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/\ Deep Inelastic Scattering (DIS)
& Parton Distribution Functions (PDFs)

f

(+AP)=l+X
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,y*
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A ——— —>—X
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Invariants s=(P+0)? Q2
TP =

Inclusive cross section in terms of leptonic/hadronic tensors

Perturbative

dopis (.Z', Q27 5)
a3
T Non-perturbative

W (. P) = 4= [ d 67 (P51 7% () 77 (0)|P.S)

Lorentz decomposition into structure functions (SFs) .
Pr— pr .zqq“
q

ype pl‘«p”
Why — ( g + %) F ( ,QQ) + 2 2 (%QQ)
o (S,B - Pﬁs_iq)
it BI08 o (3, Q%) tichvel — AT g, (2,Q%) +P.V.

P.q
>  PDFs: number densities of partons with
fraction £ of hadron's P™ momentum Kt = ept

o  probabilistic interpretation at
leading-twist



<J Lattice Gauge Theory (QCD)

Numerically solve QCD using Monte Carlo methods

e Quantitatively study strong-coupled regimes

QCD action given as input Sqco [%E,Gu]
e discretization (momentum cutoffs)

e path integral in Euclidean spacetime

Compute observables non-perturbatively

e |.e. correlation functions
(averaged over gluon configurations)
Capt (5, 1) = (0| h (7, ) AT (0) [0)
Capt (B, 5 t,7) = (0| b (7,1) O (¢, 7) h' (0) [0)
e systematically improvable results



{5 Inclusive Factorization

(+AP)=l+X

[/
/ pQCD
h Parton Picture
ol
> >
P > P
QCD factorization theorems relate cross
sections (SFs) to PDFs
) s,
Fi(2,@Q) = Y fon(op?)®H] (fﬁa (M2)> +h.t. ol kh
a=q,q,9 ‘ o *

J. Collins, D. Soper, G. Sterman, Adv. Ser. Direct. High Energy Phys. 5, 1 (1989)



) INnclusive Factorization

(+AP)=l+X

/
14 ¢ pQCD

" Parton Picture

Y
>

>
P > P
QCD factorization theorems relate cross

sections (SFs) to PDFs :
2 - ,
F; (Ia QQ) = Z fa/h (‘T7M2) ®Hza (I, F?as (M2)> + h.t. o a:

a:q’q’g

J. Collins, D. Soper, G. Sterman, Adv. Ser. Direct. High Energy Phys. 5, 1 (1989)
(Forward) integrated parton correlator

+ 2 1 [dz7 up+.- - D)
fad @) =5 [ 5= (@I (5) v e ({5, -5)) ¥ (-5) Ih (@)
o input to cross section predictions (e.g. LHC)
o affect precision measurements of SM parameters
o focus of upcoming facilities (EIC)
J.Gao et al., Phys. Rept. 742 (2018) 1-121




<:> Inclusive Factorization

MMHT14 NNLO, Q% = 10 GeV?

1.2 T T
L+AP)— L+ X af(z,Q%)
¢ !
14 pQCD
* Parton Picture 0.8
ol
> > 0.6 i
P B P 04|
QCD factorization theorems relate cross 0.2 L
sections (SFs) to PDFs I e A\ .
9 0 \ I == \
2 D) a 2 0 Tl bl MR | e
Fi(2,Q) = Y fun(z,v’) @ H (93 2o (w )) + h.t. 0.0001 0001 0.0l 01
a:q»qvg

J. Collins, D. Soper, G. Sterman, Adv. Ser. Direct. High Energy Phys. 5, 1 (1989)
(Forward) integrated parton correlator

i 1 dz™ iwPt 2~ Iz z z %
fgh] (z, 1) = 3 / . P2 (h (p)| ¥ (%) ’7+‘I’,(g{) ({2,-2H) v (=%) |h(p))
o input to cross section predictions (e.g. LHC)

o affect precision measurements of SM parameters
o focus of upcoming facilities (EIC)
J.Gaoet al., Phys. Rept. 742 (2018) 1-121



<:> Inclusive Factorization

MMHT14 NNLO, Q% = 10 GeV?

1.2 L B AR T
L+AP)— L+ X af(z,Q%)
/
14 ¢ pQCD
* Parton Picture 0.8
v

>

P B P 04|
QCD factorization theorems relate cross 0.2 L
sections (SFs) to PDFs B

2 e
F; (xaQQ) = Z fa/h (I7M2) ®Hza <.’B,%,O[s (M2)> +ht. [

a:qﬁqhq
J. Collins, D. Soper, G. Sterman, Adv. Ser. Direct. High Energy Phys. 5, 1 (1989)

(Forward) integrated parton correlator

. : P _ R
10 @) = 5 [ ==t I F(3) v el (3 -3)
i S
o input to cross section predictions (e.g. LHC)

P

o affect precision measurements of SM parameters
o  focusof upcoming facilities (EIC) ~ Trooooooooooooooooooooooooooooooooooooooo oo
J.Gaoet al., Phys. Rept. 742 (2018) 1-121



<J Mellin Moments of PDFs

Consider integrated moments of forward parton distribution:

: 1 [tde .,
mg) (i) = — /1 — ! fopy (@, 1)



Q Mellin Moments of PDFs

Consider integrated moments of forward parton distribution:

, 1 Vde . 1 [ ‘
md) (4%) = — / i ) = [T (1 )+ 0 B )] = [ do 1T, ()

Sa



O Mellin Moments of PDFs

Consider integrated moments of forward parton distribution:

) 1 1 1 d ) ) 1
md) 68) =5 [ Gty = [ [ ) + 0 1 )] - g

Sa a — 00
S _ {17 =4,q
Moments provide crucial link with lattice calculable quantities... 2, a=g
. = B (

md) ) =5t [ [ (p+ i ) T ()] B () v 2 ({27,00) v (0) 1 ()
.................... K _ i 0
~pt pt oz

2(p*)’ my)ﬁ (#*) = sz {h (D) Yy TiD* - iD ¥ a B (p)) Mellin moments of PDFs are given

in terms of local operators



O Mellin Moments of PDFs

Consider integrated moments of forward parton distribution:

) 1 1 1 d ) ) 1
md) 68) =5 [ Gty = [ [ ) + 0 1 )] - g

Sa a — 00
S _ {17 =4,q
Moments provide crucial link with lattice calculable quantities... 2, a=g
. = B (

md) ) =5t [ [ (p+ i ) T ()] B () v 2 ({27,00) v (0) 1 ()
e K _ i 0
~pt pt oz

2(p*)’ my)ﬁ (#*) = sz {h (D) Yy TiD* - iD ¥ a B (p)) Mellin moments of PDFs are given

in terms of local operators

Amenable to calculation in Lattice QCD
> |limited by broken symmetry O (4) — H (4)

E.g. G.Martinelli and C. T. Sachrajda, Phys. Lett. B196, 184 (1987)



Active Community Progress

()

Hadronic Tensor W, = —JmT),,

K.F.Liuetal., PRL 72,1790 (1994) & Phys. Rev. D59/62

Virtual Compton Amplitude [zopE]

A.J. Chambers et al., Phys. Rev. Lett. 118

T = o / 426 % (p, N| T T, () T (0) |p, A

“OPE without OPE” - G. Martinelli
Auxiliary Quark Methods

U. Aglietti et al., Phys. Lett. B441; W. Detmold & C.J.D. Lin, Phys. Rev. D73;
V. Braun & D. Mueller, Eur. Phys. J. C55

Quasi-Distributions [pors]
X. Ji, Phys. Rev. Lett. 110, 262002 (2013)

M (z,p) = (h(p)| ¥ (2) Y*W (z,0; A) 9 (0) |h(p))
Pseudo-PDFs

. A.V.Radyushkin, l?hys. Rev. D 96,034025 (2017)
Lattice Cross Sections

Y. Q. Ma &J. W. Qiu; Phys. Rev. D 98, no. 7,074021 (2018)
& Phys. Rev. Lett. 120, no. 2,022003 (2018)



<_/ Coordinate-space Factorizable Matrix Elements

Consider a generic hadronic matrix element of time-local and space-like separated operators

My, (p-2,2°) = (h(p)| T{On (2)} |1 (p))

V. Braun and D. Mueller, Eur.Phys.J.C 55 (2008) 349-361

=Pz B. L. loffe, Phys. Lett. 30B, 123 (1969)



Q Coordinate-space Factorizable Matrix Elements

Consider a generic hadronic matrix element of time-local and space-like separated operators

Mo (p-2,2%) = (h®|T{O. ()} h(p))  duomesd >3 CU (222, a5) 2 - 2 (p| OF2, (142) Ip)
Ly Lo RS E P ey WP

V. Braun and D. Mueller, Eur.Phys.J.C 55 (2008) 349-361 /

V=p-z oy
B. L. loffe, Phys. Lett. 30B, 123 (1969) ng]) (’uz) (pul o traces)

Unique traceless and symmetric rank-j tensor wrt. to hadron
four-momentum



O Coordinate-space Factorizable Matrix Elements

Consider a generic hadronic matrix element of time-local and space-like separated operators

Mo (p-2,2%) = (h®|T{O. ()} h(p))  duomesd >3 CU (222, a5) 2 - 2 (p| OF2, (142) Ip)
P R e

V. Braun and D. Mueller, Eur.Phys.J.C 55 (2008) 349-361 /

B. L. loffe, Phys. Lett. 30B, 123 (1969) ngj) (,[1,2) (pul L. puj - traces)

Unique traceless and symmetric rank-j tensor wrt. to hadron
four-momentum

V=p-z

(v,2%) = QZZC(J ) (2212, o) 2 o M) (1) (Ppuy + Py, — traces)

7=0 a
,a 2 2 = (4 2 ] 272 2,2
:22 E cu )(zu,as)mgj)(u)zﬂ—i—(’)(zAQCD,zp)
J:O a
loffe-time dependence of Leading contribution from smallest mass
coordinate space matrix dimension - leading twist operators!
element related to collinear
momentum distributions! 9 2 a) (.2 2 j 2492 9 9
Z/ _fa/h w?) D —CP (22, a5) (wv) + O (£ Adop, #°P°)
a

j=1
Y.Q.Ma and J. W. Qiu, Phys. Rev. Lett. 120 (2018) 2,022003



Q A Working Coordinate-space Factorization

“ Z/ _fa/h Ly )Kf{ (1‘1/, Z2M2,$2p2) + 0O (Z2A(2QCD722P2)

loffe-time dependent
invariant amplitudes

Two flavors of Lattice calculable and factorizable coordinate space matrix elements

Two-current Correlators

Single-hadron matrix elements of renormalized
non-local operators

MY (p,2) = (R (p)| O (2) |R ()

Os (2) = 2 Z& {9v} (2) {Pv} (0)
Oy (2) = 22Z% {9} (2) {¥#y} (0)
O~

4 - _ .
va(z) = —§ZVZA {1/’%11’} (2) {¢7“"/°¢} (0)

Y.Q.Maand J. W. Qiu; Phys. Rev. D98 (2018) 7,074021
& Phys. Rev. Lett. 120 (2018) 2,022003

l Space-like non-local parton bilinears

loffe-time Pseudo-Distributions

21 M® (p, 2) = (b (p)] & (2)* @S ({2,01) % (0) |1 (p))
Q2
> Lorentz-invariant generalizations of
|5| < AL PDFs onto space-like intervals

> Same starting point as quasi-PDFs

A. Radyushkin, Phys.Rev.D 96 (2017) 3,034025



Tree-Level Perturbative Matching Kernel

N

Project matching relationship onto asymptotic
and on-shell parton

d(1—x)2

d —
M,‘{(O) (V, z2) = Z / qu(o)( T, )K (:m/ 2212, x2p2)
0

a:q7q7g



O Tree-Level Perturbative Matching Kernel

Project matching relationship onto asymptotic
and on-shell parton

d(1—x)2
/

d
M Z / ajg}%) )K“(ml/zu xp)

a=4q,4,9

Consider a generic tensor operator:
M7 (p, z) = (b (D)| T} (2/2) T} (—2/2) |k (P))

[v] (1] [v]




O Tree-Level Perturbative Matching Kernel

Project matching relationship onto asymptotic
and on-shell parton

d(1—x)2
p — @ 1 " L
M =S / " OB K¢ (o0, 2242, %) M) =5 > ™%, (k)T (0] (2/2) § (—2/2) 0) T us (k)
a=q,q,9 S
1 .. d¥ ilg  _,,
=~ 2k, Tr [y*T44PTY /— itz
2° e[y Ty L] (2ﬁ)4€2+z‘ee
Consider a generic tensor operator: i kyz
v " v = in? z4ﬁ ¥ Tr [y°T44°TY]
M;;" (p,z) = (R (D)| T} (2/2) T (=2/2) |k (D))

[v] (1] [v]

b)) _ ik RaZpg e~ k2 @
M = -1 34 Tr [y°T5+°TY]




< Choice of Currents

O, | Prefactor | Ty | T; | ML (p, 2 v)

Generic tree-level matching kernel
Os (2) 2% 1 1 TV (ei“ — e*i“’”)
7: o OV (Z) 22 ZM,YH ZV'YV #1}7/ (ei[L‘l/ _ e—izu
0) a~<f irp-z api  Brv —iTp-z ampv Bk (’)~() —4/2 H v i (iz”— *iw”)
MY (p 2y v) = — 22278 [gimpay (4O HAPTY) — e=iP =Ty (4TY AT v (2 & Gou™ | mav e e
1) (p’ ) ) 47.‘_2 Z4 |: (f}/ 7 7 ]) (’y ,]7 (3 )i| OV’ (Z) 22 Zp,')/“ ZV’YV Tr_zzxyezmu
Opz(2) | —=2%/2 | gu™ | ¥7° 0 ,
Oha (Z) A H el #Euuaﬁ.fpaZg (ezzu 4 e—mu)




O Choice of Currents

Generic tree-level matching kernel

uv(0) . _ i LPaZp 1Tz B1wv
M (pzv) = An2 4 "7 Tx (y°Tf'y Pj)_
A puzzle in the pion...
0.40
035} ( % % ‘iT 71'p—)'u,+'u X
(14 ) l T‘
030 I \}'%TLML
IR A 1
=l it
) LY
oo o20f +H
3 Hy
015} I
o Q> =27Gev?
005)  J.S.Conway etal, Phys. Rev. D 39, 39 (1989) s .
0.00 . ‘ . s *e
0.0 0.2 0.4 0.6 0.8 1.0

K3
<

R
£X3
RS

o

O, | Prefactor | Ty | T; | ML (p, 2z v)
4 g Ty —izy
Os (2 z 1 1 v (™ —e
OV (Z)) 22 ZM’YH ZV’YV 7'22 TU Eeizu _ e—izu)
e P ATy (voTY V’BF“)] Oy (2) | —2*/2 | guu?* | 7" S av (e””” - e*“‘”)
J ! Oy (2) 22 2uY* | Y Lave®
Oy A”(Z) _24/2 gu;ﬁ/“ ’YV’YS 0 . .
OVA (Z) 24 ,.Y/,L ,Y ,.Y #Epuaﬂxpazﬁ (6111/ + 6—2111)
pQCD [Phys. Rev. Lett. 42,940] 3 ~ 2
NLO [Phys. Rev.C 72,065203] 3 ~ 1.3
DSE [PRL 124,042002; PRC 83,062201] 3 ~ 2

10



<:> Choice of Currents

Generic tree-level matching kernel

T IPa2g

pr(0)
Mij 42 4

(p,z;v) =

A puzzle in the pion...

0.40
035} ( ‘N + {I 7rp—>/J,+/J, X
M4 M
030 s 1] It faTerd
[ 17
ity
= )
= i
oo 020} 8
S 181
8 I
015} 1S
040} 311
Q?* = 27CeV? 44
0.05 J.S. Conway et al., Phys. Rev. D 39, 39 (1989)
0.00 ‘ ‘ =
0.0 02 0.4 06 08

[eia:p.zTr (,ya]_—\llle,y,BF‘ljl)

O, ‘ Prefactor | T, | I | M (p, zv)
Og (2) #* 1 1 Lav (e — i)
OV (Z) 22 ZM»)/H ZV’YV %my (eizu _ e—izu
— e @P ATy (VQFVWBFH)] Oy (2) | —2*/2 | guu?* | 7" Sav (e — em™)
J ! Oy (2) 22 2uY* | Y L ave'™V
O\N/Z (Z) _24/2 guuﬂ/u 'YV'YS 0
Ov (Z) Pt y ,YV,YE) #eﬂuaﬁxpazﬁ (eizu 4 6—2’7:1/)

Simplest non-vanishing CP-even
current combination at tree-level is a
vector-axial combination

\ \
Rely on parity, time-reversal invariance of QCD
to construct appropriate CP-even combination

(p| O (2) Ip) = (ol (PTYOL ()" (PT)~" Ip)
(PTE (=) (PT) ™ = T (=2)
(PTTL (2) (PT) ™ = =T4 (=2)

pQCD [Phys. Rev. Lett. 42,940] (3 ~ 2

NLO [Phys. Rev.C 72,065203] 3 ~ 1.3

DSE [PRL 124,042002; PRC 83,062201] 3 ~ 2



Q Vector-Axial Currents

Antisymmetric combination
of vector/axial currents

M4 (p, 2) + My (p, 2) = (7w (D) [0y (2) + Oy (2)] |7 (p))

pseudo-structure functions

4 uraf 7% N TN
. z e Fpaz (pH2” — 2Hp¥)
Lorentz-invariance Oya = > (M (py 2) + M4y, (p, 2)] = %ﬁTl (2,2%) + » T; (v, 2°)
. 0 2
e tree-level matching result: o(ﬁlﬁ ) pe‘“’“ﬁmpazfg cos (zv)
Tree-level matching kernels
.. . . . 0 2vx
Judicious selection of momenta, separations, Dirac Kf( ) (zv, 2) = —g o8 (zv)
indices obviates full tensor contractions 4(0) 9
K (a:z/,z ) =0 :
o_(p : “NLO
= 0 UV 1o e
pa B ((0 ,0 L;pz)) T (% 22) _ 0‘1/2A A
Z = UL, % Poz3 R.Sufian, C.E., J. Karpie, et al., Phys. Rev. D 102 (2020) 5,054508

11
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N

Many Wick Contractions

Mass degenerate light quarks - expensive Wick
contraction topology
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<:§:> Many Wick Contractions

o Mass degenerate light quarks - expensive Wick \ \
contraction topology =

s s N
éu‘”

Y
®
Y

A
®
A
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0

g

N

Many Wick Contractions

Mass degenerate light quarks - expensive Wick
contraction topology

C4pt (ﬁ? 2 Ta 7-) =

Heavy-light flavor changing currents
. fewer contractions/saturate phase space
W. Detmold and C.J.D. Lin, Phys.Rev.D 73 (2006) 014501

(I (=p

T) It (Z+ Zo,7) Frv (20, 7) TL (P,

b

Jr = {{rQ,Qre}

12



Q First Numerical Implementation - The Pion

Solving QCD for properties of a free, isolated pion

d less computationally demanding than
baryons

Qd  straightforward realization in mesonic
systems

d  auxiliary mass set to strange quark

J1

13



<=/s First Numerical Implementation - The Pion

Two-current factorization requires currents at fixed

Solving QCD for properties of a free, isolated pion spatial separations
d less computationally demanding than e .
baryons P Y 9 > modified sequential operator method needed

Qd  straightforward realization in mesonic
systems

d  auxiliary mass set to strange quark

J1



O First Numerical Implementation - The Pion

) ) . _ Two-current factorization requires currents at fixed
Solving QCD for properties of a free, isolated pion spatial separations

d less computationally demanding than e .
P Y 9 » modified sequential operator method needed

baryons
Qd  straightforward realization in mesonic 1 Inversion from first current
systems
O auxiliary mass set to strange quark > Dq(2,t:2,t) Gy (2,1 20,7) = 6 (2 = 20) 6 (£ — 7)
2t
|
T @ 2 Inversion from source to sink

...following spatial/momentum smearing and momentum projection

3 Inversion to second current

Tie together with auxiliary quark propagator

Dz T : 7TT Dz
\
|
\

13



<:> First Numerical Implementation - The Pion

Two-current factorization requires currents at fixed

Solving QCD for properties of a free, isolated pion spatial separations

d less computationally demanding than
baryons

Qd  straightforward realization in mesonic
systems

d  auxiliary mass set to strange quark

J1 ¢

|
y22 T : 7TT Pz
\
|
\

» modified sequential operator method needed

Inversion from first current

Z Dq (th; Zlvt/) Gq (zlvt,; 20, T) =9 (Z - ZO) 0 (t - T)

I
7 i

Inversion from source to sink

...following spatial/momentum smearing and momentum projection

> Dy (262, t") H (2,1 20,7) =

/7tl i,

: e™=P 3" Sy 1S sy Gy (4t 20,7) 6 (£)
Yy

Inversion to second current

Tie together with auxiliary quark propagator

13



| <:> First Numerical Implementation - The Pion

Two-current factorization requires currents at fixed

Solving QCD for properties of a free, isolated pion spatial separations

d less computationally demanding than e .
P Y 9 » modified sequential operator method needed

baryons

Qd  straightforward realization in mesonic
systems

d  auxiliary mass set to strange quark

J1 ¢

\
y22 T : 7TT Dz
\
|
\

Inversion from first current

Z Dq (th; Zlvt/) Gq (zlvt,; 20, T) =9 (Z - ZO) 0 (t - T)

I
7 i

Inversion from source to sink

...following spatial/momentum smearing and momentum projection

> Dy (262, t") H (2,1 20,7) =

/7t/ i,

: e™=P 3" Sy 1S sy Gy (4t 20,7) 6 (£)
Yy

Inversion to second current

Tie together with auxiliary quark propagator
ol N TP (S 4. —
E :Dq (Z,t,Z 7t)Iq (Z )t a2077-) -

a4 G
P > Sz 1S sy Hy (v 5 20,7) 6 (t = T)
y' .y 13
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\_/\ Excited States

All l[attice calculations must contend with
contamination from unwanted states
e interpolators that best reflect
properties of desired state

(01O (D) |k (2)) > (0] O () |’ (B))
e broken rotational symmetry

0 (3) — 0"

14



Q Excited States

1.0 :
_ . _ Deterioration of signal...
All lattice calculations must contend with 0.9 5
contamination from unwanted states Rg/N (T) e—(EN(ﬁ)—Em")T
e interpolators that best reflect 08 [~ M JP—0- B
properties of desired state ' Rg/y (T) oc e i
01O ®) |h (7)) > (01O () |W (7)) = 0.7
=]
e broken rotational symmetry 0.6 ) } {
D .
0@~ 0, 05- ”"IH{H]H/
’ .
0.4 ‘
I [ [

| \ | w | | |
0 2 4 6 & 10 12 14 16 18 20
T/a

14



Excited States

()

1.0 :
_ . _ Deterioration of signal...
All lattice calculations must contend with 0.9 5
contamination from unwanted states Rg/N (T) e—(EN(ﬁ)—Em")T
: )
e interpolators that best reflect 0.8 M JP—0- B
properties of desired state ' Rg/N (T) oc e Fnripimmat
(01O (D) |k (2)) > (0] O () |’ (B)) ST
=]
e broken rotational symmetry 0.6 } {
0 (3) — O ol ] J
h 0.5 AR
:
Key demand: e l
state of interest saturate correlation :
function at early Euclidean times 0 92 4 6 8% 10 19 14 16 18 20

, Z.
Cope (7,T) = Z me En(P)T

Spatial smearing™* to increase overlap with
ground-state
§(@T) =) SUN&Dqe(FT)
! [1+ 0V (T;U0)]™

C.R. Allton et al. (UKQCD), Phys. Rev. D47, 5128 (1993)

T/a

14



O Excited States

All l[attice calculations must contend with
contamination from unwanted states
e interpolators that best reflect
properties of desired state

(01O (D) |k (2)) > (0] O () |’ (B))
e broken rotational symmetry

0 (3) — 0"

Key demand:
state of interest saturate correlation
function at early Euclidean times

. 1Z,?
O (A1) = ¥ 5" e ™0

Spatial smearing™* to increase overlap with
ground-state
§(@T) =) SUN&Dqe(FT)
! [140V2(T;0)]™

C.R. Allton et al. (UKQCD), Phys. Rev. D47, 5128 (1993)

1.0 '
Deterioration of signal...
0.9 3
RY (T) x e_(EN(m_§m")T
—_ s/n (T)
0.8 RJS\/,;,IVJ =0~ (T) o e—(EM(I_")—mM)T
5 0.7
) {
0.6 . .
| x ¥ o 3 k3 i I ] | ‘ —1
0.5 i
0.4+ ‘
I [ [

\ | w | | |
10 12 14 16 18 20
T/a

Variational improvement: B.Blossier, et al., JHEP 04,094 (2009)

-  exploit operator redundancy (GEVP) Oy (¢) = (O; () ot (0))
1 - (] ]

C (t)[va (t,20)) = An (£, %0) C (to) vn (¢, t0)

operator weights 14
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Interpolator Construction

ID a (fm) m; MeV) L3 X N; Neg
al2Tm413  0.127(2)  413(4) 243 x 64 2124
al27m413L  0.127(2) 413(5) 323 x 96 490
a94m358  0.094(1) 358(3) 323 x 64 417
a94m278  0.094(1) 278(4) 323 x64 503

In addition to two-current (four-point)
correlator, spectral information is needed

G (B, T) = (I (1) L (0)) = 3 5 =

a7°q

efE77 (»T

15
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Interpolator Construction

ID a (fm) m; MeV) L3 X N; Neg
al2Tm413  0.127(2)  413(4) 243 x 64 2124
al27m413L  0.127(2) 413(5) 323 x 96 490
a94m358  0.094(1) 358(3) 323 x 64 417
a94m278  0.094(1) 278(4) 323 x64 503

In addition to two-current (four-point)
correlator, spectral information is needed

G (B, T) = (I (1) L (0)) = 3 5 =

a7°q

eiE"‘ (»T

Maintain short-distance factorization
(@) (z2A2QCD, z2p2)

>  high-momenta needed!

15



N

Interpolator Construction

ID a (fm) m; MeV) L3 X N; Neg
al2Tm413  0.127(2)  413(4) 243 x 64 2124
al27m413L  0.127(2) 413(5) 323 x 96 490
a94m358  0.094(1) 358(3) 323 x 64 417
a94m278  0.094(1) 278(4) 323 x64 503

In addition to two-current (four-point)
correlator, spectral information is needed

Zn, = (0| T |n)

— 2
05 (7,T) = (I (T) Tz (0)) = 2'5”1 e BT

a’q
Maintain short-distance factorization
(@) (z2A2QCD, z2p2)

>  high-momenta needed!

Poor overlap of spatially-smeared interpolators onto
boosted states G.s.Balietal, Phys. Rev. D93,094515 (2016)

p

e “« . ~ . 21
Resolution: “momentum smearing” {7, [z] = ' 7% U, [«]

= 15



0.20
0.18
__0.16
Q0,14
&
3 0.12
& 0.10
854
0.08

0.06

0.02

0.01

Cy(T)/Co(T)

0.00

R(T)

—0.01

—0.02

Select Two-Current Matrix Elements

oo
- — Fitto R(T)
| ¢ ¢ R(T) - Lattice

L p, = 0.407 GeV

Cy(T)/Co(T)

§ 10 12 14

T T

T — oo

— Fitto R(T)
| ¢ ¢ R(T)- Lattice

p, =1.220 GeV  z/a =14

5 10

T

R(T)

0.040

0.035

0.030

0.025

0.020

T — oo
— Fitto R(T)
| ¢ ¢ R(T)- Lattice
p, = 0407 GeV  z/a =2
§ 10 12 14 16 18
T
F T — oo
— Fitto R(T)
I ¢ ¢ R(T)- Lattice
p, = 1.627 GeV | z/a =1
5 10 15
T




Q Pion loffe-time Pseudo-Structure Function

R. Sufian, C.E., J. Karpie, et al., Phys. Rev. D 102 (2020) 5, 054508
R. Sufian, J. Karpie, C.E., et al., Phys. Rev. D 99 (2019) 7, 074507

0.12
I 1)) a (fm) m; (MeV) L3 x Ny Negg
0.10- T ,i] {Ql_ * al27m413  0.127(2)  413(4) 243 x 64 2124 ~——
? % E T A al2tm413L  0.127(2) 413(5) 323 x 96 490 <«——
+ [ } i O a94m358  0.094(1)  358(3) 32 x 64 417 <~—
0.08 } ﬂ B l 4 O  a94m278  0.094(1) 278(4) 323 x 64 503 <~
'

b=
[ e |

p ° Data included for
0.06 ] o  S/N ratios of unity or larger

Tr (V, z2)

o z/a =1 neglected (contact terms)

0.04+ zfa=2 e Lackofavolume average
! zJa=3 o shorter Euclidean separations to maintain
reasonable signal

¥ z/a=4
0.027 ! z/a=5 ° questiohablg resolution of excited-state
A= contamination ' R .
o i o b
0 | 5 3 A : g omenta atios degrade rapidly
14 [ matrix element constrained by few
measurements

n excited-states likely uncontrolled 17



<:> From Lattice Matrix Elements to PDFs

Matrix Element

Renormalization

two-currents
pseudo-ITD

Trivial factor [currents]
Reduced distribution

Inverse Problem

A grossly ill-posed
convolutional relationship
connecting lattice data to
desired structure function

Evolution/Matching

Coordinate-space
factorization; perturbative
matching kernels

18



From

| attice Matrix Elements to PDFs

Matrix Element

° two-currents
° pseudo-ITD

Renormalization

° Trivial factor [currents]
° Reduced distribution

4 Inverse Problem

A grossly ill-posed
convolutional relationship
connecting lattice data to

desired structure function

[ Analogous challenge faced by global fitting community! ]
fa/h (:E, /j') 3 .......................................

Evolution/Matching

Coordinate-space
factorization; perturbative
2 matching kernels

18



Matrix Element 4 Inverse Problem
° two-currents A grossly ill-posed
q pseudo-ITD convolutional relationship

connecting lattice data to
desired structure function

Renormalization Evolution/Matching

,, Coordinate-space
° Trivial factor [currents] >

factorization; perturbative
° Reduced distribution 2 matchingpkernels

How to Proceed?
A)  Parametric fits 1+ Z TP (L —2y/x)  MMHT

2 fasn (2,Q2) = Az (1 - 2)° P (x

1+ vz + 0z CJ/MSTW
\ Z(‘]Jfl
2)) Advanced reconstructions

E)) Bayesian reconstruction, Backus-Gilbert,

: J. Karpie, et al, JHEP 04, 057 (2019)
Maximum Entropy, etc L. D. Debbio, et al., arXiv: 2010.03996 [hep-ph]
b)  novel deep-learning methods K. Cichy, L. D. Debbio, T. Giani, JHEP 10 (2019) 137

CT

From Lattice Matrix Elements to PDFs

fa/h (:E, /j') 3 .......................................

0.010

18



Q Conformal Fit of Pseudo-Structure Function

Pseudo-structure function is analytic in loffe-time, but is otherwise 0.127
unknown T
° exploit a (model independent) conformal mapping - z-expansion i l3
e  supplement with corrections 0.107 ? f H‘ B T
i
0.084 *} |
= L
2 0.06-
Sy
&
0.04 zfa=2
¥ z/a=3
¥ z/a=4
0-02- } z/a _ 5
z/a=6
0.00 \ ! !
0 1 2 3




Q Conformal Fit of Pseudo-Structure Function

Pseudo-structure function is analytic in loffe-time, but is otherwise 0.127
unknown T
° exploit a (model independent) conformal mapping - z-expansion i l3
° supplement with corrections 0.107 ? f k i B .
1
) P 0.084 | l pl|
T (1/ 22) = Z Mep® + by ( — mphys) + 03a + 03 —|—.a p? + bse™” Vi) G i {
k=0 N
_— / \ 2 0.06-
Sy
_ VAT e Currents High-momentum &~ l
VVeut +V + y/Veut 004— z/az 2
¥ z/a=3
¥ z/a=4
0-02— } z/a _ 5
z/a=6
0.00 \ ! ! |
0 1 2 3 4



<:> Conformal Fit of Pseudo-Structure Function

Pseudo-structure function is analytic in loffe-time, but is otherwise 0.127
unknown
° exploit a (model independent) conformal mapping - z-expansion
° supplement with corrections 0.10
0.084
vl —
Z g + b1 (e — m2™) + Ba + @2 + @a®p? + bse "D
_— / \ 2 0.06-
S
e ¥~ e (Gl High-momentum
8 VVeut TV + \/Veut 004_
t
{
0-02 ] {
Correction b; Po p1 P2 P3 2
(mx — mBPY®) 0.174(96)  0.104(3) —0.006(3) —0.029(9)  —0.907(404)  0.124(136) 0.00
a 0.083(43) 0
22 0.0004(7) 0 1 2 3 i 5)
a?p? 0.007(8) v
e~ mn(L—z) 0.102(51) X2/d.0.f.
a2 —0.049(34)  0.104(3) —0.006(3)  —0.028(9)  —0.901(391)  0.124(135) 1.26
(@2 =T ) 0.15(12)  0.104(3) —0.006(3)  —0.029(10)  —0.926(388)  0.118(132) Bt -> Alternate corrections are subleading
Le—mn(L=8) 0.007(3) 0.104(3) —0.006(3) —0.028(10) —0.915(402)  0.121(136) 1.22 > Expansion unaffected

VLe~mm(E—8) 0.026(14)  0.104(3) —0.006(3) —0.029(10) —0.914(403)  0.121(136) 1821 19




Extraction of Pion Valence Quark PDF

N

1
T7 (g = | do KN (o 220) fo g (07

#1

Information Content

4

Physical loffe-time
Distribution (ITD)
cannot carry more
information than
original discrete data

e 30 equally-spaced and
correlated slices

e mean/covariance, and
200 Gaussian
distributed
pseudo-data samples

20



Extraction of Pion Valence Quark PDF

N

1
T7 (g = | do KN (o 220) fo g (07

#1 #2

Information Content

_ Convolution

M I

Physical loffe-time

Distribution (ITD) Numerically perform

cannot carry more convolution, fitting to

information than bootstrap samples of

original discrete data pseudo-data

e 30 equally-spaced and e two-and
correlated slices three-parameter

. phenomenological fits
e mean/covariance, and

200 Gaussian
distributed Nya® (1 — z)?
pseudo-data samples Noz® (1 — z)? (1 + 6z)

a<0 Bg<4
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/) Extraction of Pion Valence Quark PDF

1
T7 (g = | do KN (o 220) fo g (07

#1

Information Content

4

Physical loffe-time
Distribution (ITD)
cannot carry more
information than
original discrete data

e 30 equally-spaced and
correlated slices

e mean/covariance, and
200 Gaussian
distributed
pseudo-data samples

#2

Convolution

4

Numerically perform
convolution, fitting to
bootstrap samples of
pseudo-data

e two-and
three-parameter
phenomenological fits

Nya® (1 — z)?
Nyz® (1 —2)? (1 + 6z)
a<0 Bg<4

#3

Matching

4

Lack of observed scale
dependence

e assignmentin NLO
matching kernel

z=2a =0.188 fm

e initial scale

Mo = 2 GeV
as (2 GeV) ~ 0.303

20



Q Extraction of Pion Valence Quark PDF

1
T (g = | do KY (20555 fu e (o0)

#1

Information Content

4

Physical loffe-time
Distribution (ITD)
cannot carry more
information than
original discrete data

e 30 equally-spaced and
correlated slices

e mean/covariance, and
200 Gaussian
distributed
pseudo-data samples

#2

Convolution

4

Numerically perform
convolution, fitting to
bootstrap samples of
pseudo-data

e two-and
three-parameter
phenomenological fits

Nyz® (1 — x)ﬁ
Nyz® (1 —2)? (1 + 6z)
a<0 pB<4

#3

Matching

4

Lack of observed scale
dependence

e assignmentin NLO
matching kernel

z=2a =0.188 fm

e initial scale

o = 2 GeV
as (2 GeV) ~ 0.303

0.6
L qu\/w(xJLQ)N:ii NLO
0.5- % fo. /(T Mj)N:z NLO
quv/ﬂ(xvu )N:S LO
0.4+
~—~
(o]
=
&
~— 03_
£
uf*
S 021
0.1 NLO : [p§ = 4 GeV?]
LO: [p =1 GeV?]
00 I T T T
0.0 0.2 0.4 0.6 0.8 1.0
Nparam « ,8 0 X?
2 —0.17(T)sta(2)sys  1.24(22)stat(7)sys = 1.41
3 —0.22(11)stat (3)sys  2.12(56)stat (14)sys  4.28(1.73)stat(25)sys  1.29
3 —0.34(31)stat 1.93(68)stat 3.05(2.50)stat 2.2

20
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1
T (g = | do KY (20555 fu e (o0)

#1

Information Content

4

Physical loffe-time
Distribution (ITD)
cannot carry more
information than
original discrete data

e 30 equally-spaced and
correlated slices

e mean/covariance, and
200 Gaussian
distributed
pseudo-data samples

#2

Convolution

4

Numerically perform
convolution, fitting to
bootstrap samples of
pseudo-data

e two-and
three-parameter
phenomenological fits

Nyz® (1 — m)ﬁ
Nyz® (1 —2)? (1 + 6z)
a<0 pB<4

#3

Matching

4

Lack of observed scale
dependence

e assignmentin NLO
matching kernel

z=2a =0.188 fm

e initial scale

o = 2 GeV
as (2 GeV) ~ 0.303

quv/w (*ra MQ)

>

Comparison with Experiment

0.6
N Aeher et ol P 105 250008 oty I f, (%, )ncs w0
0.54 & fo (2, B*)N=2 NLO
& fo (2, p)N=3 LO
¢ E615
0.4 E615 (ASV)~

0.3

0.2

0.1

0.0 | \

NLO : [/1,2 =27 Ge%\’z]
LO : [p? =27 GeV?]

0.0 0.2 0.4

X

0.6 0.8

Broadly consistent w/ experiment
o 3-parameter NLO fit structurally similar to ASV
reanalysis (soft-gluons in partonic cross section)

Importance of NLO kernel

Higher loffe-times to discriminate functional forms

20



< - Matrix Elements of Non-Local Parton Bilinears

A matrix element of a
distinct character

M (p, 2) = (h ()] % (2) " ({2,0}) ¥ (0) [ (p)) = 20" M (v, 22) +22°N (v, 2?) v

21



<=/ Matrix Elements of Non-Local Parton Bilinears

A matrix element of a —
distinct character M (p7 Z) = <h (p)| 1/} (Z) F)/aq),(éf) ({270}) 1/) (0) |h(p)> = 2paM (V7 22) aF 22(1/\/’ (Va 22) 7

Light-cone PDF

Unpolarized leading-twist PDF
defined in terms of £, k|
integrated parton correlator

loffe-time Distribution (ITD)

1
M(p*2,0),0 = Qi) = [ dz e fyyn (@.1)

V.Braun et al., Phys.Rev.D 51 (1995) 6036-6051



O Matrix Elements of Non-Local Parton Bilinears

A matrix element of a

ot charmstor M® (p,2) = (h )] B ()72 ({2,019 (0) |h (p)) = 25°M (1, 22) + 22N (1, 22)

Light-cone PDF

Unpolarized leading-twist PDF
defined in terms of £, k|
integrated parton correlator

2
P = (pﬁ;nPOL)
O‘:(O,z_,OL) o=+

loffe-time Distribution (ITD)

1
M(p*2,0),0 = Qi) = [ dz e fyyn (@.1)

V.Braun et al., Phys.Rev.D 51 (1995) 6036-6051

Pseudo-PDF

Generalization of light-cone PDFs
onto space-like intervals; Lorentz
covariant parton momentum fraction

Frame amenable to calculation in
Lattice QCD

¢ = (EaOJ_apz)
2% =1(0,0,,23) a=0

loffe-time Pseudo-distribution (pseudo-ITD)

1
M (p-23,23) :/ dz e P (z,23)
1

A. Radyushkin, Phys.Rev.D 96 (2017) 3,034025

Il

21
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< More on Pseudo-ITDs

Pseudo-ITD has support

only on canonical interval
A. Radyushkin, Phys.Lett.B 767 (2017) 314-320

1

M (pzz;),,zg) = / dz e P (m,zg)

—1

lL FT along constant z3

oo

P (0,8) = 5 / dv e~ IEIER)

p, -

pseudo-PDF

22



Q More on Pseudo-ITDs

V. Quasi-PDFs

5 _ dzs .-~
Pseudo-ITD ha; SUPPOrt e, > fa/h (x,pz, MQ) — / o “pz2s My (p,, 23)
only on canonical interval

A. Radyushkin, Phys.Lett.B 767 (2017) 314-320

1

M (Pz237232,) = / dz e P (m,zg)
! Space-like Wilson line acquires additional UV divergences

lL ET along constant 23 A. Polyakov, Nucl.Phys.B 164 (1980) 171-188
—A
) 1 [ _ , Ziink (23, @) ~ e~ H=l/a
P(x, 2 :—/ dv e ""* M (v, z : .
(2 23) 2 J_ oo (25) e loffe-time independent
/ V.S. Dotsenko, S.N. Vergeles, Nucl.Phys.B 169 (1980) 527-546
pseudo-PDF e  Multiplicatively renormalizable

T. Ishikawa et al., Phys.Rev.D 96 (2017) 9,094019
X.Jietal, Phys.Rev.Lett. 120 (2018) 11, 112001
J.Green et al., Phys.Rev.Lett. 121 (2018) 2,022004

22
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V. Quasi-PDFs
Pseudo-ITD has support

only on canonical interval
A. Radyushkin, Phys.Lett.B 767 (2017) 314-320

1
M (pzz;:,,z%) = / dx e™*P (m,zg)

—1

lL FT along constant z3

P (z,23) = %/ dv e "M (V, 23)

pseudo-PDF

In z§ contributions generate perturbative
evolution of collinear PDFs

M (v, 2%) = {5(1 —u)— O‘;CF /01 du [ln (M) B(u)+L (u)] } Q (uv, p?) + O (2*Adcp)

™

More on Pseudo-ITDs

~ ~ dZ3 _izp,»
fa/h (x7p27ﬂ2) :/4—36 b= 3]\44 (p27z3)

Space-like Wilson line acquires additional UV divergences
A. Polyakov, Nucl.Phys.B 164 (1980) 171-188

Ziink (23, ) ~ e~ Al7l/

e |offe-time independent
V.S. Dotsenko, S.N. Vergeles, Nucl.Phys.B 169 (1980) 527-546

e Multiplicatively renormalizable

T. Ishikawa et al., Phys.Rev.D 96 (2017) 9,094019
X.Jietal, Phys.Rev.Lett. 120 (2018) 11, 112001
J.Green et al., Phys.Rev.Lett. 121 (2018) 2,022004

22



< ) Nucleon Pseudo-ITDs - Numerical Study

Distillation - chosen spatial smearing scheme
M. Peardon et al., Phys. Rev. D80, 054506 (2009)

° low-rank approximation of a gauge-covariant
smearing kernel

Jom, =€V =35 e AN
Rp
O(Z,7: )0 = 3 8 (@,1) 67 (7,4)
[h=il

23



< ) Nucleon Pseudo-ITDs - Numerical Study

Crun (8) =Y (01 O (2, ) OF, (0,7 |0)

Distillation - chosen spatial smearing scheme Z,9
M. Peardon et al., Phys. Rev. D80, 054506 (2009)

° low-rank approximation of a gauge-covariant
smearing kernel

Tom, =€V =35 e AV (A

Z g(k) k)T 7,t)

23



()

Distillation - chosen spatial smearing scheme
M. Peardon et al., Phys. Rev. D80, 054506 (2009)

° low-rank approximation of a gauge-covariant
smearing kernel

Jom, =€ =35 e N (A|

Rp
0@, 5.04= > &8 (@1 7.4)
k=1

T (b5, t0) = EWT (8) M5 (t5,10) €Y (f0) e e
(i){’/.:wfw./d (“ e fi/f/(' (D] ﬁ‘ ) a {D‘£ 7) )"’ ( Diifr’]‘” )' {tf}f}‘/,,m

Nucleon Pseudo-ITDs - Numerical Study

Crun (£) =Y _ (0[O (¢, Z)OF)(0, 7) |0)

z,y

= Tr[®,, () ®7(¢,0)7(£,0) 7 (¢,0) @ P, (0)]

“Perambulators”

VO

“Elementals”
Irrep. projection

23



O Nucleon Pseudo-ITDs - Numerical Study
Crun (£) =Y _ (0[O (¢, Z)OF)(0, 7) |0)

Distillation - chosen spatial smearing scheme Z,9

M. Peardon et al., Phys. Rev. D80, 054506 (2009) _
° low-rank approximation of a gauge-covariant =1r [@m (t) e (t’ O) T (t’ 0) T

smearing kernel

Jyn, =€V = —oA | A) (A
. Mg (4 Z)\e | >< | | (ff / ) é-/); (ff> 7\[ ( f(])& (f“)
0@, 5:0)= Yt (@067 (7,1) . R s

k=1 (b/”./',ﬁ” ([) — (” (Dg ) (D'jf"/)) (/ ) (YL) - o

“Elementals”

“Perambulators”

Irrep. projection

Distillation induces expensive

lized bulator (“ "
generalized perambulator (*genprop”) e Space-like Wilsonine @
=,k _
=) (T, Tosm, 28) = Y €07 (1) D3 (77, 7) [ .4]0[,@(” (25,01 D o3 (. To) €% (To) @
z3

Unpolarized PDFs

(t,0) ® @y, (0)]

23



<:> Nucleon Pseudo-ITDs - Numerical Study
N Con (8) = >_ (010w (&, D010, 7) 10)

Distillation - chosen spatial smearing scheme z,g
M. Peardon et al., Phys. Rev. D80, 054506 (2009)

° low-rank approximation of a gauge-covariant
smearing kernel

Jom, = e’V = Do e 7 [A) (Al

Rp
> — - k -
O, 7, 0ey)= > &8 (2,1) M7 (7,1) e @
k=1

/

= Ty [@,, (£) ® 7 (£,0) 7 (£,0) 7 (£,0) ® By, (0)]

“Elementals”
Irrep. projection
Distillation induces expensive
(H ") @
=,k l 4 f)
= )(TfaTo,T z3) = ) £V (Ty) Doy (Ty, ) [ ]qu)( ({23,0}) 8 (1, T0) €W (Ty) e e
z3
' Unpolarized PDFs
JLab/WM/LANL 2+1 Flavor Isotropic Lattices Parameters/Statistics
2m
D f MeV) L3 x N; Netg Newss N tep/a | p: (xF) | z/a
a(m) mw( € ) i cfg srcs vec 16 .14 05T %6 ST

3
a094m358 0.094(1) 358(3) 32° x 64 349 4 64 0.38,--1.32 fm | 0,0.411,---,2.47 GeV | 0,0.094,---,1.13 fm 23




< ) Obtaining the loffe-time Pseudo-Distribution

Correlation functions needed:
Cs (p=,T) = (N (=p=, T) N (p-,0 =ZIA ? e EnT

C3 (p2, T, 7;23) = Z(N(—pz./T) (’)Q,‘ﬂ (23, 7) N (p2,0))

Z3

= D WIn') (nlW) (0| O (z3,7) [ €= P T = BT

/
n,n’,z3

24



<J Obtaining the loffe-time Pseudo-Distribution

Correlation functions needed:

_ _ 2 _—E.T . .
C2 (p=, T) = (N (=p=, T) N (p=,0)) = Z [An|"e Like two-currents, pseudo-distributions
require a short-distance factorization
> high momenta!

C5 (p=, T, 73 25) = 3 (N (=p2, T) OF3) (23, 7) N (p2, 0))

z3 C. Egerer, et al., Distillation at High Momentum,

Phys. Rev. D 103 (2021) 3, 034502
= 3 W) (i) () O (25, 7) ) e B ()T e e

n,n’ 23 Union of Distillmam’-c"i-gﬁ-;nd Momentum
Smearing ideas

24



Q Obtaining the loffe-time Pseudo-Distribution

Correlation functions needed:

— e 2 _E T . . . .
C2 (p=, T) = (N (=p=, T) N (p=,0)) = Z [An|"e Like two-currents, pseudo-distributions
require a short-distance factorization
> high momenta!

C5 (p=, T, 73 25) = 3 (N (=p2, T) OF3) (23, 7) N (p2, 0))

23 C. Egerer, et al., Distillation at High Momentum,
_ . Phys. Rev. D 103 (2021) 3, 034502
= Y (W) (nfN) (0| OFH (25, 7) [n) e Bt (T =BT Y ( __________ )
n,n’,z3 Union of Distillation and Momentum
Smearing ideas
) . @
Matrix element from ratio of
correlators Construct Reduced Distribution (reduced pseudo-ITD)
K. Orginos, et al., Phys. Rev. D96,094503 (2017)
T—1
R(p.,23;,T) = — M(v,23) = ————5~
(p- ) T/za;1 Cy (p2,T) (’ ..... ) ..... M, (0, 22)
2
L. Maiani et al,, Nucl. Phys. B293 (1987) e e _ M % My (0,0) [p=0,25=0
C. Bouchard et al., Phys. Rev. D 96, no. 1,014504 (2017) ' ' M, (v,0) |25=0 M, (0, 22) |p—o
Local vector current in zero
Ret (psy 23;T) = A+ My (ps, 23) T + O (e 2FT) sep. limit

(not conserved) 24
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ni
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E

0.08

0.07F

0.06

0.05

<:> Selected Matrix Element Extractions

- B Fit T/a € [4,14] 0.12} B== Fit T/a € [4,14]
Fit T/a € [6,14] Fit T'/a € [6,14]
- —— Fit T/a € [8,14] 0.10f —— Fit T'/a € [8,14]
R(p.,z3;T) R(p.,z3;T)
b & 0.08
“’,
s
= 0.06
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Q Evolution and Scheme Conversion

14 u?
1—u

L(u) = [4111{1__““) _o(l—uw)

Matching reduced pseudo-ITD to ITD requires a B (u) = (

. . . —+
continuous deSCI’IptIOﬂ

RIS

T. lzubuchi, et al., Phys.Rev. D98 (2018) no.5, 056004

a,Cr 1 627E+122M2 A. Radyushkin, Phys.Lett. B781 (2018) 433-442
Q (v, %) =M (v, 2°) + / du [m <—> B (u) + L(u)] M (uv,2%) A Radyushkin, Phys. Rev. D 98 (2018) no.1,014019
™ 0 4 J-H. Zhang, et al., Phys.Rev. D97 (2018) no.7,074508
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Q Evolution and Scheme Conversion

Matching reduced pseudo-ITD to ITD requires a
continuous description
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Unpolarized loffe-time Distribution
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Re Q(v, 11*)

)

PDFs from loffe-time Distribution Fits

1.0+ e Qe b 2=
. ° . Re Q(v, p?)i3 ¢ 2=7
.;; z—1 ¢ =2=38
0.8+ P\’ z= b 2=
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Q2:=a,6#0 P((z)=1
—0.21 Qs:=a,0#0 P(zx)=1+dz
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1
Re Q (1/, ,uz) = /o dx cos (vr) ¢y (a:,,uQ)

lll-posed ITD - PDF relation

A)
B)

C)

Supply extra physically motivated information

Parametric fits (model bias - i.e. functional forms
& at what stage)

¢ (z) = Nyz® (1 — 2)° P (2)
Smooth function to connect nominal behavior

Pz)=1+) Ma*tD/2
k

k+1
NV:B(Q+1,5+1)+Z/\kB(a+1+ - ,5+1>
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D)

2
Least-squares fit to matched ITD
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Q PDFs from loffe-time Distribution Fits
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\_/\, PDFs and Phenomenological Comparison
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< -~ Summary and Outlook

Hadronic structure accessible from certain lattice calculable matrix
elements
>  short-distance factorization
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Summary and Outlook

Hadronic structure accessible from certain lattice calculable matrix
elements
>  short-distance factorization

Pion valence quark PDF from vector-axial currents
> global analysis of pseudo-SFs from four ensembles
> broad consistency with available experimental data
> systematics outstanding
o discretization/excited-state effects

Nucleon valence (plus) quark PDF
> distillation (+phasing) - precise pseudo-ITDs & PDFs
>  systematic effects can be reliably addressed

Each faces an inverse problem
> (most common) regularization through parametric forms
> (more sophisticated) parameterize systematic effects

simultaneo US|y C.E., R. Edwards, C. Kallidonis, et al., Towards High-Precision Parton Distributions
From Lattice QCD via Distillation, To Appear Soon.
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<:> Distillation

M. Peardon et al., Phys. Rev. D80, 054506 (2009)

Low-rank and non-iterative approximation of a
gauge-covariant smearing kernel

Tom, =€V =35 e AV (A
Rp

O, i) = O &P @) 677 (7,1)
k=1
Wick contract distilled (smeared) fields

G ) = Z (0] O (t, ) OF, (0, %) |0)
| =Tr[®, (t) ®7(t,0)7(£,0) 7 (t,0) ® D, (0)]

“Perambulators”

e @ T (tg,t0) = EWT (t) M ] (tf,%0) €V (to)
(I)(/ J,k) (TL) - u[u ( E(l;) (sz(/ ) ( E ) ()/S//wr

/II(T

“Elementals”
Irrep. projection



[ ) Distillation

M. Peardon et al., Phys. Rev. D80, 054506 (2009)

Low-rank and non-iterative approximation of a
gauge-covariant smearing kernel

Tom, =€V =35 e AV (A
Rp
O(Z,7: )0 = 3 8 (@,1) 67 (7,4)
k=1

Wick contract distilled (smeared) fields

Dl (1) = ; (0] Oy, (¢, %) O (0, ) |0)

=Tr[®,, (t) ®7(t,0)7(¢t,0) 7 (¢,0) ® @, (0)]

“Perambulators”

“Elementals”

1000

]
2
T

= o 9~ BT 5P ae 2 ST 3 AR [ARE g 3

L. Liu, et. al., JHEP 07, (2012) 126

Admits efficient implementation of
variational method

-  low-lying meson spectrum/exotic
hadrons
R.Briceno et al., Phys.Rev.D 97 (2018) 5,054513
J. Dudek et. al., Phys.Rev.D 88 (2013) 9, 094505

J. Dudek et al., Phys.Rev.D 87 (2013) 3,034505
J. Dudek, et. al., Phys. Rev.D83, 111502 (2011)

/
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Q Distillation and Momentum Smearing

Distillation affords improvement over
conventional smearing kernels
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C.E., D. Richards, F. Winter, Phys. Rev. D 99 (2019) 3,034506



/ <:> Distillation and Momentum Smearing

Boost to
high-momenta
Distillation affords improvement over i Limited utility in structure studies without
conventional smearing kernels momentum smearing idea
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<:> Distillation and Momentum Smearing

Boost to
high-momenta
Distillation affords improvement over d Limited utility in structure studies without
conventional smearing kernels momentum smearing idea
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<:> Distillation and Mom

high-momenta ;

Mg

Distillation affords improvement over
conventional smearing kernels
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C.E., D. Richards, F. Winter, Phys. Rev. D 99 (2019) 3,034506

] 1.
2.

Preserve symmetries of lattice & resultant little groups
Minimize number of additional eigenvector bases

&P (7,1) = 7 (2,1) .o
¢=2- T 2

C. Egerer, et al., Distillation at High Momentum,
Phys. Rev. D 103 (2021) 3, 034502

Union of Distillation and Momentum
is feasible

Phasing/GEVP improves boosted overlaps



Q Regularization via Orthogonal Polynomials

Arise as solutions to many differential equations
e span a space of functions (e.g Fourier series)
e phenomenology MMHT/CT
L.A. Harland-Lang et al., Eur. Phys. J. C75, 204 (2015)
e distribution amplitudes

G. Bali et al., Phys. Rev. D 98,094507 (2018)
G.Balietal.,, JHEP 08,065 (2019)
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e phenomenology MMHT/CT
L.A. Harland-Lang et al., Eur. Phys. J. C75, 204 (2015)
e distribution amplitudes

G. Bali et al., Phys. Rev. D 98,094507 (2018)
G.Balietal.,, JHEP 08,065 (2019)

Jacobi (hypergeometric) polynomials

Pl (2) = T'(a+n+1) Z”: a+ﬁ+n+]+1) z—1\’
nll(a+B+n+1) = F'la+j+1) 2
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Interval Metric Validity
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Q Regularization via Orthogonal Polynomials

Arise as solutions to many differential equations A convenient change of variables: z+—1—-2z
e span a space of functions (e.g Fourier series)
e phenomenology MMHT/CT 2o () = z”: T(a+n+1) W\ (1T (a+B+n+ji+1)
L.A. Harland-Lang et al., Eur. Phys. J. C75, 204 (2015) n — n'T (a +B8+n+ 1) T (a +j+ 1)
e distribution amplitudes N -
G.Balietal,, Phys. Rev. D 98,094507 (2018) @B
G. Bali et al., JHEP 08,065 (2019) “n,j
Jacobi (hypergeometric) polynomials | I |
IF'(a+n+1) = (@+B+n+j+1) (21}’ B
(@.B) : @l _ _
B0 () = nl(a+B+n+1) ;() T(a+j+1) ( g > : z € [0,1] 2% (1 - ) a,f>—1
| : Interval Metric Validity
zel-1,1 1—2)%(1+2 | . Flexibility of PDF functional form captured
| | ( " ’ p . without bias via {Q(®#)}
Interval Metric Validity
1 5 (a B)
[ 42027042 PeD ) P () = bumbn () T > claair ) o



() Regularization via Orthogonal Polynomials

Model-independent expansion must be truncated

e Dbiasintroduced
o ideally bias less than pheno. forms

e study this bias:
o fix truncation orders, find optimum {«, 8}
o fix basis {a, S}, optimize truncation



Q Regularization via Orthogonal Polynomials

Model-independent expansion must be truncated Establish direct matching between reduced

. pseudo-ITD and PDF
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o ideally bias less than pheno. forms >  avoid bias/artifacts in evolution/matching (e.g.
e study this bias: polynomial fit of pseudo-ITD)
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Q Regularization via Orthogonal Polynomials

Model-independent expansion must be truncated Establish direct matching between reduced

. pseudo-ITD and PDF
e Dbiasintroduced

o ideally bias less than pheno. forms >  avoid bias/artifacts in evolution/matching (e.g.
e study this bias: polynomial fit of pseudo-ITD)

o fix truncation orders, find optimum {«, 8} .

o fix basis {«, 8}, optimize truncation ol (v, 22p?) = /O dz Ky (zv, 22p2) 2% (1 — 2)P QP (2)

1
777(:)4,/3) (y, z2,u2) = / dz K (231/, z2u2) (1 - m)ﬂ ng"'g) (2)
0

foe} k
_1 fe .
U,(;”’ﬁ) (1/, z2u2) = Z ((2163' Cok (z2u2) wf,,;]‘ﬁﬂ)B (a+2k+j+1,8+1) p2k

aC e2ve+1
L= (= N , : ™ [ ;
&P (v, 2p?) =D Q(k +)1)'C2k+1 (z°n?) w,(w?mB (a+2k+j+2,8+1) v e

Leading moments of the Leading moments of the scheme
Altarelli-Parisi kernel matching kernel

J. Karpie, K. Orginos, S. Zafeiropoulos, JHEP 11, 178 (2018)



< Parameterization of Systematic Effects

Reduced pseudo-ITD Re M (v, 22 ZJ (v, 2212 C“,E“*’”
expansion in Jacobi fo ‘

polynomials
Jm M (v, 22 Z,, %8) (v, 222) O ()
n=0



Q Parameterization of Systematic Effects

Reduced pseudo-ITD Re M (v, 22 Za(aﬂ (v, 2% )Citéa,ﬁ)
expansion in Jacobi "

polynomials
Jmmlt V Z Zn @ [‘3) I/ Z N’ Cif})’(l,ﬁ)
n=0

e subject to systematic corrections
o discretization effects
o higher-twist effects

Selection {«, 8} is merely a choice of basis
e any contaminating effects describable by same
basis

Re MeOTT (7/ . ) = Keorr Z O_((x ﬁ)C‘(;o:;r (e, 3)

=1l

Jm m( orT K/cor'r Z Mo B) CCOTT (a,)

n=0

O(a/z) llll "“‘“'“"'O(ZQAZQCD)H



O Parameterization of Systematic Effects

Reduced pseudo-ITD
expansion in Jacobi -

polynomials o0
Jm mlt (V, 22) — Z 777(1(!,5) (l/’ 22M2) C
n=0
e subject to systematic corrections
o discretization effects
o higher-twist effects
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e any contaminating effects describable by same
basis
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Jacobi Polynomial Parameterization with
Corrections

a6 (v) O3l
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Discretization

Jacobi Polynomial Parameterization with
Corrections
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Jacobi Polynomial Parameterization with
Corrections
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Discretization X oo 3 s S o5 ;
Re M, (v,2%) = 3 ol0? (v,222) CLA) + (B) 3™ 01” (v) ozl

Twist-4 n=0 =1
> leading correction to factorization DN 6) 4 (v, B) 4454 ﬁ) t6 (o, 8
9 +ZA ZUO’I? C\f/nd +'°A ZUOH Cvrza/)

=il n=1

~ P — / It (a, a o, az (o,
Jm Mg (V7 22) = Z T/‘S:,a,ﬁ) (V: 22/12) C—;ﬁ: £ + (;) }(() n 2 (l/) C+z7$ 2L
n=0 n=0

o, t4 (o, 3) a,3 t6 (o, 8
+ G Y &P () O + A hdop Y ne? () CE )

n=0 n=0



[ ) Jacobi Polynomial Parameterization with

f .
Corrections

8

(o,B) (l/) C\r]zzﬂ(a[ﬁ)

Discretization X oo 3 -
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> |eading correction to factorization i z2A2 Z"O 776) C\t,4na B) 4 z4A4 ZUO nﬁ) Cz‘/(yna B)
) n=1 n=1
E=e 2) _ N (@) (4 12,2) O (@) @8) () 9z (@)
> large effect at large loffe-times ImMae (v, 2%) = > 0P (v, 2202) €L + ( ) ZTO n Cim
> likely beyond data =0 . =0 »
+ D> s () A + > i () e
n=0 n=0



O Jacobi Polynomial Parameterization with
Corrections

Discretization i 0 - AP Q (0B) (@.5)
Re N (y,z ) = Zon ) (V,z " )Cv,n w4 (;)Z To.n (v )Cv,n '

Twist-4 o ot
> |eading correction to factorization i zzAz Z o 7;6) C\t,élna B) 4 z4A4 Z o nﬂ) C\t[bna B)
Twist-6 o0
i T 2y — @, 2,2 Ut (o, 8) a (e, 8) az (a,3)
> large effect at large loffe-times Tm M (v,2%) = D _m P (v, 220%) L + (;) Mo (V) Cin
> likely beyond data =0 n=0
+ ZZA%QC Z n(mﬁ) (v) Cf’flaﬁ) + z4A4 Z n(a ﬂ) ( B)

n=0

Strategy of parametric fits with Jacobi polynomials
1. fix order of truncation, search for optimal expansion coefficients

2. establish polynomial hierarchy
a. preference given to low-order polynomials
b. restrict x-space contaminating distributions to be
sub-leading to leading-twist PDF
C. Bayesian priors (gaussian)

3. separability of non-linear optimization



O Jacobi Polynomial Parameterization with
Corrections

Discretization 5 = (a.f) 2 o\ it (a,B) L (@ (a.B) (c.8)
Re My (y,z ) :Zan’ (V,z " )Cvm J +<;)Z To.n (v )Cv,n '

Twist-4 o ot
> |eading correction to factorization i zzAz Z o 7;6) C\t,4na B) 4 z4A4 Z o nﬁ) C\t[bna B8)
Twist-6 oo o
~ It (o, a ; ;
> large effect at large loffe-times Jm Mg, (v,22) = Y 0l (v, 222) CF () + (;) i (v) €D
> likely beyond data =0 n=0
+ ZzAéo Z n(a ﬁ) (v) Cil’flaﬁ) + z4A4 Z n(a ﬁ) ( ,B)
=0
Strategy of parametric fits with Jacobi polynomials ”U

1. fix order of truncation, search for optimal expansion coefficients
Jacobi polynomial basis are only non-linear terms

2. establish polynomial hierarchy Separable non-linear optimization — variable projection
a. preference given to low-order polynomials
b. restrict x-space contaminating distributions to be
sub-leading to leading-twist PDF G. Golub and V. Pereyra, SIAM Journal on Numerical Analysis 10,413 (1973)
C. Bayesian priors (gaussian)

3. separability of non-linear optimization



<:> Optimal Fit for Valence PDF

(07
|

5 o

It Yt Yt vaz 4 td td 6 16
C:l C:2 03 Cl Cl 02 03 Cl 02

1.00 10 0 »
0.98+ \\ 0.8 o
0.0 0.8 "
0.96- \ | * 5
| N\ N | o
0 2 0 2 0.0 25 5 e
1.0 10 o » |
t
Y cl
S 0.5- 0.5- ot
g 54 ;
505 * )
8 0 0- -
14
} .0 ; . ‘ C!
0 5 0 5 0 5 0 10 (o
L0 1.0 .0 ) CQ
: . _ ’ o
16
0.5 .5 0.5 0.51 !
CLe
004 ¢ } 0.0 3 } 0.0 } + 0.0
0 00 0 0 " : _”




O Valence Quark PDF and Leading-Twist ITD
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<:> Optimal Fit for Plus PDF
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O Plus Quark PDF and Leading-Twist ITD
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Effective Energies

By _ L Co (p,T)
B (T) = g In (Cz (ﬁ,T+6T)>
1.4 1 EO [pz:O] E() [p,g:?)] 1.4 -
{ Ey [p. = 1] Ey[p, =4
1.2 1 Ey [pz = 2] ]\7253%+ 1.2
1.0- L
=
&3
=
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0.6 7 =33 III}II ........... I } 1 [ 0.6 -
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T _
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<:> Hadron Structure - Parton Correlations

\.

Soft dynamics of a composite hadron given generically in terms of parton correlations

o~ = IND\DY d4z oz - [z z z z
3 : i P8 = [ e (P 40015 (5) T (15, -51) ¥ (-3) 1 (P~ §.)
\“e/ W —
) z/2
P—AJ2 P+A/2 P exp (zg/_z/Zdn A5 (n)%)
> >
Accessed experimentally in collider or
fixed-target experiments Quantify numerous aspects of a hadron’s
>  kinematics: non-perturbative structure
M? _ :
pt= (PJF’—QP}LOT) k= (@P* k™ k) e collinear/transverse parton momentum

Integrated parton distributions distributions

> k- integration: partons restricted at zt =0
> k- integration: collinear distributions s  OAM/spin contributions
o light-like separations z~ #0

o ,u2 scale dependence (RG equations)

¢ coordinate/impact parameter distributions

¢ mechanical properties - shears/pressures



Q LCS - PDF NLO Matching

LolEeE ozsC’
Knro (v, 2%, 1%) = 3 — [K(O) F{%‘(l » 1 [K(l D () In [_Z2N2627E/4ﬂ}]

v

Scheme/op. dep. Scale dep. of LCS
K© (1) = 2vcosv
/—— 1] 2
1 2In (1 — — 1
R (y):21// dy cos (yv) —5(1—y)—( n(l-y) y —3y+ )
0 p L= h iR o L

1 2
1
KOD (1) |= —21// dy cos (yv) ( Ty >
0 +

1—y




< ) Stability of Two-Current NLO Matching Kernel

—0.2+
Convolutions represent difference between PDF and two-current —0A-
LCS matrix elements ’
i dl‘ 8 _ 2
K@D (1) ® fou/m (MQ) :/O - KO (1) ooy (@, 2) 0.6 /\/\—/
&=
1.2 37087
’ — Nz ’OJ(l ) Q
Nz 5(1 — z)? = —L.0+
1.0+ - 7017<1 )12 \é
2702(1 — 2)212(1 4 4.282) 1.2
0.8 144 — Nz7%5(1-21)
; =L Nz 700(1 .L‘)2
g —— Nz 0171 — )12
0.6 —1.6
= \ Nz 022(1 — 2)%1%(1 + 4.28%)
~

0.4+

0.2

0.01

0 5 10 15 2

Structurally similar; roughly opposite effect
> most significant for largest loffe-times numerically accessible

Coordinate space matching is mild and numerically stable
> no large logarithmic corrections or divergent behavior

Entire NLO kernelis O (aQver entire range of loffe-time



<_§:> Areas for Improvement: Two-Current LCSs
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O Nucleon Interpolators with Distillation

Generic light-quark nucleon interpolator

smeared with distillation O; (t) = ¢ (D10w); (Dd)'B (D3w) ! (t) S; S
e derivatives to extend angular ~_ Dirac structure/covariant derivatives

mMomenta

Discretized continuume-like interpolators Op = (~7:79(F) ® Sp(s) ® D77(D)) {16203}
of definite permutational symmetries

il =

(M@ (AN, eDPL )7"=3" = N2p, 1T N@SHL L gP

(Generally) Continuum spins reducible under octahedral group

C. Thomas, et al., Phys. Rev. D85, 014507 (2012)

Canonical subductions C. Thomas, private communication

Helicity subductions

>  spinors/derivatives combined into object of
definite JP

o) =Y s ot

7 ]* ﬁx[ "5 ]T
) = ST (07"

R. Edwards, et. al,, Phys. Rev. D84, 074508 (2011) [ Au (D) Z A (7)
J. Dudek and R. Edwards, Phys. Rev. D85,054016 (2012) A=A

|

: >  boost breaks O,IL’ symmetry to little groups
i JE (J) JE m
i 0" @) = S ol @]
[
[
[
[

>  subduce into little groups



N

Variational Method

Exploit redundancy of interpolators in a symmetry channel

Optimal linear combination to project onto |n)

C(t) (% (t, to) = )\n (t, to) C(to) (% (t,to)

| Cy (') = (05 (#) O (0))

Fixed £y and solved for £ >t

Solutions yield (organized by |\, (¢,t0)]|)
e “Principal correlator” An (t,t) ~ e Enlt=to)

Interpolator weights :
° P welg O;ptT _ Zl vi (t,to) (9}L

’UL, C () vn = 0nw'n



