticeQCD
m Ht |attice observable directly withinAM framework

B exp
0.4+ I exp+lat
[Tlat (DFT)

T =

Bringewatt, Sato, WM, Qiu, Steffens, Constantinou (2021)

— reatively weak impact of present lattice data on
unpolarizedPDFdetermination
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PDFs In latticeQCD
m Ht |attice observable directly withinAM framework

x?/datum
Observable # data pts exp exp +lat
BCDMS F% [23] 348 1.1 1.1
BCDMS F§ [24] 254 1.1 1.2
SLAC F? [25] 218 1.4 1.4
SLAC F4 [25] 228 1.0 1.1
NMC F% [26] 273 1.9 1.9
NMC F4/FP [27] 174 1.1 1.2
HERA af{g’ (1) [30] 402 1.6 1.6
HERA o%7 (2) [30] 75 1.2 1.2
HERA a;:g’ 3) [30] 259 1.0 1.0
HERA oy (4) [30] 209 1.1 1.1
HERA 652 [30] 159 1.7 1.7
etp .

HERA occ’ [30] 39 L4 L2 difbcult to bt current
HERA 657 [30] 42 1.4 1.4 . :
E866 o2 [28] 121 1.3 1.3 lattice matrix element
E866 62% [28] 129 1.7 1.8 :
ETMC19 ReM,_g [8] 31 hp data for unpolarized
ETMC19 ImM,,_, [8] 30 22.7 u-d PDRB
Total (exp) 2,930 1.3

(exp +lat) 2,991 1.6
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PDFs In latticeQCD
m Ht |attice observable directly withinAM framework

B exp

3 s
i B oxp+lat e
S 0.0
<] O O .......................................... |
z S BN exp
,_(E 5-0.2 HEE exp-tlat
-1.0¢ | | | [1lat (DFT) |
—10 0 10 1072 1071 10°
X

z/a

Bringewatt, Sato, WM, Qiu, Steffens, Constantinou (2021)

— Dbetter agreement between lattice and experiment for
polarizedPDFs (within larger uncertainties)
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PDFs In latticeQCD
m Ht |attice observable directly withinAM framework

x*/datum

Observable # data pts exp exp +lat
EMC A’ [31] 10 03 0.3
SMC A? [32] 11 0.6 0.7
SMC A{ [32] 11 24 2.3
SMC A? [33] 7 13 1.3
SMC A¢ [33] 7 0.7 0.7
COMPASS A? [34] 11 1.0 0.9
COMPASS A¢ [35] 11 0.5 0.5
COMPASS A? [36] 35 1.0 1.0
SLAC E80/E130 A” [37] 10 0.8 0.8
SLAC E143 Af [39] 39 0.9 0.8
SLAC E143 A? [39] 39 1.0 1.0
SLAC E143 Af [39] 33 1.0 1.0
SLAC E143 A4 [39] 33 1.2 1.2
SLAC E155 Af [41] 59 1.5 1.4
SLAC E155 A” [42] 59 1.1 1.1 _
SLAC E155 A% [43] 46 0.8 0.8 — gOOd B ES POSSI ble to
SLAC E155 A4 [43] 46 1.5 1.5 -
SLAC E155% 47 (44 ® 13 13 both experimental
SLAC E155x A4 [44] 69 0.9 0.9 I
A > 009 and lattice data for
HERMES A’ [46] 16 0.6 0.6 -
HERMES A? [46] 16 1.3 1.3 polarlzedu d PDFs
HERMES A’ [47] 9 1.1 1.1
ETMC19 ReM,,_ay [8] 31 0.5
ETMC19 ImM,_ay [8] 30 0.3
Total (exp) 651 1.1

(exp +1at) 712 1.0
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Outlook

New approaches being developed for glopab analysis

N simultaneous determination of parton distributions
usingMonte Carlo sampling of parameter space

N towards synthesis of lattic&CD data with global analysis

Treatment ofdiscrepant data setseeds attention
N Bayesian perspective has clear merits

Near term future: OuniversalQcb analysis of all observables
sensitive to collineafunpolarizeds. polarized) PDE andFrs

LongeFr term: applyMC technology to global)CD analysis
of transverse momentum depende(mvbD) PDFs andrFrs



Outlook

B Study ofPDFs has brought together essential elements
of nuclear and high-energy physics

xf (x, Q)

|
|
10% 10° 102 01 03 05 07 09
X

BSM
physics

nucleon
structure

neutrino \ astrophysics

. oscillation
chiral

physics guark-hadron

duality
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Disjoint distributions

B Instead of using total likelihood that igoeoduct (OandO)
of individual likelihoodse.g.for simple example of two
measurements

L(mimym;!myImy) = L(mym;!my) ! L(my|m;!msy)

use insteagum (OorOdf individual likelihoods

1:
L(mims|m;!myimy) = 5 L(myjm;Imqy)+ L(my|m;!my)

— gives rather different expectation value and variance

E[m] = S(ms+ m;)

- 2
mi! mo

1
VIim]= Z(Im%+ I'm3) + 5

2

“~Jdepends orlv

separation
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Disjoint distributions

@ Symmetric uncertaintiesm; = 'm,

—

— joint
- 1.5
N
S 10
— L
é 0 disjoint
—

0.0 .

1 4 2

I'm

joint:  V[m]= lm%

1.51
1.0
0.5
O AR
1 4 1 2 0 2
m N. Sato
mi! mo 2
2



Disjoint distributions

@ Asymmetric uncertaintie$m; £ I'm;,

3 ; 3
£ i |
- ° 21
= P
S 1
—
— &\
0 Q=== ;
| 4 414 12 0 2 4
m
N. Sato

— disjoint likelihood gives broader overall uncertainty,
overlapping individuédiscrepant)data
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EmpiricalBayes

Shortcoming of conventional Bayesian N sasume
prior distribution follows specibc forre.g.Gaussian)

Extend approach to more fully represent prior uncertainties,
with Pnal uncertainties that do not depend on initial choices

In generalized approach, data uncertainties modibed by
distortion parameterswhose probability distributions given
in terms of Ohyperparameterg®Onuisance parametersO)

Hyperparameters determined from data
— give posteriors for bottPDFand hyperparameters
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EmpiricalBayes

Smple example oEBfor symmetric& asymmetric errors

10 T T 1 25 I I I I I I
8} 15 1 20L —— experimentl -
A sl ) | 15 — experiment2 i
= 4 | o :rissillrill Bayes _
as 2+ . 5 yes .

0 1 1 1 0 1 1 L 1 1 1

1'1.0 105 0.0 0.5 10 'o5 !04 103 102 !'01 0.0 0.1

10 I I I 25 I I I I I I
—~ 8 6B 4 20f .
O s&f {1 15t .
4t 1 10t .
Q. 5 1 s} |

O 1 1 O 1 1

1'1.0 105 0.0 0.5 10 'o5 04 103 !'02 !'01 0.0 0.1

10 T T 1 25 I I I I I I
—~ 8 41 20f
Q s 1 15t
4} 1 10t
D_ 21 i 5L

O L 0 1 L

1'1.0 105 0.0 0.5 10 '05 104 103 102
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