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Inclusive DIS

• Large momentum transfer, Q ≫ ΛQCD, provides a probe 

to “see” quarks/gluons indirectly. 

• Collinear factorization:     
overall corrections suppressed by  

• Not sensitive to confined motions at a hadronic scale.

� / H(Q)⌦ �a/P (x, µ
2)
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Semi-inclusive DIS

• An additional and adjustable momentum scale, PhT. 

• Flavor dependence by selecting different type of 
observerd hadron: e.g. pions, kaons, …   

• Enable us to explore the emergence of color neutral 
hadrons from colored quarks/gluons.

Lepton-Hadron Deep Inelastic Scattering
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Figure 8: Sketch, not to-scale, of kinematical regions of SIDIS in terms of the produced
hadron’s Breit frame rapidity and transverse momentum. In each region, the type of sup-
pression factors that give factorization are shown. (The exact size and shape of each region
may be very different from what is shown and depends on quantities like Q and the hadron
masses.) In the Breit frame, according to Eq. (9.7), partons in the handbag configura-
tion are centered on y ⇡ 0 if �k

2

i
⇡ k

2

f
= O

�
m

2
�
. The shaded regions in the sketch are

shifted somewhat toward the target rapidity yP,b (the vertical dashed line) to account for
the behavior of Eq. (9.1) when zN and xN are small.

R1 ⇡ 0.8 for kaons. If R1 ⇡ 0.8 is taken to be large, then confidence that one is in the
current region deteriorates. The flavor of the final state hadron has little effect on the
transverse momentum hardness, R2, from Eq. (8.16). From Fig. 11 (a) and Fig. 11 (c) flavor
dependence is only noticeable at low Q and even then the effect is small. To summarize,
the produced hadron mass affects collinearity R1 significantly, but does not appear to be a
primary factor in determining transverse hardness R2.

Within a specific example, collinearity R1 and transverse hardness R2 have helped us
to map out the current kinematic region (small R1) and to separate the "small" from the
"large" transverse momentum regions (small R2 vs large R2). The former will reasonably
correspond to a region where we expect TMD factorization to apply, while for the latter
a collinear factorization will be appropriate. At this stage, one might wonder whether
a LO calculation could be enough or whether higher order perturbative corrections are
necessary. This is where R3 comes into the game: large R3 coupled with large R2 signal a
large qT region where presumably higher order pQCD corrections are relevant, while small

– 27 –

Sketch of kinematic regions of the produced hadron

!"#$%&'()&*+(,-./012310450336PhT is defined in the photon-hadron frame

PhT ⌧ Q
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SIDIS Kinematic Regions

 = PhT / z
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Structure Functions
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18 structure functions F(x, z, Q2, PhT),  
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Figure 1: Definition of azimuthal angles for semi-inclusive deep inelastic scattering in the target
rest frame [28]. Ph⊥ and S⊥ are the transverse parts of Ph and S with respect to the photon
momentum.

have nonzero components g11
⊥ = g22

⊥ = −1 and ε12
⊥ = −ε21

⊥ = 1 in the coordinate system of

Fig. 1, our convention for the totally antisymmetric tensor being ε0123 = 1. We decompose

the covariant spin vector S of the target as

Sµ = S‖
Pµ − qµM2/(P · q)

M
√

1 + γ2
+ Sµ

⊥ , S‖ =
S · q
P · q

M
√

1 + γ2
, Sµ

⊥ = gµν
⊥ Sν (2.6)

and define its azimuthal angle φS in analogy to φh in eq. (2.3), with Ph replaced by S.

Notice that the sign convention for the longitudinal spin component is such that the target

spin is parallel to the virtual photon momentum for S‖ = −1. The helicity of the lepton

beam is denoted by λe. We consider the case where the detected hadron h has spin zero

or where its polarization is not measured.

Assuming single photon exchange, the lepton-hadron cross section can be expressed in

a model-independent way by a set of structure functions, see e.g. refs. [29, 30, 27]. We use

here a modified version of the notation in ref. [27], see appendix A, and write1

dσ

dx dy dψ dz dφh dP 2
h⊥

=

α2

xyQ2

y2

2 (1 − ε)

(

1 +
γ2

2x

)

{

FUU,T + εFUU,L +
√

2 ε(1 + ε) cos φh F cos φh

UU

+ ε cos(2φh)F cos 2φh

UU + λe

√

2 ε(1 − ε) sin φh F sinφh

LU

+ S‖

[

√

2 ε(1 + ε) sin φh F sin φh

UL + ε sin(2φh)F sin 2φh

UL

]

1The polarizations SL and ST in [27] have been renamed to S‖ and |S⊥| here. This is to avoid a clash

of notation with section 3, where subscripts L and T refer to a different z-axis than in Fig. 1.

– 3 –

Need to know the photon-hadron frame
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Kinematic variables are smeared so much due to QED radiations

Kinematics experienced by the parton could be very different from those reconstructed 
from observed momenta: l, l’, P, Ph

Virtual photon direction is also smeared trouble with “photon-hadron frame”
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Radiative correction (RC) to Born kinematics

�measured = �No QED radiation ⌦ ⌘RC

<latexit sha1_base64="BLZnFCodouli8iYto7B+MZTw80Q="></latexit>

Radiative correction factor
Problems or challenges

The determination of RC factor relies on Monte Carlo simulation.
Usually depends on the physics we want to extract, hence introducing bias.
Almost impossible to determine the virtual photon event by event, and thus  
the true photon-hadron frame, which is essential for SIDIS/TMD extractions.

Basic ideas of our approach

• Treat QED as part of the reaction, not trying to match Born kinematics. — No RC! 

• Generalize the QCD factorization to include Electroweak theory, resum the 
logarithmic enhanced QED contributions. 

• Same systematic and RG improved treatment of QED radiation in DIS and SIDIS.
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Differential cross section

II. FACTORIZED FORMALISM (JIANWEI, TIANBO)

In this section, we present and justify a factorization formalism for the SIDIS cross section

with a su�ciently large momentum transfer. We demonstrate that all leading infrared

sensitive physics for the SIDIS cross section can be systematically organized into universal

distribution functions leaving the rest suppressed by inverse powers of the large momentum

transfer and can be neglected.
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(b)

FIG. 1. Sketch for sample scattering amplitudes of SIDIS: (a) with one-photon exchange, and (b)

with a gluon exchange.

The cross section for SIDIS, e(`) + N(P ) ! e
0(`0) + h(Ph) + X, can be formally written

in terms of its scattering amplitude M`P!`0PhX square:

d�`P!`0PhX =
1

2S

��M `P!`0PhX

��2 dPS, (1)

where S = (` + P )2 ⇡ 2` · P is the total collision energy and dPS indicates the di↵erential

phase space of the given final-state and will be specified later. To ensure a large momentum

transfer, we require the transverse momentum of the observed lepton momentum `
0
T in

the lepton-hadron frame, in which the incoming lepton and hadron are colliding head-on

along the z-axis, to be su�ciently large and much larger than ⇤QCD. This large momentum

transfer between the colliding lepton and hadron can be achieved by a single hard scattering

dominated by exchanging a virtual photon of momentum q̂ under the so-called one-photon

approximation, as shown in Fig. 1(a) with bQ2
⌘ �q̂

2
� ⇤2

QCD. As an inclusive production

of the lepton of momentum `
0 and hadron of momentum Ph, this large momentum transfer

could also be achieved by exchanging a virtual parton, for example, a gluon as in Fig. 1(b),

where the colliding lepton radiates a photon that could turn into a quark-antiquark pair and

then the quark has the hard collision with the colliding hadron via the exchange of a virtual

6

one photon exchange approximation:

gluon, or other higher order or power suppressed subprocesses. By requiring the observed

lepton of `
0 not to have strong hadronic activity around it, the type of subprocess in Fig. 1(b)

is likely further suppressed. In the rest of this paper, we take the one-photon approximation

to include only the scattering amplitude in Fig. 1(a) for the SIDIS cross section, leaving the

two photon or other channels for the future publications.
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FIG. 2. Sketch for the leptonic tensor (a), and its lowest order contribution (b).

With the approximation of one-photon exchange, we can write the Lorentz invariant

SIDIS cross section in terms of leptonic and hadronic tensors,

E`0EPh
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eLµ⌫(`, `0, q̂)fWµ⌫(q̂, P, Ph), (2)

where the leptonic tensor, as sketched in Fig. 2(a), is defined as,

eLµ⌫(`, `0, q̂) =
X
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, (3)

with the electromagnetic current j
µ(0) coupling to leptons and a sum of all final states XL

from radiation in connection with incoming lepton of ` and observed lepton of `
0.

(a) (b)

FIG. 3. Sketch for the hadronic tensor (a), and its lowest order contribution (b).

In Eq. (2), the hadronic tensor, as sketched in Fig. 3(a), is defined similarly,

fWµ⌫(P, Ph, q̂) =
X

Xh

hP |Jµ(0)|PhXhihPhXh|Jµ(0)|P i

XhY

x

d
3
px

(2⇡)32Ex
�
(4)
⇣
q̂ + P � Ph �

XhX

x

px

⌘

(4)

with the electromagnetic current Jµ(0) coupling to quarks and a sum of all final states Xh

in connection with colliding hadron of P and observed hadron of Ph.
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Leptonic tensor:

gluon, or other higher order or power suppressed subprocesses. By requiring the observed

lepton of `
0 not to have strong hadronic activity around it, the type of subprocess in Fig. 1(b)

is likely further suppressed. In the rest of this paper, we take the one-photon approximation

to include only the scattering amplitude in Fig. 1(a) for the SIDIS cross section, leaving the

two photon or other channels for the future publications.
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FIG. 2. Sketch for the leptonic tensor (a), and its lowest order contribution (b).

With the approximation of one-photon exchange, we can write the Lorentz invariant

SIDIS cross section in terms of leptonic and hadronic tensors,
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where the leptonic tensor, as sketched in Fig. 2(a), is defined as,
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with the electromagnetic current j
µ(0) coupling to leptons and a sum of all final states XL

from radiation in connection with incoming lepton of ` and observed lepton of `
0.
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FIG. 3. Sketch for the hadronic tensor (a), and its lowest order contribution (b).

In Eq. (2), the hadronic tensor, as sketched in Fig. 3(a), is defined similarly,

fWµ⌫(P, Ph, q̂) =
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with the electromagnetic current Jµ(0) coupling to quarks and a sum of all final states Xh

in connection with colliding hadron of P and observed hadron of Ph.
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Hadronic tensor:

gluon, or other higher order or power suppressed subprocesses. By requiring the observed

lepton of `
0 not to have strong hadronic activity around it, the type of subprocess in Fig. 1(b)

is likely further suppressed. In the rest of this paper, we take the one-photon approximation

to include only the scattering amplitude in Fig. 1(a) for the SIDIS cross section, leaving the

two photon or other channels for the future publications.
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FIG. 2. Sketch for the leptonic tensor (a), and its lowest order contribution (b).

With the approximation of one-photon exchange, we can write the Lorentz invariant

SIDIS cross section in terms of leptonic and hadronic tensors,
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where the leptonic tensor, as sketched in Fig. 2(a), is defined as,
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FIG. 3. Sketch for the hadronic tensor (a), and its lowest order contribution (b).

In Eq. (2), the hadronic tensor, as sketched in Fig. 3(a), is defined similarly,
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with the electromagnetic current Jµ(0) coupling to quarks and a sum of all final states Xh

in connection with colliding hadron of P and observed hadron of Ph.

7The lowest order recovers no QED radiation expression:

A. Leptonic tensor and lepton structure functions

The lowest order contribution to the leptonic tensor in Eq. (3), as sketched in Fig. 2(b),

is given by
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By substituting eLµ⌫(0)(`, `0, q̂) into Eq. (2), and using the �
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0
� q̂) to take care of the

integration of d
4
q̂, we obtain the familiar expression for the SIDIS cross section with the fully

determined virtual photon momentum q
µ
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µ and Q
2
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2 = bQ2

� ⇤2
QCD. On

the other hand, with QED radiation, the exchanging virtual photon momentum q̂
µ cannot

be fully determined without measuring all radiated final states XL. That is, there is no well-

defined “photon-hadron frame” without the full control of the leptonic tensor eLµ⌫(`, `0, q̂).

1. Lepton structure functions

The leptonic tensor is perturbatively calculable if we neglect its hadronic component,

which is in general non-perturbative. In analogy to the decomposition of hadronic tensor,

we can express the leptonic tensor in terms of lepton structure functions. To explicitly keep

the electromagnetic gauge invariance, it would be convenient to introduce conserved tensor

and vectors,
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where `, `
0, and q̂ are the momenta of initial lepton, final lepton, and the exchanged virtual

photon, respectively. These conserved tensor and vectors satisfy

q̂µegµ⌫ = 0, egµ⌫
q̂⌫ = 0, q̂µ

èµ = q̂µ
è0µ = 0. (9)

The leptonic tensor can be decomposed as
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Current conserved decomposition of leptonic tensor
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èµ = q̂µ
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Basis vectors and polarization vectors:

Since q̂ is a spacelike vector, we can choose Z to be parallel to q̂ as

Z
µ =

q̂
µ

Q
. (20)

The three independent polarization vectors ✏⇢(q̂) are orthogonal to q̂,

✏
µ
⇢(q̂) q̂µ = ✏

⇤µ
⇢ (q̂) q̂µ = 0, (21)

and can be constructed in terms of T, X, Y as

✏
µ
0(q̂) = T

µ
, (22)

✏
µ
+(q̂) = �

1
p

2
X

µ
�

i
p

2
Y

µ
, (23)

✏
µ
�(q̂) =

1
p

2
X

µ
�

i
p

2
Y

µ
, (24)

which satisfy the orthogonal and normalization relations

✏
⇤
0(q̂) · ✏+(q̂) = ✏

⇤
0(q̂) · ✏�(q̂) = ✏

⇤
+(q̂) · ✏�(q̂) = 0, (25)

✏
⇤
0(q̂) · ✏0(q̂) = 1, ✏

⇤
+(q̂) · ✏+(q̂) = ✏

⇤
�(q̂) · ✏�(q̂) = �1 . (26)

If defining the leptonic plane as the X � Z plane, the basis vectors can be constructed from

the conserved momenta, èand è0 as

T
µ =

p
⇠B⇣B

Q

èµ +
1

p
⇠B⇣BQ

è0µ, (27)

X
µ = �

bQ
p

⇠B⇣B

Q
p
q̂2
T

èµ +
bQ

Q
p

⇠B⇣B

p
q̂2
T

è0µ, (28)

Y
µ = "

µ⌫⇢�
Z⌫T⇢X�, (29)

where "
µ⌫⇢� is the total anti-symmetric tensor with "

0123 = 1.

We express the leptonic tensor in helicity basis as

eLµ⌫ = ✏
⇤µ
0 ✏

⌫
0L00 + (✏⇤µ+ ✏

⌫
+ + ✏

⇤µ
� ✏

⌫
�)L++ + (✏⇤µ+ ✏

⌫
� + ✏

⇤µ
� ✏

⌫
+)L+�

� ✏
⇤µ
0 (✏⌫+ � ✏

⌫
�)L0+ � (✏µ+ � ✏

µ
�)⇤✏⌫0L+0 (30)

= T
µ
T

⌫
L00 + (Xµ

X
⌫ + Y

µ
Y

⌫)LTT

+ (T µ
X

⌫ + T
⌫
X

µ)L� + (Y µ
Y

⌫
� X

µ
X

⌫)L��, (31)
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µ⌫⇢� is the total anti-symmetric tensor with "

0123 = 1.
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µ
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X
⌫ + Y
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⌫ + T
⌫
X
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⌫
� X

µ
X

⌫)L��, (31)
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Since q̂ is a spacelike vector, we can choose Z to be parallel to q̂ as
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µ =

q̂
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Q
. (20)
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✏
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1
p

2
X

µ
�

i
p

2
Y

µ
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✏
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0(q̂) · ✏0(q̂) = 1, ✏

⇤
+(q̂) · ✏+(q̂) = ✏
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èµ +
1

p
⇠B⇣BQ
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Helicity basis lepton structure functions:

where L00, LTT ⌘ L++, L� ⌘ (L0+ + L+0)/
p

2, and L�� ⌘ L+� are helicity basis lepton

structure functions. They can be expressed in terms of the lepton structure functions Li,

i = 1, 2, 3, 4, defined above, as

L00 = eLµ⌫T
µ
T

⌫

= �L1 +
1

2⇠B⇣B
L2 +

⇠B⇣B

2
L3 +

1

2
L4, (32)

LTT =
1

2
eLµ⌫(X

µ
X

⌫ + Y
µ
Y

⌫)

= L1 +
1

4⇠B⇣B

q̂2
T

bQ2
L2 +

⇠B⇣B

4

q̂2
T

bQ2
L3 �

1

4

q̂2
T

bQ2
L4, (33)

L� = �
1

2
eLµ⌫(T

µ
X

⌫ + T
⌫
X

µ)

= �
1

2⇠B⇣B

p
q̂2
T

bQ
L2 +

⇠B⇣B

2

p
q̂2
T

bQ
L3, (34)

L�� =
1

2
eLµ⌫(Y

µ
Y

⌫
� X

µ
X

⌫)

= �
1

4⇠B⇣B

q̂2
T

bQ2
L2 �

⇠B⇣B

4

q̂2
T

bQ2
L3 +

1

4

q̂2
T

bQ2
L4. (35)

In contrast to hadron structure functions, the lepton structure functions are perturba-

tively calculable in QED if dropping the hadronic contributions arised at high orders. We

can expand lepton structure functions in powers of the fine structure constant ↵ as

L⇢� = e
2

1X

N=0

 
↵

⇡

!N

L
(N)
⇢� , (36)

where a factor e
2 (or 4⇡↵) is extracted as it gives the lowest order of the power of ↵. Using

the lowest order lepton tensor in Eq. (5), we have the lowest order lepton structure functions

as

L
(0)
00 = 0, (37)

L
(0)
TT = 2 �(⇠ � 1)�(

1

⇣
� 1)�(2)(q̂T ), (38)

L
(0)
� = 0, (39)

L
(0)
�� = 0. (40)

Other than LTT , all other three helicity based lepton structure functions are suppressed by

power of q̂2
T , which vanishes at the lowest order.
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Leading order: the other three vanish.

Expansion in α:
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CSS factorization

2. TMD factorization for lepton structure functions

When going beyond the lowest order, QED radiations can generate nonvanishing q̂T .

Similar to the factorization of the hadronic tensor, we can apply a factorized formalism for

the leptonic tenson. When q̂T is large, comparable to Q, the leptonic tensor is only sensitive

to a single large scale, where we can apply the collinear factorization. While q̂T is small,

the leptonic tensor contains two very di↵erent scales, q̂T and Q, one should apply the TMD

factorization to resum the logarithmic enhanced radiations. The matching between regions

has been developed.

Since L00, L�, and L�� are power suppressed, we only focus on the leading power lepton

structure function LTT . In analog to the hadronic tensor of SIDIS, we express the lepton

structure functions into the “W + Y ” formalism

LTT (⇠B, ⇣B, Q
2
, q̂2

T ) =

Z
d
2b

(2⇡)2
e
iq̂T ·bfWTT (⇠B, ⇣B, Q

2
, b) + YTT (⇠B, ⇣B, Q

2
, q̂2

T ), (41)

where fWTT has the resummed form

fWTT (⇠B, ⇣B, Q
2
, b) = 2

Z 1

⇠B

d⇠

⇠

Z 1

⇣B

d⇣

⇣2
f(⇠)D(⇣)Cf (�)CD(⌘)

⇥ exp

(
�

Z µ2
Q

µ2
b

dµ
02

µ02

h
A
�
↵(µ0)

�
ln

µ
2
Q

µ02 + B
�
↵(µ0)

�i
)

, (42)

where we define the ratios � = ⇠B/⇠ and ⌘ = ⇣B/⇣ for convenience. In contrast to the QCD

case, it is perturbatively calculable in QED. The two scales should be set as µb ⇠ 1/b and

µQ ⇠ Q. To mostly simplify the expression, we find it is convenient to use the following

choice

µb =
2e��E

b
, µQ =

s
⇠B

⇣B
Q. (43)

According to the expansion of lepton structure functions in Eq. (36), we expand A, B

and Cf,D functions in the W -term in powers of ↵ as

A =
1X

N=1

⇣
↵

⇡

⌘N

A
(N)

, (44)

B =
1X

N=1

⇣
↵

⇡

⌘N

B
(N)

, (45)

Cf,D =
1X

N=0

⇣
↵

⇡

⌘N

C
(N)
f,D . (46)
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“W+Y” formalism:

b-space resummed form:
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Expansion in α:

lepton distribution function (LDF)
lepton fragmentation function (LFF)

2. TMD factorization for lepton structure functions

When going beyond the lowest order, QED radiations can generate nonvanishing q̂T .
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the leptonic tenson. When q̂T is large, comparable to Q, the leptonic tensor is only sensitive

to a single large scale, where we can apply the collinear factorization. While q̂T is small,
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µ02
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ln
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where we define the ratios � = ⇠B/⇠ and ⌘ = ⇣B/⇣ for convenience. In contrast to the QCD

case, it is perturbatively calculable in QED. The two scales should be set as µb ⇠ 1/b and

µQ ⇠ Q. To mostly simplify the expression, we find it is convenient to use the following

choice

µb =
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b
, µQ =
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Comparing with the resummed form Eq. (42), we have

C
(1)
f (�) =

1

2
(1 � �) �

✓
1 + �

2

1 � �

◆

+

ln
µMS

µb
� 2�(1 � �), (59)

C
(1)
D (⌘) =

1

2⌘
(1 � ⌘) �

1

⌘

✓
1 + ⌘

2

1 � ⌘

◆

+

ln
µMS

µb
� 2�(1 � ⌘), (60)

A
(1) = 1, (61)

B
(1) = �

3

2
. (62)

Since the fine structure constant is small, ↵ ⇠ 1/137, the q̂T generated by photon radia-

tions is negligible even after resumming the logarithms, ln(q̂2
T/Q

2). As a numeric justifica-

tion, we show, in Fig. 4, the q̂2
T distribution, which is a steep and narrow peek at q̂2

T = 0.

Therefore, one can practically use a �-function to approximate the transverse momentum

distributions of leptons, or equivalently apply the collinear factorization for the leptonic

tensor.

FIG. 4. add numeric result of lepton TMD here

3. Collinear factorization for the leptonic tensor

Under the approximation of collinear factorization [2], the leptonic tensor with a large

momentum transfer bQ2 can be factorized as

eLµ⌫(`, `0, q̂) =
X

ij

Z 1

⇣B

d⇣

⇣2

Z 1

⇠B

d⇠

⇠
De/j(⇣) fi/e(⇠) bLµ⌫

ij (k = ⇠`, k
0 = `

0
/⇣, q̂), (63)

where i, j should include all QED and QCD particles, fi/e(⇠) is the lepton distribution

function (LDF), De/j(⇣) is the lepton fragmentation function (LFF), and bLµ⌫
ij (k, k

0
, q̂) is the

infrared and collinear safe hard part as the lepton mass me ! 0. Neglecting the hadronic

component of the leptonic tensor in this paper, or QCD particles in
P

ij in Eq. (63), the

bLµ⌫
ij (k, k

0
, q̂) can be perturbatively calculated in QED in a power series of ↵ by applying the

factorization formalism in Eq. (63) order-by-order in power of ↵ to the leptonic tensor with

various combinations of colliding and observing leptons. At the LO, we have

bLµ⌫(0)
ee (k, k

0
, q̂) = eLµ⌫(0)(k, k

0
, q̂)

= 2
⇥
k
µ
k
0⌫ + k

0µ
k
⌫
� k · k

0
g
µ⌫
⇤
�
(4)(k � k

0
� q̂) , (64)
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With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
T


1 + �

2

(1 � �)+
�(1 � ⌘) +

1

⌘

1 + ⌘
2

(1 � ⌘)+
�(1 � �) � 2�(1 � �)�(1 � ⌘) ln

q̂2
T

µ2
Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)


�

1

2
ln2 µ

2
Q

µ2
b

+
3

2
ln

µ
2
Q

µ2
b

�

� 2 ln
µMS

µb

⇣1 + �
2

1 � �

⌘

+
�(1 � ⌘) +

1

⌘

⇣1 + ⌘
2

1 � ⌘

⌘

+
�(1 � �)

�

+ 2


1

2
(1 � �)�(1 � ⌘) +

1

2⌘
(1 � ⌘)�(1 � �) � 4�(1 � �)�(1 � ⌘)

�
, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)
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Comparing with the resummed form Eq. (42), we have

C
(1)
f (�) =

1

2
(1 � �) �

✓
1 + �

2

1 � �

◆

+

ln
µMS

µb
� 2�(1 � �), (59)

C
(1)
D (⌘) =

1

2⌘
(1 � ⌘) �

1

⌘

✓
1 + ⌘

2

1 � ⌘

◆

+

ln
µMS

µb
� 2�(1 � ⌘), (60)

A
(1) = 1, (61)

B
(1) = �

3

2
. (62)

Since the fine structure constant is small, ↵ ⇠ 1/137, the q̂T generated by photon radia-

tions is negligible even after resumming the logarithms, ln(q̂2
T/Q

2). As a numeric justifica-

tion, we show, in Fig. 4, the q̂2
T distribution, which is a steep and narrow peek at q̂2

T = 0.

Therefore, one can practically use a �-function to approximate the transverse momentum

distributions of leptons, or equivalently apply the collinear factorization for the leptonic

tensor.

FIG. 4. add numeric result of lepton TMD here

3. Collinear factorization for the leptonic tensor

Under the approximation of collinear factorization [2], the leptonic tensor with a large

momentum transfer bQ2 can be factorized as

eLµ⌫(`, `0, q̂) =
X

ij

Z 1

⇣B

d⇣

⇣2

Z 1

⇠B

d⇠

⇠
De/j(⇣) fi/e(⇠) bLµ⌫

ij (k = ⇠`, k
0 = `

0
/⇣, q̂), (63)

where i, j should include all QED and QCD particles, fi/e(⇠) is the lepton distribution

function (LDF), De/j(⇣) is the lepton fragmentation function (LFF), and bLµ⌫
ij (k, k

0
, q̂) is the

infrared and collinear safe hard part as the lepton mass me ! 0. Neglecting the hadronic

component of the leptonic tensor in this paper, or QCD particles in
P

ij in Eq. (63), the

bLµ⌫
ij (k, k

0
, q̂) can be perturbatively calculated in QED in a power series of ↵ by applying the

factorization formalism in Eq. (63) order-by-order in power of ↵ to the leptonic tensor with

various combinations of colliding and observing leptons. At the LO, we have

bLµ⌫(0)
ee (k, k

0
, q̂) = eLµ⌫(0)(k, k

0
, q̂)

= 2
⇥
k
µ
k
0⌫ + k

0µ
k
⌫
� k · k

0
g
µ⌫
⇤
�
(4)(k � k

0
� q̂) , (64)
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broad in b-space
narrow in qT-space

Collinear LDF and LFF are good approximation of lepton TMDs.

QED shower generates very small transverse momentum

Impact on hadron PhT in “photon-hadron frame” is mainly 
caused by logarithmic enhanced collinear radiation.
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Lepton distribution function:

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
T


1 + �

2

(1 � �)+
�(1 � ⌘) +

1

⌘

1 + ⌘
2

(1 � ⌘)+
�(1 � �) � 2�(1 � �)�(1 � ⌘) ln

q̂2
T

µ2
Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)


�

1

2
ln2 µ

2
Q

µ2
b

+
3

2
ln

µ
2
Q

µ2
b

�

� 2 ln
µMS

µb

⇣1 + �
2

1 � �

⌘

+
�(1 � ⌘) +

1

⌘

⇣1 + ⌘
2

1 � ⌘

⌘

+
�(1 � �)

�

+ 2


1

2
(1 � �)�(1 � ⌘) +

1

2⌘
(1 � ⌘)�(1 � �) � 4�(1 � �)�(1 � ⌘)

�
, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)

13

LO: NLO(MS):

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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Lepton distribution function:

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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LO:

With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
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1 + �
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⌘
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2
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q̂2
T
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Q

�
, (54)
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TT = 2�(1 � �)�(1 � ⌘)
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, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
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2
, (56)
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2
� q̂2
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2
� q̂2
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(b)
�

<latexit sha1_base64="9je2xQ8JB3qTX3Ab2YUvtSw82Sc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgqexKaz0WvPRYwX5Au5RsOtuGJtklyQpl6V/w4kERr/4hb/4bs+0KVfTBwOO9GWbmBTFn2rjup1PY2Nza3inulvb2Dw6PyscnXR0likKHRjxS/YBo4ExCxzDDoR8rICLg0Atmt5nfewClWSTvzTwGX5CJZCGjxGTSEDgflStu1V0Cr5HrRr3hedjLlQrK0R6VP4bjiCYCpKGcaD3w3Nj4KVGGUQ6L0jDREBM6IxMYWCqJAO2ny1sX+MIqYxxGypY0eKmuT6REaD0Xge0UxEz1by8T//IGiQlv/JTJODEg6WpRmHBsIpw9jsdMATV8bgmhitlbMZ0SRaix8ZRsCN+f4v9J96rq1ar1u1ql2crjKKIzdI4ukYcaqIlaqI06iKIpekTP6MURzpPz6rytWgtOPnOKfsB5/wI4AY5k</latexit>

�

<latexit sha1_base64="9je2xQ8JB3qTX3Ab2YUvtSw82Sc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgqexKaz0WvPRYwX5Au5RsOtuGJtklyQpl6V/w4kERr/4hb/4bs+0KVfTBwOO9GWbmBTFn2rjup1PY2Nza3inulvb2Dw6PyscnXR0likKHRjxS/YBo4ExCxzDDoR8rICLg0Atmt5nfewClWSTvzTwGX5CJZCGjxGTSEDgflStu1V0Cr5HrRr3hedjLlQrK0R6VP4bjiCYCpKGcaD3w3Nj4KVGGUQ6L0jDREBM6IxMYWCqJAO2ny1sX+MIqYxxGypY0eKmuT6REaD0Xge0UxEz1by8T//IGiQlv/JTJODEg6WpRmHBsIpw9jsdMATV8bgmhitlbMZ0SRaix8ZRsCN+f4v9J96rq1ar1u1ql2crjKKIzdI4ukYcaqIlaqI06iKIpekTP6MURzpPz6rytWgtOPnOKfsB5/wI4AY5k</latexit>

k

<latexit sha1_base64="Ycm69Y7AeLkudSZJpVakGRB0XNk=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKYjwGRPCYgHlAsoTZSW8yZvbBzKwQlnyBFw+KePWTvPk3TpIVomhBQ1HVTXeXFwuutG1/Wrm19Y3Nrfx2YWd3b/+geHjUVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ9dzvPKBUPArv9DRGN6CjkPucUW2k5mRQLNllewGyQi5r1ZrjECdTSpChMSh+9IcRSwIMNRNUqZ5jx9pNqdScCZwV+onCmLIJHWHP0JAGqNx0ceiMnBllSPxImgo1WairEykNlJoGnukMqB6r395c/MvrJdq/clMexonGkC0X+YkgOiLzr8mQS2RaTA2hTHJzK2FjKinTJpuCCeH7U/I/aV+UnUq52qyU6jdZHHk4gVM4BwdqUIdbaEALGCA8wjO8WPfWk/VqvS1bc1Y2cww/YL1/Afw5jRU=</latexit>

k

<latexit sha1_base64="Ycm69Y7AeLkudSZJpVakGRB0XNk=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKYjwGRPCYgHlAsoTZSW8yZvbBzKwQlnyBFw+KePWTvPk3TpIVomhBQ1HVTXeXFwuutG1/Wrm19Y3Nrfx2YWd3b/+geHjUVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ9dzvPKBUPArv9DRGN6CjkPucUW2k5mRQLNllewGyQi5r1ZrjECdTSpChMSh+9IcRSwIMNRNUqZ5jx9pNqdScCZwV+onCmLIJHWHP0JAGqNx0ceiMnBllSPxImgo1WairEykNlJoGnukMqB6r395c/MvrJdq/clMexonGkC0X+YkgOiLzr8mQS2RaTA2hTHJzK2FjKinTJpuCCeH7U/I/aV+UnUq52qyU6jdZHHk4gVM4BwdqUIdbaEALGCA8wjO8WPfWk/VqvS1bc1Y2cww/YL1/Afw5jRU=</latexit>

�

<latexit sha1_base64="9je2xQ8JB3qTX3Ab2YUvtSw82Sc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgqexKaz0WvPRYwX5Au5RsOtuGJtklyQpl6V/w4kERr/4hb/4bs+0KVfTBwOO9GWbmBTFn2rjup1PY2Nza3inulvb2Dw6PyscnXR0likKHRjxS/YBo4ExCxzDDoR8rICLg0Atmt5nfewClWSTvzTwGX5CJZCGjxGTSEDgflStu1V0Cr5HrRr3hedjLlQrK0R6VP4bjiCYCpKGcaD3w3Nj4KVGGUQ6L0jDREBM6IxMYWCqJAO2ny1sX+MIqYxxGypY0eKmuT6REaD0Xge0UxEz1by8T//IGiQlv/JTJODEg6WpRmHBsIpw9jsdMATV8bgmhitlbMZ0SRaix8ZRsCN+f4v9J96rq1ar1u1ql2crjKKIzdI4ukYcaqIlaqI06iKIpekTP6MURzpPz6rytWgtOPnOKfsB5/wI4AY5k</latexit>

�

<latexit sha1_base64="9je2xQ8JB3qTX3Ab2YUvtSw82Sc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgqexKaz0WvPRYwX5Au5RsOtuGJtklyQpl6V/w4kERr/4hb/4bs+0KVfTBwOO9GWbmBTFn2rjup1PY2Nza3inulvb2Dw6PyscnXR0likKHRjxS/YBo4ExCxzDDoR8rICLg0Atmt5nfewClWSTvzTwGX5CJZCGjxGTSEDgflStu1V0Cr5HrRr3hedjLlQrK0R6VP4bjiCYCpKGcaD3w3Nj4KVGGUQ6L0jDREBM6IxMYWCqJAO2ny1sX+MIqYxxGypY0eKmuT6REaD0Xge0UxEz1by8T//IGiQlv/JTJODEg6WpRmHBsIpw9jsdMATV8bgmhitlbMZ0SRaix8ZRsCN+f4v9J96rq1ar1u1ql2crjKKIzdI4ukYcaqIlaqI06iKIpekTP6MURzpPz6rytWgtOPnOKfsB5/wI4AY5k</latexit>

k

<latexit sha1_base64="Ycm69Y7AeLkudSZJpVakGRB0XNk=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKYjwGRPCYgHlAsoTZSW8yZvbBzKwQlnyBFw+KePWTvPk3TpIVomhBQ1HVTXeXFwuutG1/Wrm19Y3Nrfx2YWd3b/+geHjUVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ9dzvPKBUPArv9DRGN6CjkPucUW2k5mRQLNllewGyQi5r1ZrjECdTSpChMSh+9IcRSwIMNRNUqZ5jx9pNqdScCZwV+onCmLIJHWHP0JAGqNx0ceiMnBllSPxImgo1WairEykNlJoGnukMqB6r395c/MvrJdq/clMexonGkC0X+YkgOiLzr8mQS2RaTA2hTHJzK2FjKinTJpuCCeH7U/I/aV+UnUq52qyU6jdZHHk4gVM4BwdqUIdbaEALGCA8wjO8WPfWk/VqvS1bc1Y2cww/YL1/Afw5jRU=</latexit>

k

<latexit sha1_base64="Ycm69Y7AeLkudSZJpVakGRB0XNk=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKexKYjwGRPCYgHlAsoTZSW8yZvbBzKwQlnyBFw+KePWTvPk3TpIVomhBQ1HVTXeXFwuutG1/Wrm19Y3Nrfx2YWd3b/+geHjUVlEiGbZYJCLZ9ahCwUNsaa4FdmOJNPAEdrzJ9dzvPKBUPArv9DRGN6CjkPucUW2k5mRQLNllewGyQi5r1ZrjECdTSpChMSh+9IcRSwIMNRNUqZ5jx9pNqdScCZwV+onCmLIJHWHP0JAGqNx0ceiMnBllSPxImgo1WairEykNlJoGnukMqB6r395c/MvrJdq/clMexonGkC0X+YkgOiLzr8mQS2RaTA2hTHJzK2FjKinTJpuCCeH7U/I/aV+UnUq52qyU6jdZHHk4gVM4BwdqUIdbaEALGCA8wjO8WPfWk/VqvS1bc1Y2cww/YL1/Afw5jRU=</latexit>

FIG. 5. Real (a) and virtual (b) QED diagrams contributing to the NLO lepton distribution f (1)
e/e.

enhanced contributions to LDFs can be systematically resummed by solving the evolution

equations for QED particles [? ? ? ? ? ? ], and for the “valence” distribution, for example,
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with the evolution kernel Pee calculable perturbatively order-by-order in powers of ↵. At

O(↵), from Eq. (67) we have P
(1)
ee (z, ↵) = (↵/2⇡) [(1 + z

2)/(1 � z)]+.

Similarly, the LFFs can also be calculated perturbatively in QED, if we neglect their

hadronic component. At the LO, we have LFF as D
(0)
e/e(⇣) = �(⇣ � 1), and at O(↵), we have

from the logarithmically enhanced contributions
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2
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e

�

+

. (69)

Same as the LDFs, the logarithmically enhanced high-order contributions to the LFFs can

be resummd by solving corresponding evolution equations.

With perturbatively calculated input distributions for the LDFs and LFFs order-by-order

in QED at an input scale µ
2
0 & m

2
e, as discussed in Sec. III, we are able to evolve the LDFs

and LFFs to any factorization scale µ
2

> µ
2
0 by solving corresponding evolution equations, if

we can neglect their hadronic components. Having these universal LDFs and LFFs and the

factorization formula in Eq. (63), we have a controllable approach to evaluate the leptonic

tensor eLµ⌫(`, `0, q̂) that is needed to evaluate the SIDIS cross section in Eq. (2).
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<latexit sha1_base64="hAZ6yphz30KiMjsxgS90MZ/AbXU="></latexit>

QED DGLAP evolution

Similar for LFF
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<latexit sha1_base64="+Uot2iFp4qxoeVAnPLE7YuRstBI=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIxS4Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwrqfcZmkBiVbfhSmgpiYzK8mQ66QGTG1hDLF7a6EjamizNhuSrYEb/XkddK5qnq16nWrVmnU8zqKcAbncAke3EAD7qAJbWCA8Ayv8OY8Oi/Ou/OxjBacfOYU/sD5/AGpL4zS</latexit>

S

<latexit sha1_base64="e69eSSJWoSUuppx92UZ9BDHLVew=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZkNiSa3gBePCZoHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/4yRZQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Grhd++ZVDwKb/UsZm5AxiH3OSXaSK2bYbGE7Sp26hcOwjZewpByFddrGDmZUoIMzWHxfTCKaBKwUFNBlOo7ONZuSqTmVLB5YZAoFhM6JWPWNzQkAVNuujx0js6MMkJ+JE2FGi3V7xMpCZSaBZ7pDIieqN/eQvzL6yfar7kpD+NEs5CuFvmJQDpCi6/RiEtGtZgZQqjk5lZEJ0QSqk02BRPC16fof9Ip207FrrYqpUYtiyMPJ3AK5+DAJTTgGprQBgoMHuAJnq0769F6sV5XrTkrmzmGH7DePgHwNY0D</latexit>

Ph

<latexit sha1_base64="i9KG+BYIMKxzoVqd1/lzuINoZDQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD83BeFCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophnU/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvql6ten1fqzTqeRxFOINzuAQPbqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AEhso2t</latexit>

`

<latexit sha1_base64="NzurqbTRN8fBUhe2clBDeOdjCUY=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyGR1Da7ghuXFewF2lAm00k7dCYJMxOhhL6CGxeKuPWF3Pk2TtoKKvrDwMd/zmHO+cOUM6Ud58NaW9/Y3Nou7ZR39/YPDitHxx2VZJLQNkl4InshVpSzmLY105z2UkmxCDnthtProt69p1KxJL7Ts5QGAo9jFjGCdWENKOfDStWxHd93nQYyUPOu/ALqBjwfubazUBVWag0r74NRQjJBY004VqrvOqkOciw1I5zOy4NM0RSTKR7TvsEYC6qCfLHrHJ0bZ4SiRJoXa7Rwv0/kWCg1E6HpFFhP1O9aYf5V62c6agQ5i9NM05gsP4oyjnSCisPRiElKNJ8ZwEQysysiEywx0Saesgnh61L0P3Qubdeza7detdlYxVGCUziDC3ChDk24gRa0gcAEHuAJni1hPVov1uuydc1azZzAD1lvn5Sdjpc=</latexit>

`0

<latexit sha1_base64="ofWeBF7ZeUgLP5hWWmPM81F9qHg=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ6KqltSY8FLx4rmLbQhrLZTtulm03Y3Qil9Dd48aCIV3+QN/+N2zaCij4YeLw3w8y8MBFcG9f9cNbWNza3tnM7+d29/YPDwtFxS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+HkeuG371FpHss7M00wiOhI8iFn1FjJ76EQF/1C0S25XqVa94glS1jiuZWa65FyphQhQ7NfeO8NYpZGKA0TVOtu2U1MMKPKcCZwnu+lGhPKJnSEXUsljVAHs+Wxc3JulQEZxsqWNGSpfp+Y0UjraRTazoiasf7tLcS/vG5qhvVgxmWSGpRstWiYCmJisvicDLhCZsTUEsoUt7cSNqaKMmPzydsQvj4l/5PWValcLdVuq8VGPYsjB6dwBpdQBg8acANN8IEBhwd4gmdHOo/Oi/O6al1zspkT+AHn7RO4lY6d</latexit>

k

<latexit sha1_base64="iwy2faRgexZHu1AAib+HgqTpiMg=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyahM0x4MVjAuYByRJmJ73JmNkHM7NCCPkCLx4U8eonefNvnCQrqGhBQ1HVTXeXnwiutG1/WLmNza3tnfxuYW//4PCoeHzSUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3p9dLv3qNUPI5u9SxBL6TjiAecUW2k1nRYLNll261U6y4xZAVDXLtSs13iZEoJMjSHxffBKGZpiJFmgirVd+xEe3MqNWcCF4VBqjChbErH2Dc0oiEqb746dEEujDIiQSxNRZqs1O8TcxoqNQt90xlSPVG/vaX4l9dPdVD35jxKUo0RWy8KUkF0TJZfkxGXyLSYGUKZ5OZWwiZUUqZNNgUTwten5H/SuSo71XKtVS016lkceTiDc7gEB1xowA00oQ0MEB7gCZ6tO+vRerFe1605K5s5hR+w3j4BHCSNIA==</latexit>

k0

<latexit sha1_base64="UV/aSKaRv9bjdV34gljtqUEZAYo=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0lsS3osePFYxX5AG8pmu2mXbDZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPz/IQzpW37wyqsrW9sbhW3Szu7e/sH5cOjropTSWiHxDyWfR8rypmgHc00p/1EUhz5nPb88Grh9+6pVCwWd3qWUC/CE8ECRrA20m14PipX7Krt1upNFxmyhCGuXWvYLnJypQI52qPy+3AckzSiQhOOlRo4dqK9DEvNCKfz0jBVNMEkxBM6MFTgiCovW146R2dGGaMglqaERkv1+0SGI6VmkW86I6yn6re3EP/yBqkOml7GRJJqKshqUZBypGO0eBuNmaRE85khmEhmbkVkiiUm2oRTMiF8fYr+J93LqlOvNm7qlVYzj6MIJ3AKF+CACy24hjZ0gEAAD/AEz1ZoPVov1uuqtWDlM8fwA9bbJ3yPjVE=</latexit>

P̂hT

<latexit sha1_base64="E+EpDDmVzXFcPqFN0Q/k8/ZJZes=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRSsceCF48V+gVNKJvtpl262YTdiVBC/oYXD4p49c9489+4bXPQ1gcDj/dmmJkXJIJrdJxvq7S1vbO7V96vHBweHZ9UT896Ok4VZV0ai1gNAqKZ4JJ1kaNgg0QxEgWC9YPZ/cLvPzGleSw7OE+YH5GJ5CGnBI3keVOCWTsfZdNOPqrWnLqzhL1J3ILUoEB7VP3yxjFNIyaRCqL10HUS9DOikFPB8oqXapYQOiMTNjRUkohpP1venNtXRhnbYaxMSbSX6u+JjERaz6PAdEYEp3rdW4j/ecMUw6afcZmkyCRdLQpTYWNsLwKwx1wximJuCKGKm1ttOiWKUDQxVUwI7vrLm6R3U3cb9dvHRq3VLOIowwVcwjW4cActeIA2dIFCAs/wCm9War1Y79bHqrVkFTPn8AfW5w9jTJHk</latexit>

q̂

<latexit sha1_base64="yrTEUtsVJCrMH9jJCf5B0ndhJtw=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgadnNO7eAF48RzAOSJcxOJsmQ2dl1ZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lR5wp7TgfVmZjc2t7J7ub29s/ODzKH590VBhLQtsk5KHs+VhRzgRta6Y57UWS4sDntOvPrlK/e0+lYqG41fOIegGeCDZmBGsjdQdTrJO7xTBfcGynXHLdInLsUqnSqLmGOE6x2qgi15AUBVijNcy/D0YhiQMqNOFYqb7rRNpLsNSMcLrIDWJFI0xmeEL7hgocUOUly3MX6MIoIzQOpSmh0VL9PpHgQKl54JvOAOup+u2l4l9eP9bjupcwEcWaCrJaNI450iFKf0cjJinRfG4IJpKZWxGZYomJNgnlTAhfn6L/Sadou2W7clMuNOvrOLJwBudwCS7UoAnX0II2EJjBAzzBsxVZj9aL9bpqzVjrmVP4AevtE/5dj/4=</latexit>

�̂h

<latexit sha1_base64="YMoG5Q/9s3zsXOM8B5ibwCMObaI=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFSbaYLMruHFZwT6gCWUynTRDJ5MwMxFK6G+4caGIW3/GnX/jpK2gogcuHM65l3vvCTPOlEbow6qsrW9sblW3azu7e/sH9cOjnkpzSWiXpDyVgxArypmgXc00p4NMUpyEnPbD6XXp9++pVCwVd3qW0SDBE8EiRrA2ku/HWBd+FrP5KB7VG8hGruc6CCLbRY53WRLPazVdFzo2WqABVuiM6u/+OCV5QoUmHCs1dFCmgwJLzQin85qfK5phMsUTOjRU4ISqoFjcPIdnRhnDKJWmhIYL9ftEgROlZkloOhOsY/XbK8W/vGGuo1ZQMJHlmgqyXBTlHOoUlgHAMZOUaD4zBBPJzK2QxFhiok1MNRPC16fwf9K7sJ2m7d42G+3WKo4qOAGn4Bw44Aq0wQ3ogC4gIAMP4Ak8W7n1aL1Yr8vWirWaOQY/YL19AtVHkjM=</latexit>

�̂S

<latexit sha1_base64="bZMicIK4yZB1WltBgnfvademfc4=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFSYxxXRXcOOyon1AE8pkOmmHTiZhZiKU0N9w40IRt/6MO//G6UNQ0QMXDufcy733RBlnSiP0YZXW1jc2t8rblZ3dvf2D6uFRR6W5JLRNUp7KXoQV5UzQtmaa014mKU4iTrvR5Grud++pVCwVd3qa0TDBI8FiRrA2UhCMsS6CbMxmg9tBtYbsRgN5Xh0iu45c1/UNQReu33CgY6MFamCF1qD6HgxTkidUaMKxUn0HZTossNSMcDqrBLmiGSYTPKJ9QwVOqAqLxc0zeGaUIYxTaUpouFC/TxQ4UWqaRKYzwXqsfntz8S+vn+vYDwsmslxTQZaL4pxDncJ5AHDIJCWaTw3BRDJzKyRjLDHRJqaKCeHrU/g/6bi249n1G6/W9FdxlMEJOAXnwAGXoAmuQQu0AQEZeABP4NnKrUfrxXpdtpas1cwx+AHr7ROvC5IZ</latexit>

q̂ = ⇠`� 1

⇣
`0 6= `� `0

<latexit sha1_base64="/oUCaxDn8xMOCqYDmIh3amTeYy8="></latexit>

Q̂2 = �q̂2

x̂B =
Q̂2

2P · q̂

ẑh =
P · Ph

P · q̂

<latexit sha1_base64="FJ33wg8PYS9Hy7Xca12Vnc/na6U="></latexit>

Q̂2, x̂B , ẑh, P̂hT , �̂h, �̂S , ŜT , ŜL

<latexit sha1_base64="9nC9otriZaJ1qf2h3X3dGxn81OU="></latexit>

⇠, ⇣, Q2, xB , zh, PhT ,�h,�S , ST , SL

<latexit sha1_base64="0JNqV8WYdLEVRhS+SbMd9KUMPGw="></latexit>

are functions of
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p
s = 4.64GeV, xB = 0.2, Q = 2GeV,

zh = 0.5, PhT = 0.2GeV ⇣ = 1

<latexit sha1_base64="lWdNedJ1DbRnKdxFcG0Aj+ShirA="></latexit>

�h =
⇡

4

<latexit sha1_base64="Uz9qMb2w9pi3i6dzkLtEaswERK0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKp6EYounFZwT6gCWEynTRDJ5NhZiLUEPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee0LBqNKO820tLa+srq1XNqqbW9s7u/befkelmcSkjVOWyl6IFGGUk7ammpGekAQlISPdcHQz8bsPRCqa8ns9FsRP0JDTiGKkjRTYh56IaRBfeZFEOPcELfJGEdg1p+5MAReJW5IaKNEK7C9vkOIsIVxjhpTqu47Qfo6kppiRoupligiER2hI+oZylBDl59PrC3hilAGMUmmKazhVf0/kKFFqnISmM0E6VvPeRPzP62c6uvRzykWmCcezRVHGoE7hJAo4oJJgzcaGICypuRXiGJkctAmsakJw519eJJ2zutuon981as3rMo4KOALH4BS44AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwB9bnD79TlW0=</latexit>

�h = �S =
⇡

4

<latexit sha1_base64="aCWbqpGt+2eWGgBW9+niPu/iyuY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUQquikU3bisaB/QhDCZTpqhk0mYmQglZOHGX3HjQhG3foQ7/8ZpmoW2Hrjcwzn3MnOPnzAqlWV9Gyura+sbm5Wt6vbO7t6+eXDYk3EqMOnimMVi4CNJGOWkq6hiZJAIgiKfkb4/uZ75/QciJI35vZomxI3QmNOAYqS05Jk1JwmpF7aKdtdyAoFw5iQ0z5q5Z9athlUALhO7JHVQouOZX84oxmlEuMIMSTm0rUS5GRKKYkbyqpNKkiA8QWMy1JSjiEg3K47I4YlWRjCIhS6uYKH+3shQJOU08vVkhFQoF72Z+J83TFVw6WaUJ6kiHM8fClIGVQxnicARFQQrNtUEYUH1XyEOkc5B6dyqOgR78eRl0jtr2M3G+W2z3r4q46iAGjgGp8AGF6ANbkAHdAEGj+AZvII348l4Md6Nj/noilHuHIE/MD5/ANvemD8=</latexit>

�S = 0

�S = ⇡/4

�S = ⇡/3

<latexit sha1_base64="hcIIpjAYf+B9hfcvBfSiCIYG9t4=">AAACOXicbZDLSsNAFIYn9VbrLerSTbAIrmqiFd0IRTcuK9oLNCFMpqft0MkkzEyEEvJabnwLd4IbF4q49QWc3qC2Hhj4+b9z5sz8QcyoVLb9auSWlldW1/LrhY3Nre0dc3evLqNEEKiRiEWiGWAJjHKoKaoYNGMBOAwYNIL+zZA3HkFIGvEHNYjBC3GX0w4lWGnLN6upO7okDVgCmRv3qH9/ZWeuW5gCAe2p78b0pDzLugKAz9KzzDeLdskelbUonIkooklVffPFbUckCYErwrCULceOlZdioShhkBXcREKMSR93oaUlxyFILx3tz6wj7bStTiT04coaubMTKQ6lHISB7gyx6sl5NjT/Y61EdS69lPI4UcDJeFEnYZaKrGGMVpsKIIoNtMBEUP1Wi/SwwETpsAs6BGf+y4uiflpyyqXzu3Kxcj2JI48O0CE6Rg66QBV0i6qohgh6Qm/oA30az8a78WV8j1tzxmRmH/0p4+cXmNGujw==</latexit>
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p
s = 140GeV, xB = 0.02, Q = 5GeV,

zh = 0.4, PhT = 0.2GeV ⇣ = 1

<latexit sha1_base64="3CIb+Qhm8H5cqAhSptVUOndsxvI="></latexit>
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�h =
⇡

4

<latexit sha1_base64="Uz9qMb2w9pi3i6dzkLtEaswERK0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKp6EYounFZwT6gCWEynTRDJ5NhZiLUEPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee0LBqNKO820tLa+srq1XNqqbW9s7u/befkelmcSkjVOWyl6IFGGUk7ammpGekAQlISPdcHQz8bsPRCqa8ns9FsRP0JDTiGKkjRTYh56IaRBfeZFEOPcELfJGEdg1p+5MAReJW5IaKNEK7C9vkOIsIVxjhpTqu47Qfo6kppiRoupligiER2hI+oZylBDl59PrC3hilAGMUmmKazhVf0/kKFFqnISmM0E6VvPeRPzP62c6uvRzykWmCcezRVHGoE7hJAo4oJJgzcaGICypuRXiGJkctAmsakJw519eJJ2zutuon981as3rMo4KOALH4BS44AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwB9bnD79TlW0=</latexit>

�h = �S =
⇡

4

<latexit sha1_base64="aCWbqpGt+2eWGgBW9+niPu/iyuY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUQquikU3bisaB/QhDCZTpqhk0mYmQglZOHGX3HjQhG3foQ7/8ZpmoW2Hrjcwzn3MnOPnzAqlWV9Gyura+sbm5Wt6vbO7t6+eXDYk3EqMOnimMVi4CNJGOWkq6hiZJAIgiKfkb4/uZ75/QciJI35vZomxI3QmNOAYqS05Jk1JwmpF7aKdtdyAoFw5iQ0z5q5Z9athlUALhO7JHVQouOZX84oxmlEuMIMSTm0rUS5GRKKYkbyqpNKkiA8QWMy1JSjiEg3K47I4YlWRjCIhS6uYKH+3shQJOU08vVkhFQoF72Z+J83TFVw6WaUJ6kiHM8fClIGVQxnicARFQQrNtUEYUH1XyEOkc5B6dyqOgR78eRl0jtr2M3G+W2z3r4q46iAGjgGp8AGF6ANbkAHdAEGj+AZvII348l4Md6Nj/noilHuHIE/MD5/ANvemD8=</latexit>

�S = 0

�S = ⇡/4

�S = ⇡/3

<latexit sha1_base64="hcIIpjAYf+B9hfcvBfSiCIYG9t4=">AAACOXicbZDLSsNAFIYn9VbrLerSTbAIrmqiFd0IRTcuK9oLNCFMpqft0MkkzEyEEvJabnwLd4IbF4q49QWc3qC2Hhj4+b9z5sz8QcyoVLb9auSWlldW1/LrhY3Nre0dc3evLqNEEKiRiEWiGWAJjHKoKaoYNGMBOAwYNIL+zZA3HkFIGvEHNYjBC3GX0w4lWGnLN6upO7okDVgCmRv3qH9/ZWeuW5gCAe2p78b0pDzLugKAz9KzzDeLdskelbUonIkooklVffPFbUckCYErwrCULceOlZdioShhkBXcREKMSR93oaUlxyFILx3tz6wj7bStTiT04coaubMTKQ6lHISB7gyx6sl5NjT/Y61EdS69lPI4UcDJeFEnYZaKrGGMVpsKIIoNtMBEUP1Wi/SwwETpsAs6BGf+y4uiflpyyqXzu3Kxcj2JI48O0CE6Rg66QBV0i6qohgh6Qm/oA30az8a78WV8j1tzxmRmH/0p4+cXmNGujw==</latexit>
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[

]
⌦fe/e(⇠)⌦De/e(⇣)

<latexit sha1_base64="FkREW/Qy9+uzypduIUZwikuIDig=">AAACFXicdZBNSwMxEIazftb6VfXoJViEFqTuaqv1VtSDxwpWhbaUbDprQ7MfJLNiXfonvPhXvHhQxKvgzX9jWltQ0RcCL8/MMJnXjaTQaNsf1sTk1PTMbGouPb+wuLScWVk912GsONR4KEN16TINUgRQQ4ESLiMFzHclXLjdo0H94hqUFmFwhr0Imj67CoQnOEODWpmtRojCB029VgLb0M81bkSejuHxGN4CsjxtZbJ2oWQ7B3s2tQv2UENTdnYd6oxIloxUbWXeG+2Qxz4EyCXTuu7YETYTplBwCf10I9YQMd5lV1A3NmBmaTMZXtWnm4a0qRcq8wKkQ/p9ImG+1j3fNZ0+w47+XRvAv2r1GL1yMxFBFCME/GuRF0uKIR1ERNtCAUfZM4ZxJcxfKe8wxTiaINMmhPGl9H9zvlNwioXSaTFbORzFkSLrZIPkiEP2SYWckCqpEU7uyAN5Is/WvfVovVivX60T1mhmjfyQ9fYJD7meIA==</latexit>

{Q2, x, y, �, ✏, z, PT ,�h,�S , ST , SL} ! {Q̂2, x̂B , ŷ, �̂, ✏̂, ẑh, P̂hT , �̂h, �̂S , ŜT , ŜL}

<latexit sha1_base64="EyDQ90TUKU7mTMr5fe8GgX+iew0="></latexit>

lepton plane

hadron plane

x

z

y

P

<latexit sha1_base64="+Uot2iFp4qxoeVAnPLE7YuRstBI=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIxS4Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwrqfcZmkBiVbfhSmgpiYzK8mQ66QGTG1hDLF7a6EjamizNhuSrYEb/XkddK5qnq16nWrVmnU8zqKcAbncAke3EAD7qAJbWCA8Ayv8OY8Oi/Ou/OxjBacfOYU/sD5/AGpL4zS</latexit>

S

<latexit sha1_base64="e69eSSJWoSUuppx92UZ9BDHLVew=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZkNiSa3gBePCZoHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/4yRZQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Grhd++ZVDwKb/UsZm5AxiH3OSXaSK2bYbGE7Sp26hcOwjZewpByFddrGDmZUoIMzWHxfTCKaBKwUFNBlOo7ONZuSqTmVLB5YZAoFhM6JWPWNzQkAVNuujx0js6MMkJ+JE2FGi3V7xMpCZSaBZ7pDIieqN/eQvzL6yfar7kpD+NEs5CuFvmJQDpCi6/RiEtGtZgZQqjk5lZEJ0QSqk02BRPC16fof9Ip207FrrYqpUYtiyMPJ3AK5+DAJTTgGprQBgoMHuAJnq0769F6sV5XrTkrmzmGH7DePgHwNY0D</latexit>

Ph

<latexit sha1_base64="i9KG+BYIMKxzoVqd1/lzuINoZDQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD83BeFCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophnU/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvql6ten1fqzTqeRxFOINzuAQPbqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AEhso2t</latexit>

`

<latexit sha1_base64="NzurqbTRN8fBUhe2clBDeOdjCUY=">AAAB63icdZDLSsNAFIZPvNZ6q7p0M1gEVyGR1Da7ghuXFewF2lAm00k7dCYJMxOhhL6CGxeKuPWF3Pk2TtoKKvrDwMd/zmHO+cOUM6Ud58NaW9/Y3Nou7ZR39/YPDitHxx2VZJLQNkl4InshVpSzmLY105z2UkmxCDnthtProt69p1KxJL7Ts5QGAo9jFjGCdWENKOfDStWxHd93nQYyUPOu/ALqBjwfubazUBVWag0r74NRQjJBY004VqrvOqkOciw1I5zOy4NM0RSTKR7TvsEYC6qCfLHrHJ0bZ4SiRJoXa7Rwv0/kWCg1E6HpFFhP1O9aYf5V62c6agQ5i9NM05gsP4oyjnSCisPRiElKNJ8ZwEQysysiEywx0Saesgnh61L0P3Qubdeza7detdlYxVGCUziDC3ChDk24gRa0gcAEHuAJni1hPVov1uuydc1azZzAD1lvn5Sdjpc=</latexit>

`0

<latexit sha1_base64="ofWeBF7ZeUgLP5hWWmPM81F9qHg=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ6KqltSY8FLx4rmLbQhrLZTtulm03Y3Qil9Dd48aCIV3+QN/+N2zaCij4YeLw3w8y8MBFcG9f9cNbWNza3tnM7+d29/YPDwtFxS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+HkeuG371FpHss7M00wiOhI8iFn1FjJ76EQF/1C0S25XqVa94glS1jiuZWa65FyphQhQ7NfeO8NYpZGKA0TVOtu2U1MMKPKcCZwnu+lGhPKJnSEXUsljVAHs+Wxc3JulQEZxsqWNGSpfp+Y0UjraRTazoiasf7tLcS/vG5qhvVgxmWSGpRstWiYCmJisvicDLhCZsTUEsoUt7cSNqaKMmPzydsQvj4l/5PWValcLdVuq8VGPYsjB6dwBpdQBg8acANN8IEBhwd4gmdHOo/Oi/O6al1zspkT+AHn7RO4lY6d</latexit>

k

<latexit sha1_base64="iwy2faRgexZHu1AAib+HgqTpiMg=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyahM0x4MVjAuYByRJmJ73JmNkHM7NCCPkCLx4U8eonefNvnCQrqGhBQ1HVTXeXnwiutG1/WLmNza3tnfxuYW//4PCoeHzSUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3p9dLv3qNUPI5u9SxBL6TjiAecUW2k1nRYLNll261U6y4xZAVDXLtSs13iZEoJMjSHxffBKGZpiJFmgirVd+xEe3MqNWcCF4VBqjChbErH2Dc0oiEqb746dEEujDIiQSxNRZqs1O8TcxoqNQt90xlSPVG/vaX4l9dPdVD35jxKUo0RWy8KUkF0TJZfkxGXyLSYGUKZ5OZWwiZUUqZNNgUTwten5H/SuSo71XKtVS016lkceTiDc7gEB1xowA00oQ0MEB7gCZ6tO+vRerFe1605K5s5hR+w3j4BHCSNIA==</latexit>

k0

<latexit sha1_base64="UV/aSKaRv9bjdV34gljtqUEZAYo=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0lsS3osePFYxX5AG8pmu2mXbDZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPz/IQzpW37wyqsrW9sbhW3Szu7e/sH5cOjropTSWiHxDyWfR8rypmgHc00p/1EUhz5nPb88Grh9+6pVCwWd3qWUC/CE8ECRrA20m14PipX7Krt1upNFxmyhCGuXWvYLnJypQI52qPy+3AckzSiQhOOlRo4dqK9DEvNCKfz0jBVNMEkxBM6MFTgiCovW146R2dGGaMglqaERkv1+0SGI6VmkW86I6yn6re3EP/yBqkOml7GRJJqKshqUZBypGO0eBuNmaRE85khmEhmbkVkiiUm2oRTMiF8fYr+J93LqlOvNm7qlVYzj6MIJ3AKF+CACy24hjZ0gEAAD/AEz1ZoPVov1uuqtWDlM8fwA9bbJ3yPjVE=</latexit>

P̂hT

<latexit sha1_base64="E+EpDDmVzXFcPqFN0Q/k8/ZJZes=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRSsceCF48V+gVNKJvtpl262YTdiVBC/oYXD4p49c9489+4bXPQ1gcDj/dmmJkXJIJrdJxvq7S1vbO7V96vHBweHZ9UT896Ok4VZV0ai1gNAqKZ4JJ1kaNgg0QxEgWC9YPZ/cLvPzGleSw7OE+YH5GJ5CGnBI3keVOCWTsfZdNOPqrWnLqzhL1J3ILUoEB7VP3yxjFNIyaRCqL10HUS9DOikFPB8oqXapYQOiMTNjRUkohpP1venNtXRhnbYaxMSbSX6u+JjERaz6PAdEYEp3rdW4j/ecMUw6afcZmkyCRdLQpTYWNsLwKwx1wximJuCKGKm1ttOiWKUDQxVUwI7vrLm6R3U3cb9dvHRq3VLOIowwVcwjW4cActeIA2dIFCAs/wCm9War1Y79bHqrVkFTPn8AfW5w9jTJHk</latexit>

q̂

<latexit sha1_base64="yrTEUtsVJCrMH9jJCf5B0ndhJtw=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgadnNO7eAF48RzAOSJcxOJsmQ2dl1ZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lR5wp7TgfVmZjc2t7J7ub29s/ODzKH590VBhLQtsk5KHs+VhRzgRta6Y57UWS4sDntOvPrlK/e0+lYqG41fOIegGeCDZmBGsjdQdTrJO7xTBfcGynXHLdInLsUqnSqLmGOE6x2qgi15AUBVijNcy/D0YhiQMqNOFYqb7rRNpLsNSMcLrIDWJFI0xmeEL7hgocUOUly3MX6MIoIzQOpSmh0VL9PpHgQKl54JvOAOup+u2l4l9eP9bjupcwEcWaCrJaNI450iFKf0cjJinRfG4IJpKZWxGZYomJNgnlTAhfn6L/Sadou2W7clMuNOvrOLJwBudwCS7UoAnX0II2EJjBAzzBsxVZj9aL9bpqzVjrmVP4AevtE/5dj/4=</latexit>

�̂h

<latexit sha1_base64="YMoG5Q/9s3zsXOM8B5ibwCMObaI=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFSbaYLMruHFZwT6gCWUynTRDJ5MwMxFK6G+4caGIW3/GnX/jpK2gogcuHM65l3vvCTPOlEbow6qsrW9sblW3azu7e/sH9cOjnkpzSWiXpDyVgxArypmgXc00p4NMUpyEnPbD6XXp9++pVCwVd3qW0SDBE8EiRrA2ku/HWBd+FrP5KB7VG8hGruc6CCLbRY53WRLPazVdFzo2WqABVuiM6u/+OCV5QoUmHCs1dFCmgwJLzQin85qfK5phMsUTOjRU4ISqoFjcPIdnRhnDKJWmhIYL9ftEgROlZkloOhOsY/XbK8W/vGGuo1ZQMJHlmgqyXBTlHOoUlgHAMZOUaD4zBBPJzK2QxFhiok1MNRPC16fwf9K7sJ2m7d42G+3WKo4qOAGn4Bw44Aq0wQ3ogC4gIAMP4Ak8W7n1aL1Yr8vWirWaOQY/YL19AtVHkjM=</latexit>

�̂S

<latexit sha1_base64="bZMicIK4yZB1WltBgnfvademfc4=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFSYxxXRXcOOyon1AE8pkOmmHTiZhZiKU0N9w40IRt/6MO//G6UNQ0QMXDufcy733RBlnSiP0YZXW1jc2t8rblZ3dvf2D6uFRR6W5JLRNUp7KXoQV5UzQtmaa014mKU4iTrvR5Grud++pVCwVd3qa0TDBI8FiRrA2UhCMsS6CbMxmg9tBtYbsRgN5Xh0iu45c1/UNQReu33CgY6MFamCF1qD6HgxTkidUaMKxUn0HZTossNSMcDqrBLmiGSYTPKJ9QwVOqAqLxc0zeGaUIYxTaUpouFC/TxQ4UWqaRKYzwXqsfntz8S+vn+vYDwsmslxTQZaL4pxDncJ5AHDIJCWaTw3BRDJzKyRjLDHRJqaKCeHrU/g/6bi249n1G6/W9FdxlMEJOAXnwAGXoAmuQQu0AQEZeABP4NnKrUfrxXpdtpas1cwx+AHr7ROvC5IZ</latexit>

✓
x̂B

xB⇠⇣

◆

<latexit sha1_base64="ciICWVIEZVmGNv3raF+8K+j7hw8="></latexit>

Jacobian between the two frames
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Impact of QED Effects: Example I
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<latexit sha1_base64="ehzXxHMp2YTJWqENDwSOQ8RezJA=">AAACG3icbZDLSgMxFIbPeK31VnXpJlgUFzLMlBbdCEUXuqxgL9AZSibNtKGZi0lGqMO8hxtfxY0LRVwJLnwb08tCW38IfPnPOSTn92LOpLKsb2NhcWl5ZTW3ll/f2NzaLuzsNmSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG1yO6s17KiSLwls1jKkb4F7IfEaw0lanUHLknVCpzNDRObLLlnOSOiJAV7SROU5+OHIts6zxodOfXCqdQtEyrbHQPNhTKMJUtU7h0+lGJAloqAjHUrZtK1ZuioVihNMs7ySSxpgMcI+2NYY4oNJNx7tl6FA7XeRHQp9QobH7eyLFgZTDwNOdAVZ9OVsbmf/V2onyz9yUhXGiaEgmD/kJRypCo6BQlwlKFB9qwEQw/VdE+lhgonSceR2CPbvyPDRKpl02KzflYvViGkcO9uEAjsGGU6jCNdSgDgQe4Rle4c14Ml6Md+Nj0rpgTGf24I+Mrx/8Jpz2</latexit>

Lorentz transform from experimental “photon-hadron frame” to the true photon-hadron frame 
(It is a rotation in target rest frame)

The rotation effect is huge.
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Impact of QED Effects: Example II

Nontrivial effects on azimuthal modulations.

Prel
im

inary
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Summary
• QED radiation effects are important in SIDIS, and hence precise extractions of 

TMDs. 
• Experimental “photon-hadron frame” does not coincide with the true 

photon hadron frame, where the factorization works. 
• Almost impossible to determine/reconstruct the true photon hadron frame 

event by event. 
• Challenge to match to Born kinematics without introducing model/theory 

bias. 
• We propose a factorized approach to treat QED radiations. 

• Treat QED radiation as a part of the production cross section. 
• Generalize QCD factorization to include QED. All perturbatively calculable 

hard parts are IR safe. 
• Transverse momentum generated by QED shower is small, and one can 

apply collinear factorization for the leptonic tensor. 
• Huge and nontrivial effects on PT dependence and azimuthal modulations.
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Thank you!


