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Color transparency in nuclei is a fundamental QCD property measured in semi-exclusive hard

scattering where mesons are produced at high transverse momentum Q2 > 3 GeV
2
. A recent

JLab measurement for protons fails, however, to observe QCD color transparency up to Q2
of 14.2

(GeV/c)
2
exacting all current models. Using the holographic light-front QCD framework we predict

the Q2
behavior of the transverse-impact cross section, its precise dependence on the twist ⌧ , the

number of constituents of the hadron bound state, and the quark current which triggers the initial

formation of the small hadron configuration in nuclei. We find a significant Q2
delay in the onset

of color transparency at intermediate energies for twist ⌧ > 2.

I. INTRODUCTION

One of the most remarkable properties predicted by
QCD is Color Transparency (CT) –the ability of a hadron
produced at high momentum transfer Q to transit a nu-
cleus without absorption. This property reflects the fact
that the dynamics of a hadron produced in a hard scat-
tering reaction is dominated by its valence Fock state
where its quark constituents have small transverse sep-
aration a? / 1/Q, and thus propagate as a small-size
color-singlet [1, 2]. For example, the semi-exclusive elec-
troproduction process eA ! e

0
HX, where the hadron H

is produced with large transverse momentum opposite to
the scattered lepton is dominated by the hard scatter-
ing of its valence quark constituents at small transverse
separation. The scattered hadron H thus propagates as
a small color singlet, and the e↵ects of the nuclear envi-
ronment are power-law suppressed. The same principle
underlies the theory of hard exclusive reactions [3] and
predictions such as QCD counting rules for hadronic form
factors and exclusive cross sections [4, 5]. Measurements
of CT can thus distinguish between the predictions of
conventional nuclear physics and the onset of quark and
gluon degrees of freedom.

The absence of nuclear absorption as a function of
momentum transfer has been confirmed in many semi-
exclusive hard scattering reactions where mesons are pro-
duced at high transverse momentum squared of order
Q

2
> 3 GeV2 [2]. However, a recent measurement for

protons by the Hall C Collaboration [6], does not observe
CT in quasielastic 12C(e, e0p) up to Q

2 of 14.2 (GeV/c)2,
thus setting strong constraints on the onset of color trans-
parency and all available models.

In this letter we use the extended holographic light-
front QCD framework [7, 8] to predict the behavior of
the transverse-impact cross section as a function of Q2.

⇤ sjbth@slac.stanford.edu
† gdt@asterix.crnet.cr

We find that the transverse-impact area depends on the
twist, the number of components of a given Fock state,
and the quark current which couples to a given hadron
triggering the initial formation of a small hadron configu-
ration in nuclei. This critical dependence on the number
of components modifies the relative onset of color trans-
parency, for example, of a proton or deuteron as com-
pared with the observed onset of pion transparency in
nuclei.

Our analysis, based on the results from holographic
light-front QCD [7, 8], is rooted on the gauge/gravity
correspondence [9], light-front (LF) quantization [10], su-
perconformal quantum mechanics [11–13] and the gener-
alized Veneziano model [14–16]. Our framework provides
nontrivial connections between the dynamics of form fac-
tors and polarized and unpolarized quark distributions
with analytic structures found in pre-QCD studies, such
as Regge trajectories and the Veneziano model [17, 18].
These nonperturbative structures are found to be most
relevant for the present analysis of the dynamics of color
transparency.

II. HOLOGRAPHIC LIGHT-FRONT QCD
RESULTS

We write the flavor form factor for twist ⌧ in terms of
the generalized parton distribution (GPD) at zero skew-
ness Hq(x, t) ⌘ H

q(x, ⇠ = 0, t) [19–21]

F
q
⌧ (t) =

Z 1

0
dxH

q(x, t)

=

Z 1

0
dx q⌧ (x) exp [tf(x)] , (1)

where q⌧ (x) is the longitudinal parton distribution func-
tion (PDF) and f(x) the profile function. In light-front
quantization the form factor has an exact single-particle

with
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Color transparency fundamental prediction of QCD
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• Introduced by Mueller and Brodsky, 1982

• Vanishing of initial/final state interaction of 
hadrons with nuclear medium in exclusive 
processes at high momentum transfer

• Hadron fluctuates to small transverse size (quantum mechanics)

• Maintains this small size as it propagates out of the nucleus (relativity)

• Experiences reduced attenuation in nucleus, color screened (strong force)

JLab Seminar 2019

Holly Suzmila-Vance

e+A ! e0 + p+X
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• QCD:  Gauge theory properties and quantum coherence


• Small-size color dipole moment interacts weakly in nuclei

at high Q2

A

�(e+A ! e0 + p+X) ! Z d�
dt (ep ! e0p0)
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e+A ! e0 + p+X

1



Color transparency fundamental prediction of QCD
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Complete transparency

Glauber

• Not predicted by strongly interacting 
hadronic picture → arises in picture of 
quark-gluon interactions

• QCD: color field of singlet objects vanishes 
as size is reduced

• Signature is a rise in nuclear transparency, 
TA, as a function of the momentum 
transfer, Q2
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Color Transparency

• Fundamental test of gauge theory in hadron physics


• Small color dipole moment interacts weakly in nuclei


• Complete coherence at high energies


• Many tests in hard exclusive processes


• Clear Demonstration of CT from Diffractive Di-Jets


• Explains Baryon Anomaly at RHIC


• Small color dipole moment interacts weakly in nuclei

Bertsch, Gunion, Goldhaber, sjb


Mueller, sjb
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Previous Measurements: Mesons
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Hall C E01-107 pion electro-production
CLAS E02-110 rho electro-production

A(e,e’!+)
A(e,e’ρ0)

Enhancements consistent with CT (increasing with Q2 and A) observed

JLab Seminar 2019



Measuring the onset in the 12 GeV era!
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(this experiment)

A(e,e’p) experiment can reach higher proton momenta 
in 12 GeV upgrade

JLab Seminar 2019Ruling out color transparency in quasi-elastic 12C(e,e
0
p) up to Q2 of 14.2 (GeV/c)2
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Quasielastic 12C(e, e0p) scattering was measured at space-like 4-momentum transfer squared
Q2 = 8, 9.4, 11.4, and 14.2 (GeV/c)2, the highest ever achieved to date. Nuclear transparency
for this reaction was extracted by comparing the measured yield to that expected from a plane-wave
impulse approximation calculation without any final state interactions. The measured transparency
was consistent with no Q2 dependence, up to proton momenta of 8.5 GeV/c, ruling out the quan-
tum chromodynamics e↵ect of color transparency at the measured Q2 scales in exclusive (e, e0p)
reactions. These results impose strict constraints on models of color transparency for protons.

At low energies, the strong interaction is well described
in terms of nucleons (protons and neutrons) exchanging
mesons [1], whereas at high energies, perturbative
Quantum Chromodynamics (pQCD) characterizes the
strong force in terms of quarks and gluons carrying
color charge. Although these two descriptions are well

understood in their respective energy scales, the transi-
tion between them is not uniquely identified. Quantum
Chromodynamics (QCD) predicts that protons produced
in exclusive processes at su�ciently high 4-momentum
transfer (Q), will experience suppressed final (initial)
state interactions resulting in a significant enhancement
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HQCD
LF |ψ>=M2|ψ>

Dirac’s Front Form: Fixed τ= t+ z/c

Bound States in Relativistic Quantum Field Theory:�

Light-Front Wavefunctions

Remarkable new insights from AdS/CFT, the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,~k?i,�i)

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

LF Wavefunction: off-shell in invariant mass

x =
k+

P+
=

k0 + k3

P 0 + P 3



General remarks about orbital angular mo-
mentum

⌃R�

xi
⌃R�+⌃b�i

�n
i
⌃b�i = ⌃0�

�n
i xi = 1

�n
i=1(xi

⌃P�+ ⌃k�i) = ⌃P�

xi
⌃P�+ ⌃k�i

�n
i

⌃k�i = ⌃0�

�n
i xi = 1

P+, ↵P+

xiP
+, xi

↵P⇤+ ↵k⇤i

ẑ

↵L = ↵R⇥ ↵P

↵Li = (xi
↵R⇤+↵b⇤i)⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤+ k⇤i

� = Q2

2p·q

ẑ

L = R⇥ P

Li = (xi
R⇤+b⇤i)⇥ P

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Causal, Frame-independent.  Creation Operators on Simple Vacuum, 

Current Matrix Elements are Overlaps of LFWFS

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 

 n(xi,~k?i ,�i)



x,~k? x,~k? + ~q?

 (xi,~k
0
?i) (xi,~k?i)

p

�⇤

~k0?i = ~k?i + (1� xi)~q?struck
~k0?i = ~k?i � xi~q?spectators

< p + q|j+(0)|p >= 2p+F (q2)

p + q

~q?q+ = 0

q2
? = Q2 = �q2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Form Factors are 
Overlaps of LFWFs

Interaction 

picture

Drell &Yan, West

Exact LF formula!

Front Form



• Compute Dirac proton form factor using SU(6) flavor symmetry

F p
1 (Q2) = R4

⇧
dz

z4
V (Q, z)�2

+(z)

• Nucleon AdS wave function

�+(z) =
�2+L

R2

⌃
2n!

(n + L)!
z7/2+LLL+1

n

�
�2z2

⇥
e��2z2/2

• Normalization (F1
p(0) = 1, V (Q = 0, z) = 1)

R4

⇧
dz

z4
�2

+(z) = 1

• Bulk-to-boundary propagator [Grigoryan and Radyushkin (2007)]

V (Q, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

42 e��2z2x/(1�x)

• Find

F p
1 (Q2) =

1⇤
1 + Q2

M2
⇢

⌅⇤
1 + Q2

M2
⇢0

⌅

withM⇥
2
n ⇤ 4�2(n + 1/2)
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and
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mass for M , so that the magnetic moment is given in Bohr magnetons.
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baryon distribution 
amplitude

(which is not unnatural for discussing effects of nuclear size) we may regard3 antishadowing and the EMC effect as

merely resulting from Fourier transforming a flat distribution (of finite length) in x−! This is corroborated in Fig. 11b,
where the reverse transform back to momentum (xB-) space is made, under the assumption that R

A(x−,Q2) is unity
for x− < w (and takes the values of Fig. 11a for x− > w). It is seen that the antishadowing and (most of) the EMC

effect is reproduced assuming no nuclear dependence in coordinate space for x− <∼ 5 fm. The nuclear effects can thus
be ascribed solely to shadowing.

The parton distribution qA(x−,Q2) in coordinate space is insensitive to the region of Fermi motion at large xB in
Fig. 9, where the structure function F2(xB,Q2) is small. The sizeable nuclear dependence of RAF2(xB,Q

2) at large xB
reflects the ratio of very small F2, which do not appreciably affect the inverse Fourier transform (11).

SIZE OF HARD SUBPROCESSES

The third aspect of shape that I would like to discuss concerns the size of coherent hard subprocesses in scattering

involving large momentum transfers. As sketched in Fig. 12, in inclusive DIS (ep→ eX) we expect that the virtual

photon (whose transverse coherence length is ∼ 1/Q) scatters off a single quark. The quark is typically part of a Fock
state with a hadronic,∼ 1 fm size. In elastic scattering (ep→ ep), where the entire Fock state must coherently absorb

the momentum, one might on the other hand expect [11] that only compact Fock states of the photon, with transverse

sizes r⊥ ∼ 1/Q will contribute. Thus the dynamics of inclusive and exclusive processes appears to be quite different.
In particular, the dependence on the electric charges of the quarks is expected to be, qualitatively,

σ(ep→ eX) ∝ ∑
q

e2q Inclusive, DIS

(13)

σ(ep→ ep) ∝ (∑
q

eq)
2 Exclusive, form factor

 







 





 

 

 

 

FIGURE 12. The virtual photon scatters from single quarks in inclusive deep inelastic scattering (left). If the valence quarks
absorb equal shares of the momentum transfer in the exclusive ep→ ep process (right) only compact Fock states can contribute.

In contrast to these expectations the data suggests a close connection between inclusive and exclusive scattering.

The resonance production ep→ eN∗ cross sections (including N∗ = p) average the DIS scaling curve when plotted at

the same value of xB (or of the related Nachtmann variable ξ ) [12]. Examples of this Bloom-Gilman duality are shown
in Fig. 13. A natural explanation of duality is that the same Fock states of the proton contribute in both cases [13].

Resonance formation occurs on a longer time scale than the hard subprocess, hence is incoherent with it and cannot

change the total cross section. Only the local mass distribution (resonance bumps) is sensitive to the hadronization

time scale.

3 Understanding the dynamics of nuclear dependence in momentum space is nevertheless interesting in its own right. See [10] for recent ideas about
the origin of the antishadowing enhancement.
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Deuteron Photodisintegration & Dimensional Counting Rules 
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Scaling is a manifestation of asymptotically free hadron interactions

Brodsky and Farrar, Phys. Rev. Lett. 31 (1973) 1153 

Matveev et al., Lett. Nuovo Cimento, 7 (1973) 719 
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From dimensional arguments at high 
energies in binary reactions:
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Challenge: Compute Hadron Structure, 
Spectroscopy, and Dynamics from QCD!

• Color Confinement


• Origin of the QCD Mass Scale


• Meson and Baryon Spectroscopy


• Exotic States: Tetraquarks, Pentaquarks, Gluonium,


• Universal Regge Slopes: n, L, Mesons and Baryons


• Almost Massless Pion: GMOR Chiral Symmetry Breaking




• QCD Coupling at all Scales  


• Eliminate Scale Uncertainties and Scheme Dependence
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Chiral symmetry breaking.–The chiral limit follows di-
rectly from (12) since all the coe�cients C vanish for
 6= 0 in this limit. From (12) we obtain

M2
⇡ = �(mu+md) +O

�
(mu+md)

2
�
, (14)

in the limit mu,md ! 0. It has the same linear depen-
dence in the quark mass as the Gell-Mann-Oakes-Renner
(GMOR) relation [43]

M2
⇡f

2
⇡ = �

1
2 (mu+md)hūu+d̄di+O

�
(mu+md)

2
�
, (15)

where the vacuum condensate h  i ⌘ 1
2 hūu + d̄di plays

the role of a chiral order parameter. The same linear de-
pendence in (14) arises for the (3 + 1) e↵ective LF Hamil-
tonian, since the constraints from the superconformal al-
gebra require that the contribution to the pion mass from
the transverse LF dynamics is identically zero [8].

The lowest mode eigenfunction in (11) has identi-
cal form as the approximate analytic solution obtained
in [21, 22], �(x) ⇠ x�1(1 � x)�2 , where the exponents
�i are determined by quark masses and the longitudinal
coupling g, which in QCD(1+1) has units of mass. In the
’t Hooft model [21] the longitudinal equation (4) becomes
the non-linear equation

 
m2

q

x
+

m2
q̄

1� x

!
�(x) +

g2NC

⇡
P

Z 1

0
dx0�(x)� �(x0)

(x� x0)2

= M2
k �(x), (16)

with ⇡m2
q/g

2NC�1+⇡�1 cot(⇡�1) = 0 from the x-power
expansion of (16) at x = ✏ and a similar expression from
the upper bound x = 1�✏. Spontaneous chiral symmetry
breaking occurs in the limit NC ! 1, followed by the
limit mq ! 0 with the result �i = (3m2

i /⇡g
2NC)1/2 from

the expansion of the transcendental equation above and

M2
⇡ = g

p
⇡NC/3 (mu +md) +O

�
(mu+md)

2
�
, (17)

from integrating (16) [21, 23]. Comparison with (14)
leads to � = g

p
⇡NC/3 = const, since g scales as

g ⇠ 1
p
NC and chiral logarithms are suppressed at

NC ! 1. We notice that both (14) and (17) receive
identical contributions from the potential and kinetic en-
ergy terms in agreement with the virial theorem.

Numerical results.–In practice, we need to know the
value of the scale � and the quark masses to compute
M2

k . In the heavy quark limit Eq. (10) coincides with the

heavy-quark e↵ective theory (HQET) result [44], which
requires that the confining scale is proportional to the
mass of the heavy meson:

p
�Q = C

p
MQ [13, 28]. The

value is C = 0.49± 0.02 GeV1/2 for MQ � 1.8 GeV [15],
namely � ' C2 = 0.24 GeV. We assume that this value
of the longitudinal confinement scale to remain constant,
a result supported by the large NC QCD(1 + 1) ’t Hooft
model discussed above. Thus, fixing C ' 0.5 GeV1/2

at all scales, we can determine the e↵ective light quark
masses mu and md from the measured pion mass and the
strange quark mass, ms, from the kaon mass using (12):
The value of the �(1020) mass is then a prediction. No-
tice that the �(1020) vector meson also has the transverse
mass component M? =

p
2� from the spin-spin interac-

tion in supersymmetric LF holographic QCD [9, 35] withp
� = 0.523 GeV.

TABLE I. Lowest expansion coe�cients C in (13).

 = 0  = 1  = 2  = 3  = 4  = 5  = 6
C(ud̄) 0.998 0 0.055 0 0.010 0 -0.003
C(us̄) 0.967 -0.231 0.100 -0.006 -0.009 0.013 -0.016
C(ss̄) 0.998 0 0.038 0 -0.045 0 -0.024
C(uc̄) 0.958 -0.267 0.097 -0.012 -0.003 0 -0.007
C(cc̄) 0.999 0 0.016 0 -0.020 0 -0.003

We show in Table I the values of the lowest expansion
coe�cients. The results for the light meson masses in
Fig. 1 correspond to the values mu = md = 28 MeV and
ms = 326 MeV. Meson masses are determined from the
stability plateau in Fig. 1. For light quark masses con-
tributions above max ' 20 introduce large uncertainties
from highly oscillatory integrands. In Fig. 2 we show the
e↵ect of the strong oscillations from the large  behavior
of the Jacobi Polynomials [46] by examining the variation
of the results for quark masses in the interval mq = 28
MeV to mq = 28⇥ 10�8 MeV.

FIG. 1. Numerical evaluation of ground state meson masses
from the stability plateau in the figure using (12). The hori-
zontal grey lines in the figure are the observed masses [45].

The distribution amplitude (DA) [47], X(x) ⌘p
x(1� x�(x), for the pion, kaon and J/ mesons are

shown in Fig. (3). Due to the rapid convergence of the
exponential wave function in the basis expansion (13),
very few modes are required to reproduce the invari-
ant mass ansatz. The DAs predicted by holographic LF
QCD at the initial nonperturbative scale should then

αs(Q2)

Valence and Higher Fock StatesℒQCD → ψH
n (xi, ⃗k ⊥i, λi)
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•Soft-wall dilaton profile breaks 
conformal invariance


•Color Confinement in z


•Introduces confinement scale κ

•Uses AdS5 as template for conformal 
theory

e'(z) = e+2z2

Dilaton-Modified AdS

Exploring QCD, Cambridge, August 20-24, 2007 Page 9
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Figure 1: Comparison of the light-front holographic prediction [1] M
2(n, L, S) =

4�(n+ L+ S/2) for the orbital L and radial n excitations of the meson spectrum with
experiment. See Ref. [2]

1 Introduction

A remarkable empirical feature of the hadronic spectrum is the near equality of the

slopes of meson and baryon Regge trajectories. The square of the masses of hadrons

composed of light quarks is linearly proportional not only to L, the orbital angular

momentum, but also to the principal quantum number n, the number of radial nodes in

the hadronic wavefunction as seen in Fig. 1. The Regge slopes in n and L are equal, as in

the meson formula M
2
M
(n, L, S) = 4�(n+L+S/2 from light front holographic QCD [1],

but even more surprising, they are observed to be equal for both the meson and baryon

trajectories, as shown in Fig. 2. The mean value for all of the slopes is  =
p
� = 0.523

GeV. See Fig. 3.

4

M2(n,L, S) = 42(n + L + S/2) Equal Slope in n and L
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Universality of Generalized Parton Distributions in Light-Front Holographic QCD 
Guy F. de Te ́ramond, Tianbo Liu, Raza Sabbir Sufian, Hans Günter Dosch, Alexandre Deur, SJB 

(HLFHS Collaboration) 

GPDs and LFWFs [52,55]. Shifting the FF poles to their
physical location [56] does not modify the exclusive
counting rules, but modifies the slope and intercept of
the Regge trajectory, and hence the analytic structure of the
GPDs that incorporates the Regge behavior. As a result, the
x dependence of PDFs and LFWFs is modified.
Furthermore, the GPDs are defined in the present context
up to a universal reparametrization function; therefore,
imposing further physically motivated constraints is
necessary.
Generalized parton distributions in LFHQCD.—In

LFHQCD, the FF for arbitrary twist τ is expressed in
terms of Gamma functions [28,52], an expression that can
be recast in terms of the Euler Beta function Bðu; vÞ as [29]

FτðtÞ ¼
1

Nτ
B
!
τ − 1;

1

2
−

t
4λ

"
; ð1Þ

where

Bðu; vÞ ¼
Z

1

0
dyyu−1ð1 − yÞv−1; ð2Þ

and Bðu; vÞ ¼ Bðv; uÞ ¼ ½ΓðuÞΓðvÞ=Γðuþ vÞ& with Nτ ¼ffiffiffi
π

p
½Γðτ − 1Þ=Γðτ − 1

2Þ&. For fixed u and large v, we have
Bðu; vÞ ∼ ΓðuÞv−u: we thus recover, for large Q2 ¼ −t, the
hard scattering scaling behavior [53,54]

FτðQ2Þ ∼
!

1

Q2

"
τ−1

: ð3Þ

In contrast with the GPD twist that is determined by the
quark-quark correlator, twist τ in (1) and (3) refers to
the number of constituents in a given Fock component in
the Fock expansion of the hadron state. It controls the short
distance behavior of the hadronic state and thus the power-
law asymptotic behavior (3).
For integer τ Eq. (1) generates the pole structure [52]

FτðQ2Þ ¼ 1

ð1þ Q2

M2
0

Þð1þ Q2

M2
1

Þ ' ' ' ð1þ Q2

M2
τ−2
Þ
; ð4Þ

with M2
n ¼ 4λðnþ 1

2Þ; n ¼ 0; 1; 2;…; τ − 2, corresponding
to the ρ vector meson and its radial excitations [28]. Notice
that the Beta function in (1) can be rewritten as B(τ − 1;
1 − αðtÞ) with Regge trajectory

αðtÞ ¼ t
4λ

þ 1

2
; ð5Þ

slope α0 ¼ 1=4λ and intercept αð0Þ ¼ 1
2. This is just the ρ

trajectory emerging from LFHQCD. The value of the
universal scale λ is fixed from the ρ mass:

ffiffiffi
λ

p
¼ κ ¼

mρ=
ffiffiffi
2

p
¼ 0.548 GeV [28,57].

Notice that the form factor (1) can be expressed as a
Veneziano amplitude [58] B(1 − αðsÞ; 1 − αðtÞ), where the
s-channel dependence is replaced by a fixed pole,
1 − αðsÞ → τ − 1, allowed by unitarity constraints, since
no resonances are formed in the s channel [59–61]
It will be useful to rewrite (1) using the reparametrization

invariance of the Euler Beta function (2) and thus transform
the integral representation of the form factor (1) into the
invariant form

FτðtÞ ¼
1

Nτ

Z
1

0
dxw0ðxÞwðxÞ−t=4λ−1

2½1 − wðxÞ&τ−2; ð6Þ

if wðxÞ is a monotonically increasing function with fixed
values at the integration limits given by the constraints

wð0Þ ¼ 0; wð1Þ ¼ 1; w0ðxÞ ≥ 0; ð7Þ

with x ∈ ½0; 1&. Any function wðxÞ that satisfies the con-
straints (7) will give the same result for the form factor.
Writing the flavor FF in terms of the valence GPD

FqðtÞ ¼
R
1
0 dxH

q
vðx; tÞ at zero skewness, Hqðx; tÞ≡

Hqðx; ξ ¼ 0; tÞ, we obtain

Hqðx; tÞ ¼ 1

Nτ
½1 − wðxÞ&τ−2wðxÞ−1

2w0ðxÞeðt=4λÞ log½1=wðxÞ&

¼ qτðxÞ exp½tfðxÞ&; ð8Þ

where the PDF qτðxÞ and the profile function fðxÞ

qτðxÞ ¼
1

Nτ
½1 − wðxÞ&τ−2wðxÞ−1

2w0ðxÞ; ð9Þ

fðxÞ ¼ 1

4λ
log

!
1

wðxÞ

"
; ð10Þ

are expressed in terms of the function wðxÞ fulfilling
conditions (7).
If, for x ∼ 0, wðxÞ behaves as wðxÞ ∼ x, we find the

t dependence

Hq
vðx; tÞ ∼ x−t=4λqvðxÞ; ð11Þ

which is the Regge theory motivated ansatz for small x
given in Ref. [62] for α0 ¼ 1=4λ.
To study the behavior of wðxÞ at large x, we perform a

Taylor expansion near x ¼ 1

wðxÞ ¼ 1 − ð1 − xÞw0ð1Þ þ 1

2
ð1 − xÞ2w00ð1Þ þ ' ' ' : ð12Þ

Upon substitution of (12) in (9), we find that the leading
term in the expansion, which behaves as ð1 − xÞτ−2,
vanishes if w0ð1Þ ¼ 0. Hence, setting

w0ð1Þ ¼ 0 and w00ð1Þ ≠ 0; ð13Þ
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2. This is just the ρ

trajectory emerging from LFHQCD. The value of the
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¼ 0.548 GeV [28,57].

Notice that the form factor (1) can be expressed as a
Veneziano amplitude [58] B(1 − αðsÞ; 1 − αðtÞ), where the
s-channel dependence is replaced by a fixed pole,
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physical location [56] does not modify the exclusive
counting rules, but modifies the slope and intercept of
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GPDs that incorporates the Regge behavior. As a result, the
x dependence of PDFs and LFWFs is modified.
Furthermore, the GPDs are defined in the present context
up to a universal reparametrization function; therefore,
imposing further physically motivated constraints is
necessary.
Generalized parton distributions in LFHQCD.—In

LFHQCD, the FF for arbitrary twist τ is expressed in
terms of Gamma functions [28,52], an expression that can
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Supersymmetry in QCD

• A hidden symmetry of Color SU(3)C in hadron physics

• QCD: No squarks or gluinos!

• Emerges from Light-Front Holography and Super-
Conformal Algebra

• Color Confinement

• Massless Pion in Chiral Limit

de Téramond, Dosch, sjb
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Superconformal Algebra
2X2 Hadronic Multiplets

&%
'$ue &%
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�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Meson Baryon

Baryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C

Tetraquark: 

diquark + antidiquark

de Téramond, Dosch, sjb



HLFQCD: Longitudinal dynamics and CSB

4 Quest for a transverse potential
Superconformal algebraic structure in HLFQCD
[S. Fubini and E. Rabinovici, NPB 245, 17 (1984)]

• Superconformal algebra underlies in HLFQCD the scale invariance of the QCD Lagrangian. It leads to

the introduction of a scale in the Hamiltonian maintaining the action conformal invariant

• It incorporates a connection between mesons, baryons and tetraquarks underlying the SU(N)C
representation properties: N ! N ⇥N

• It leads to the baryon bound-state equations [GdT, H.G. Dosch and S. J. Brodsky, PRD 91, 045040 (2015)]
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• Eigenvalues

M2 = 4�(n+ L+ 1)

• Eigenfunctions
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ILCAC, 2 June 2021
Page 11

Baryon Spectroscopy from LF Holography

Same slope in n and L!
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pion 

has no superpartner!
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`

• Universal quark light-front kinetic energy


• Universal quark light-front potential energy


• Universal Constant Contribution from AdS 
and Superconformal Quantum Mechanics

�M2
LFKE = 2(1 + 2n + L)

�M2
LFPE = 2(1 + 2n + L)

Equal: 

Virial 

Theorem 

hyperfine spin-spin

�M2
spin = 22(L + 2S + B � 1)

M2
H

2
= (1 + 2n + L) + (1 + 2n + L) + (2L + 4S + 2B � 2)

Universal Hadronic Decomposition



Fermionic Modes and Baryon Spectrum
[Hard wall model: GdT and S. J. Brodsky, PRL 94, 201601 (2005)]

[Soft wall model: GdT and S. J. Brodsky, (2005), arXiv:1001.5193]

From Nick Evans

• Nucleon LF modes
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• Normalization ⇤
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• Eigenvalues

M2
n,L,S=1/2 = 4⇥2 (n + L + 1)
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Quark Chiral 
Symmetry of 
Eigenstate!

Nucleon spin carried by quark orbital angular momentum 

Nucleon: Equal Probability for L=0,1
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Using SU(6) flavor symmetry and normalization to static quantities
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LF Holographic Nucleon Form Factors

F I=0,1(Q2) = Fp(Q2)± Fn(Q2)
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we find qτðxÞ ∼ ð1 − xÞ2τ−3, which is precisely the Drell-
Yan inclusive counting rule at x → 1 [63–65], correspond-
ing to the form factor behavior at large Q2 (3).
From Eq. (10), it follows that the conditions (13) are

equivalent to f0ð1Þ ¼ 0 and f00ð1Þ ≠ 0. Since logðxÞ∼
1 − x for x ∼ 1, a simple ansatz for fðxÞ consistent with
(7), (11), and (13) is

fðxÞ ¼ 1

4λ

!
ð1 − xÞ log

"
1

x

#
þ að1 − xÞ2

$
; ð14Þ

with a being a flavor-independent parameter. From (10),

wðxÞ ¼ x1−xe−að1−xÞ
2
; ð15Þ

an expression that incorporates Regge behavior at small x
and inclusive counting rules at large x.
Nucleon GPDs.—The nucleon GPDs are extracted from

nucleon FF data [66–70] choosing specific x and t depend-
ences of the GPDs for each flavor. One then finds the best
fit reproducing the measured FFs and the valence PDFs. In
our analysis of nucleon FFs [56], three free parameters are
required: these are r, interpreted as an SU(6) breaking
effect for the Dirac neutron FF, and γp and γn, which
account for the probabilities of higher Fock components
(meson cloud) and are significant only for the Pauli FFs.
The hadronic scale λ is fixed by the ρ-Regge trajectory [28],
whereas the Pauli FFs are normalized to the experimental
values of the anomalous magnetic moments.
Helicity nonflip distributions: Using the results from [56]

for the Dirac flavor FFs, we write the spin nonflip valence
GPDs Hqðx; tÞ ¼ qðxÞ exp ½tfðxÞ& with

uvðxÞ ¼
"
2 −

r
3

#
qτ¼3ðxÞ þ

r
3
qτ¼4ðxÞ; ð16Þ

dvðxÞ ¼
"
1 −

2r
3

#
qτ¼3ðxÞ þ

2r
3
qτ¼4ðxÞ; ð17Þ

for the u and d PDFs normalized to the valence content of
the proton:

R
1
0 dxuvðxÞ ¼ 2 and

R
1
0 dxdvðxÞ ¼ 1. The PDF

qτðxÞ and the profile function fðxÞ are given by (9) and
(10), and wðxÞ is given by (15). Positivity of the PDFs
implies that r ≤ 3=2, which is smaller than the value r ¼
2.08 found in [56]. We shall use the maximum value
r ¼ 3=2, which does not change significantly our results
in [56].
The PDFs (16) and (17) are evolved to a higher

scale μ with the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equation [71–73] in the M̄S scheme using
the HOPPET toolkit [74]. The initial scale is chosen at the
matching scale between LFHQCD and perturbative QCD
(pQCD) as μ0 ¼ 1.06'0.15 GeV [75] in the M̄S scheme at
next-to-next-to-leading order (NNLO). The strong cou-
pling constant αs at the scale of the Z-boson mass is set to

0.1182 [76], and the heavy quark thresholds are set with
M̄S quark masses as mc¼ 1.28 GeV and mb¼ 4.18 GeV
[76]. The PDFs are evolved to μ2 ¼ 10 GeV2 at NNLO to
compare with the global fits by the MMHT [5], CT [6], and
NNPDF [77] collaborations as shown in Fig. 1. The value
a ¼ 0.531' 0.037 is determined from the first moment of
the GPD,

R
1
0 dxxH

q
vðx; t ¼ 0Þ ¼ Aq

vð0Þ from the global data
fits with average values Au

vð0Þ ¼ 0.261' 0.005 and
Ad
vð0Þ ¼ 0.109' 0.005. The model uncertainty (red band)

includes the uncertainties in a and μ0 [78]. We also indicate
the difference between our results and global fits in Fig. 2.
The t dependence of Hq

vðx; tÞ is illustrated in Fig. 3.
Since our PDFs scale as qðxÞ ∼ x−1=2 for small x, the
Kuti-Weisskopf behavior for the nonsinglet structure
functions F2pðxÞ − F2nðxÞ ∼ x½uvðxÞ − dvðxÞ& ∼ x1=2 is
satisfied [79,80].
Helicity-flip distributions: The spin-flip GPDsEq

vðx; tÞ ¼
eqvðxÞ exp ½tfðxÞ& follow from the flavor Pauli FFs in [56]
given in terms of twist-4 and twist-6 contributions

eqvðxÞ ¼ χq½ð1 − γqÞqτ¼4ðxÞ þ γqqτ¼6ðxÞ&; ð18Þ

normalized to the flavor anomalous magnetic momentR
1
0 dxeqvðxÞ ¼ χq, with χu ¼ 2χp þ χn ¼ 1.673 and
χd ¼ 2χn þ χp ¼ −2.033. The factors γu and γd are

FIG. 1. Comparison for xqðxÞ in the proton from LFHQCD (red
bands) and global fits: MMHT2014 (blue bands) [5], CT14 [6]
(cyan bands), and NNPDF3.0 (gray bands) [77]. LFHQCD
results are evolved from the initial scale μ0 ¼ 1.06'0.15 GeV.

FIG. 2. Difference between our PDF results and global fits.
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Matching Scale

Matching the couplings from LFHQCD and pQCD

 12

Bjorken sum rule:

Imposing continuity for α 
and its first derivative

Effective coupling in LFHQCD 
(valid at low-Q2)

A. Deur, S.J. Brodsky, G.F. de Téramond,  
Phys. Lett. B 750, 528 (2015); J. Phys. G 44, 105005 (2017).

Analytic, defined at all scales, IR Fixed Point

Running Coupling from AdS/QCD
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Fit to the slope of Regge trajectories, 

including radial excitations

Same Regge Slope for Meson, Baryons: 

Supersymmetric feature of hadron physics

mu = md = 46 MeV, ms = 357 MeV

From ↵g1(Q2)
Deur

� = 2

κ = λ = 0.523 ± 0.024

Universal Mass Scale
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LFHQCD: Underlying Principles

• Poincarè Invariance: Independent of the observer’s Lorentz 
frame:  Quantization at Fixed Light-Front Time τ


• Causality: Information within causal horizon:  Light-Front


• Light-Front Holography: AdS5 = LF (3+1)


• Introduce Mass Scale κ while retaining the Conformal 
Invariance of the Action (dAFF)


• Unique Dilaton in AdS5:  


• Unique color-confining LF Potential


• Superconformal Algebra:  Mass Degenerate 4-Plet:

U(⇣2) = 4⇣2

e+2z2

Meson qq̄ $ Baryon q[qq] $ Tetraquark [qq][q̄q̄]

z $ ⇣ where ⇣2 = b2?x(1� x)
Exploring QCD, Cambridge, August 20-24, 2007 Page 9



Superconformal Algebra
2X2 Hadronic Multiplets

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Meson Baryon

Baryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C

Tetraquark: 

diquark + antidiquark

de Téramond, Dosch, sjb
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Appendix A: Form factors and parton distributions
in light-front QCD

The light-front formalism provides an exact repre-
sentation of current matrix elements in terms of the
overlap of frame-independent light-front wave functions
in a light-front Fock basis expansion with components
 n(xi,k?i,�i), where the internal partonic coordinates,
the longitudinal momentum fraction xi and the trans-
verse momentum k?i, obey the momentum conservation
sum rules

Pn
i=1 xi = 1, and

Pn
i=1 k?i = 0. The LFWFs

also depend on �i, the projection of the constituent’s spin
along the z direction.

In terms of overlap of LFWFs in momentum space the
electromagnetic form factor is given by the Drell-Yan-
West (DYW) expression [27, 30]

F (q2) =

X

n

nY

i=1

Z
dxi

Z
d
2k?i

2(2⇡)3
16⇡3

�

⇣
1�

nX

j=1

xj

⌘
�
(2)
⇣ nX

j=1

k?j

⌘

X

j

ej 
⇤
n(xi,k

0
?i,�i) n(xi,k?i,�i), (A1)

where the variables of the light-front Fock components
in the final state are given by k0

?i = k?i + (1 � xi)q?
for a struck constituent quark and k0

?i = k?i �xi q? for
each spectator. The formula is exact if the sum is over
all Fock states n.

The DYW expression for the form factor can be writ-
ten in impact space by Fourier transforming (A1) in mo-
mentum space to impact transverse space [22]. This is
a convenient form to obtain the impact dependent rep-
resentation of GPDs [23], but also for the holographic
mapping of AdS results, since the form factor can be ex-
pressed in terms of the product of light-front wave func-
tions with identical variables. To this purpose, we express
(A1) in terms of n�1 independent transverse impact vari-
ables b?j , j = 1, 2, . . . , n � 1, conjugate to the relative
transverse momentum coordinate k?i, and label by n the
active charged parton which interacts with the current.
Using the Fourier expansion

 n(xj ,k?j) =

(4⇡)(n�1)/2
n�1Y

j=1

Z
d
2b?j exp

⇣
i

n�1X

k=1

b?k · k?k

⌘
 n(xj ,b?j),

(A2)

we find [22, 24]

F (q2) =

X

n

n�1Y

j=1

Z
dxj

Z
d
2b?j exp

⇣
iq? ·

n�1X

j=1

xjb?j

⌘
| n(xj ,b?j)|2 ,

(A3)

corresponding to a change of transverse momentum xjq?
for each of the n � 1 spectators. The internal parton
variables, the longitudinal momentum fraction xi and
the transverse impact coordinate b?i obey the sum rulesPn

i=1 xi = 1 and
Pn

i=1 b?i = 0.

The form factor in light-front quantization has an exact
representation in terms of a single particle density [22, 24]

F (q2) =

Z 1

0
dx ⇢(x,q?), (A4)

where ⇢(x,q?) is given by

⇢(x,q?) =
X

n

n�1Y

j=1

Z
dxj

Z
d
2b?j �

⇣
1� x�

n�1X

j=1

xj

⌘

exp
⇣
iq? ·

n�1X

j=1

xjb?j

⌘
| n(xj ,b?j)|2 . (A5)

The integration in (A5) is over the coordinates of the
n� 1 spectator partons, and x = xn is the coordinate of
the active charged quark.

We can also write the form factor (A4) in terms
of a single-particle transverse distribution ⇢(x,a?) in
transverse-impact space [22]

F (q2) =

Z 1

0
dx

Z
d
2a?e

ia?·q?q(x,a?), (A6)
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2b?j exp

⇣
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(A3)

corresponding to a change of transverse momentum xjq?
for each of the n � 1 spectators. The internal parton
variables, the longitudinal momentum fraction xi and
the transverse impact coordinate b?i obey the sum rulesPn

i=1 xi = 1 and
Pn

i=1 b?i = 0.

The form factor in light-front quantization has an exact
representation in terms of a single particle density [22, 24]

F (q2) =

Z 1

0
dx ⇢(x,q?), (A4)

where ⇢(x,q?) is given by

⇢(x,q?) =
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| n(xj ,b?j)|2 . (A5)

The integration in (A5) is over the coordinates of the
n� 1 spectator partons, and x = xn is the coordinate of
the active charged quark.

We can also write the form factor (A4) in terms
of a single-particle transverse distribution ⇢(x,a?) in
transverse-impact space [22]

F (q2) =

Z 1

0
dx

Z
d
2a?e

ia?·q?q(x,a?), (A6) 5

where a? =
Pn�1

j=1 xjb?j is the x-weighted transverse
position coordinate of the n � 1 spectators. From (A5)
we obtain the corresponding transverse density
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Z
d
2q?

(2⇡)2
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The procedure is valid for any Fock state n, and thus the
results can be summed over n to obtain an exact repre-
sentation of the impact parameter dependent parton dis-
tribution introduced in Ref. [23], which gives the proba-
bility to find a quark with longitudinal light front momen-
tum fraction x at a transverse distance a? [25]. Using
(A4) and (A7) we can also compute the charge distribu-
tion of a hadron in the light-front transverse plane [31]

⇢(a?) =

Z
d
2q

(2⇡)2
e
�ia?·q?F (q2)

=

Z 1

0
dx q(x,a?). (A8)
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Appendix A: Form factors and parton distributions
in light-front QCD

The light-front formalism provides an exact repre-
sentation of current matrix elements in terms of the
overlap of frame-independent light-front wave functions
in a light-front Fock basis expansion with components
 n(xi,k?i,�i), where the internal partonic coordinates,
the longitudinal momentum fraction xi and the trans-
verse momentum k?i, obey the momentum conservation
sum rules

Pn
i=1 xi = 1, and

Pn
i=1 k?i = 0. The LFWFs

also depend on �i, the projection of the constituent’s spin
along the z direction.

In terms of overlap of LFWFs in momentum space the
electromagnetic form factor is given by the Drell-Yan-
West (DYW) expression [27, 30]

F (q2) =

X

n

nY

i=1

Z
dxi

Z
d
2k?i

2(2⇡)3
16⇡3

�

⇣
1�

nX

j=1

xj

⌘
�
(2)
⇣ nX

j=1

k?j

⌘

X

j

ej 
⇤
n(xi,k

0
?i,�i) n(xi,k?i,�i), (A1)

where the variables of the light-front Fock components
in the final state are given by k0

?i = k?i + (1 � xi)q?
for a struck constituent quark and k0

?i = k?i �xi q? for
each spectator. The formula is exact if the sum is over
all Fock states n.

The DYW expression for the form factor can be writ-
ten in impact space by Fourier transforming (A1) in mo-
mentum space to impact transverse space [22]. This is
a convenient form to obtain the impact dependent rep-
resentation of GPDs [23], but also for the holographic
mapping of AdS results, since the form factor can be ex-
pressed in terms of the product of light-front wave func-
tions with identical variables. To this purpose, we express
(A1) in terms of n�1 independent transverse impact vari-
ables b?j , j = 1, 2, . . . , n � 1, conjugate to the relative
transverse momentum coordinate k?i, and label by n the
active charged parton which interacts with the current.
Using the Fourier expansion

 n(xj ,k?j) =

(4⇡)(n�1)/2
n�1Y

j=1

Z
d
2b?j exp

⇣
i

n�1X

k=1

b?k · k?k

⌘
 n(xj ,b?j),

(A2)

we find [22, 24]
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n�1Y
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Z
dxj
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2b?j exp
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xjb?j

⌘
| n(xj ,b?j)|2 ,
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corresponding to a change of transverse momentum xjq?
for each of the n � 1 spectators. The internal parton
variables, the longitudinal momentum fraction xi and
the transverse impact coordinate b?i obey the sum rulesPn

i=1 xi = 1 and
Pn

i=1 b?i = 0.

The form factor in light-front quantization has an exact
representation in terms of a single particle density [22, 24]

F (q2) =

Z 1

0
dx ⇢(x,q?), (A4)

where ⇢(x,q?) is given by
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X

n
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dxj
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The integration in (A5) is over the coordinates of the
n� 1 spectator partons, and x = xn is the coordinate of
the active charged quark.

We can also write the form factor (A4) in terms
of a single-particle transverse distribution ⇢(x,a?) in
transverse-impact space [22]

F (q2) =

Z 1

0
dx

Z
d
2a?e

ia?·q?q(x,a?), (A6)

Drell-Yan-West Formula in Impact Space
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GPDs and LFWFs [52,55]. Shifting the FF poles to their
physical location [56] does not modify the exclusive
counting rules, but modifies the slope and intercept of
the Regge trajectory, and hence the analytic structure of the
GPDs that incorporates the Regge behavior. As a result, the
x dependence of PDFs and LFWFs is modified.
Furthermore, the GPDs are defined in the present context
up to a universal reparametrization function; therefore,
imposing further physically motivated constraints is
necessary.
Generalized parton distributions in LFHQCD.—In

LFHQCD, the FF for arbitrary twist τ is expressed in
terms of Gamma functions [28,52], an expression that can
be recast in terms of the Euler Beta function Bðu; vÞ as [29]

FτðtÞ ¼
1

Nτ
B
!
τ − 1;

1

2
−

t
4λ

"
; ð1Þ

where

Bðu; vÞ ¼
Z

1

0
dyyu−1ð1 − yÞv−1; ð2Þ

and Bðu; vÞ ¼ Bðv; uÞ ¼ ½ΓðuÞΓðvÞ=Γðuþ vÞ& with Nτ ¼ffiffiffi
π

p
½Γðτ − 1Þ=Γðτ − 1

2Þ&. For fixed u and large v, we have
Bðu; vÞ ∼ ΓðuÞv−u: we thus recover, for large Q2 ¼ −t, the
hard scattering scaling behavior [53,54]

FτðQ2Þ ∼
!

1

Q2

"
τ−1

: ð3Þ

In contrast with the GPD twist that is determined by the
quark-quark correlator, twist τ in (1) and (3) refers to
the number of constituents in a given Fock component in
the Fock expansion of the hadron state. It controls the short
distance behavior of the hadronic state and thus the power-
law asymptotic behavior (3).
For integer τ Eq. (1) generates the pole structure [52]

FτðQ2Þ ¼ 1

ð1þ Q2

M2
0

Þð1þ Q2

M2
1

Þ ' ' ' ð1þ Q2

M2
τ−2
Þ
; ð4Þ

with M2
n ¼ 4λðnþ 1

2Þ; n ¼ 0; 1; 2;…; τ − 2, corresponding
to the ρ vector meson and its radial excitations [28]. Notice
that the Beta function in (1) can be rewritten as B(τ − 1;
1 − αðtÞ) with Regge trajectory

αðtÞ ¼ t
4λ

þ 1

2
; ð5Þ

slope α0 ¼ 1=4λ and intercept αð0Þ ¼ 1
2. This is just the ρ

trajectory emerging from LFHQCD. The value of the
universal scale λ is fixed from the ρ mass:

ffiffiffi
λ

p
¼ κ ¼

mρ=
ffiffiffi
2

p
¼ 0.548 GeV [28,57].

Notice that the form factor (1) can be expressed as a
Veneziano amplitude [58] B(1 − αðsÞ; 1 − αðtÞ), where the
s-channel dependence is replaced by a fixed pole,
1 − αðsÞ → τ − 1, allowed by unitarity constraints, since
no resonances are formed in the s channel [59–61]
It will be useful to rewrite (1) using the reparametrization

invariance of the Euler Beta function (2) and thus transform
the integral representation of the form factor (1) into the
invariant form

FτðtÞ ¼
1

Nτ

Z
1

0
dxw0ðxÞwðxÞ−t=4λ−1

2½1 − wðxÞ&τ−2; ð6Þ

if wðxÞ is a monotonically increasing function with fixed
values at the integration limits given by the constraints

wð0Þ ¼ 0; wð1Þ ¼ 1; w0ðxÞ ≥ 0; ð7Þ

with x ∈ ½0; 1&. Any function wðxÞ that satisfies the con-
straints (7) will give the same result for the form factor.
Writing the flavor FF in terms of the valence GPD

FqðtÞ ¼
R
1
0 dxH

q
vðx; tÞ at zero skewness, Hqðx; tÞ≡

Hqðx; ξ ¼ 0; tÞ, we obtain

Hqðx; tÞ ¼ 1

Nτ
½1 − wðxÞ&τ−2wðxÞ−1

2w0ðxÞeðt=4λÞ log½1=wðxÞ&

¼ qτðxÞ exp½tfðxÞ&; ð8Þ

where the PDF qτðxÞ and the profile function fðxÞ

qτðxÞ ¼
1

Nτ
½1 − wðxÞ&τ−2wðxÞ−1

2w0ðxÞ; ð9Þ

fðxÞ ¼ 1

4λ
log

!
1

wðxÞ

"
; ð10Þ

are expressed in terms of the function wðxÞ fulfilling
conditions (7).
If, for x ∼ 0, wðxÞ behaves as wðxÞ ∼ x, we find the

t dependence

Hq
vðx; tÞ ∼ x−t=4λqvðxÞ; ð11Þ

which is the Regge theory motivated ansatz for small x
given in Ref. [62] for α0 ¼ 1=4λ.
To study the behavior of wðxÞ at large x, we perform a

Taylor expansion near x ¼ 1

wðxÞ ¼ 1 − ð1 − xÞw0ð1Þ þ 1

2
ð1 − xÞ2w00ð1Þ þ ' ' ' : ð12Þ

Upon substitution of (12) in (9), we find that the leading
term in the expansion, which behaves as ð1 − xÞτ−2,
vanishes if w0ð1Þ ¼ 0. Hence, setting

w0ð1Þ ¼ 0 and w00ð1Þ ≠ 0; ð13Þ
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Veneziano amplitude [58] B(1 − αðsÞ; 1 − αðtÞ), where the
s-channel dependence is replaced by a fixed pole,
1 − αðsÞ → τ − 1, allowed by unitarity constraints, since
no resonances are formed in the s channel [59–61]
It will be useful to rewrite (1) using the reparametrization

invariance of the Euler Beta function (2) and thus transform
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w0ð1Þ ¼ 0 and w00ð1Þ ≠ 0; ð13Þ
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Notice that the form factor (1) can be expressed as a
Veneziano amplitude [58] B(1 − αðsÞ; 1 − αðtÞ), where the
s-channel dependence is replaced by a fixed pole,
1 − αðsÞ → τ − 1, allowed by unitarity constraints, since
no resonances are formed in the s channel [59–61]
It will be useful to rewrite (1) using the reparametrization

invariance of the Euler Beta function (2) and thus transform
the integral representation of the form factor (1) into the
invariant form
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wð0Þ ¼ 0; wð1Þ ¼ 1; w0ðxÞ ≥ 0; ð7Þ

with x ∈ ½0; 1&. Any function wðxÞ that satisfies the con-
straints (7) will give the same result for the form factor.
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are expressed in terms of the function wðxÞ fulfilling
conditions (7).
If, for x ∼ 0, wðxÞ behaves as wðxÞ ∼ x, we find the

t dependence
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vðx; tÞ ∼ x−t=4λqvðxÞ; ð11Þ

which is the Regge theory motivated ansatz for small x
given in Ref. [62] for α0 ¼ 1=4λ.
To study the behavior of wðxÞ at large x, we perform a

Taylor expansion near x ¼ 1
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Upon substitution of (12) in (9), we find that the leading
term in the expansion, which behaves as ð1 − xÞτ−2,
vanishes if w0ð1Þ ¼ 0. Hence, setting

w0ð1Þ ¼ 0 and w00ð1Þ ≠ 0; ð13Þ
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Appendix A: Form factors and parton distributions
in light-front QCD

The light-front formalism provides an exact repre-
sentation of current matrix elements in terms of the
overlap of frame-independent light-front wave functions
in a light-front Fock basis expansion with components
 n(xi,k?i,�i), where the internal partonic coordinates,
the longitudinal momentum fraction xi and the trans-
verse momentum k?i, obey the momentum conservation
sum rules

Pn
i=1 xi = 1, and

Pn
i=1 k?i = 0. The LFWFs

also depend on �i, the projection of the constituent’s spin
along the z direction.

In terms of overlap of LFWFs in momentum space the
electromagnetic form factor is given by the Drell-Yan-
West (DYW) expression [27, 30]

F (q2) =

X

n

nY

i=1

Z
dxi

Z
d
2k?i

2(2⇡)3
16⇡3

�

⇣
1�

nX

j=1

xj

⌘
�
(2)
⇣ nX

j=1

k?j

⌘

X

j

ej 
⇤
n(xi,k

0
?i,�i) n(xi,k?i,�i), (A1)

where the variables of the light-front Fock components
in the final state are given by k0

?i = k?i + (1 � xi)q?
for a struck constituent quark and k0

?i = k?i �xi q? for
each spectator. The formula is exact if the sum is over
all Fock states n.

The DYW expression for the form factor can be writ-
ten in impact space by Fourier transforming (A1) in mo-
mentum space to impact transverse space [22]. This is
a convenient form to obtain the impact dependent rep-
resentation of GPDs [23], but also for the holographic
mapping of AdS results, since the form factor can be ex-
pressed in terms of the product of light-front wave func-
tions with identical variables. To this purpose, we express
(A1) in terms of n�1 independent transverse impact vari-
ables b?j , j = 1, 2, . . . , n � 1, conjugate to the relative
transverse momentum coordinate k?i, and label by n the
active charged parton which interacts with the current.
Using the Fourier expansion

 n(xj ,k?j) =

(4⇡)(n�1)/2
n�1Y

j=1

Z
d
2b?j exp

⇣
i

n�1X

k=1

b?k · k?k

⌘
 n(xj ,b?j),

(A2)

we find [22, 24]

F (q2) =

X

n

n�1Y

j=1

Z
dxj

Z
d
2b?j exp

⇣
iq? ·

n�1X

j=1

xjb?j

⌘
| n(xj ,b?j)|2 ,

(A3)

corresponding to a change of transverse momentum xjq?
for each of the n � 1 spectators. The internal parton
variables, the longitudinal momentum fraction xi and
the transverse impact coordinate b?i obey the sum rulesPn

i=1 xi = 1 and
Pn

i=1 b?i = 0.

The form factor in light-front quantization has an exact
representation in terms of a single particle density [22, 24]

F (q2) =

Z 1

0
dx ⇢(x,q?), (A4)

where ⇢(x,q?) is given by

⇢(x,q?) =
X

n

n�1Y

j=1

Z
dxj

Z
d
2b?j �

⇣
1� x�

n�1X

j=1

xj

⌘

exp
⇣
iq? ·

n�1X

j=1

xjb?j

⌘
| n(xj ,b?j)|2 . (A5)

The integration in (A5) is over the coordinates of the
n� 1 spectator partons, and x = xn is the coordinate of
the active charged quark.

We can also write the form factor (A4) in terms
of a single-particle transverse distribution ⇢(x,a?) in
transverse-impact space [22]

F (q2) =

Z 1

0
dx

Z
d
2a?e

ia?·q?q(x,a?), (A6)

P
i xi = 1

1

~a? ⌘
Pn�1

j=1 xj
~b?j

1

3

down or absorbed with greater probability as compared
with a pion projectile with a smaller transverse impact
area for the same Q

2. The particle with a larger num-
ber of constituents will thus require a larger Q2 to have
the same transparency: the onset of color transparency
will be higher when compared with the fewer components
projectile.

To illustrate this point consider for example an experi-
ment that measures CT for the deuteron in eA ! De

0
X,

where the deuteron is produced isolated with large trans-
verse momentum q opposite to the electron. As a result
of the LF cluster decomposition, the deuteron wave func-
tion factorizes into two distinct nucleon wave functions
convoluted with a two-body reduced form factor fR [29],
FD

�
Q

2
�

= fR

�
Q

2
�
Fp

�
1
4Q

2
�
Fn

�
1
4Q

2
�
, where fR(Q2)

is computed from the overlap of the reduced two-body
light-front wave functions (LFWFs): Q

2
fR(Q2) ' const

at large Q
2. The nucleon form factors FN are evalu-

ated at Q2
/4, since both nucleons share the momentum

transferred to the bound state by the incoming probe.
Therefore CT for eA ! De

0
X should occur at a Q

2 scale
four times higher than CT in eA ! pe

0
X.

We expect a similar e↵ect in comparing the relative CT
of nucleons with pions where the detailed dependence on
the individual constituents in the LFWF is essential. The
integrand of (A5) is in fact a function of q?·xjb?j where
the transverse coordinate b?j in impact space is the vari-
able conjugate to the LF relative transverse momentum
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Appendix A: Form factors and parton distributions
in light-front QCD

The light-front formalism provides an exact repre-
sentation of current matrix elements in terms of the
overlap of frame-independent light-front wave functions
in a light-front Fock basis expansion with components
 n(xi,k?i,�i), where the internal partonic coordinates,
the longitudinal momentum fraction xi and the trans-
verse momentum k?i, obey the momentum conservation
sum rules

Pn
i=1 xi = 1, and

Pn
i=1 k?i = 0. The LFWFs

also depend on �i, the projection of the constituent’s spin
along the z direction.

In terms of overlap of LFWFs in momentum space the
electromagnetic form factor is given by the Drell-Yan-
West (DYW) expression [27, 30]
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where the variables of the light-front Fock components
in the final state are given by k0

?i = k?i + (1 � xi)q?
for a struck constituent quark and k0

?i = k?i �xi q? for
each spectator. The formula is exact if the sum is over
all Fock states n.

The DYW expression for the form factor can be writ-
ten in impact space by Fourier transforming (A1) in mo-
mentum space to impact transverse space [22]. This is
a convenient form to obtain the impact dependent rep-
resentation of GPDs [23], but also for the holographic
mapping of AdS results, since the form factor can be ex-
pressed in terms of the product of light-front wave func-
tions with identical variables. To this purpose, we express
(A1) in terms of n�1 independent transverse impact vari-
ables b?j , j = 1, 2, . . . , n � 1, conjugate to the relative
transverse momentum coordinate k?i, and label by n the
active charged parton which interacts with the current.
Using the Fourier expansion
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we find [22, 24]
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corresponding to a change of transverse momentum xjq?
for each of the n � 1 spectators. The internal parton
variables, the longitudinal momentum fraction xi and
the transverse impact coordinate b?i obey the sum rulesPn

i=1 xi = 1 and
Pn

i=1 b?i = 0.

The form factor in light-front quantization has an exact
representation in terms of a single particle density [22, 24]
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where ⇢(x,q?) is given by
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The integration in (A5) is over the coordinates of the
n� 1 spectator partons, and x = xn is the coordinate of
the active charged quark.

We can also write the form factor (A4) in terms
of a single-particle transverse distribution ⇢(x,a?) in
transverse-impact space [22]
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will be higher when compared with the fewer components
projectile.

To illustrate this point consider for example an experi-
ment that measures CT for the deuteron in eA ! De

0
X,
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integrand of (A5) is in fact a function of q?·xjb?j where
the transverse coordinate b?j in impact space is the vari-
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xjq? for each spectator particle and this dependence is
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2 depends on
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IV. DISCUSSION OF RESULTS

As we show in Fig. 2 the gap in the transverse impact
area for di↵erent twist is more significative at intermedi-
ate energies and for low twist values, particularly between
twist two and three. For example, the e↵ective transverse
impact surface for twist two at 8 GeV2 is similar to that
of twist 3 at 20 GeV2; or the impact surface at 4 GeV2

for twist 2 is similar to that of twist 4 also at 20 GeV2,
thus implying an important delay in the CT onset at in-
termediate energies in terms of the quark constituents.
For the proton this is particularly relevant since it con-
tains twist-3 but also twist-4 in its LFWF to generate
its anomalous magnetic moment, thus requiring a larger
onset in CT as measured in [6].
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area for di↵erent twist is more significative at intermedi-
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twist two and three. For example, the e↵ective transverse
impact surface for twist two at 8 GeV2 is similar to that
of twist 3 at 20 GeV2; or the impact surface at 4 GeV2

for twist 2 is similar to that of twist 4 also at 20 GeV2,
thus implying an important delay in the CT onset at in-
termediate energies in terms of the quark constituents.
For the proton this is particularly relevant since it con-
tains twist-3 but also twist-4 in its LFWF to generate
its anomalous magnetic moment, thus requiring a larger
onset in CT as measured in [6].
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with a pion projectile with a smaller transverse impact
area for the same Q

2. The particle with a larger num-
ber of constituents will thus require a larger Q2 to have
the same transparency: the onset of color transparency
will be higher when compared with the fewer components
projectile.

To illustrate this point consider for example an experi-
ment that measures CT for the deuteron in eA ! De

0
X,

where the deuteron is produced isolated with large trans-
verse momentum q opposite to the electron. As a result
of the LF cluster decomposition, the deuteron wave func-
tion factorizes into two distinct nucleon wave functions
convoluted with a two-body reduced form factor fR [29],
FD

�
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= fR

�
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�
Fp

�
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4Q
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�
Fn

�
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4Q
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�
, where fR(Q2)

is computed from the overlap of the reduced two-body
light-front wave functions (LFWFs): Q

2
fR(Q2) ' const

at large Q
2. The nucleon form factors FN are evalu-

ated at Q2
/4, since both nucleons share the momentum

transferred to the bound state by the incoming probe.
Therefore CT for eA ! De

0
X should occur at a Q

2 scale
four times higher than CT in eA ! pe

0
X.

We expect a similar e↵ect in comparing the relative CT
of nucleons with pions where the detailed dependence on
the individual constituents in the LFWF is essential. The
integrand of (A5) is in fact a function of q?·xjb?j where
the transverse coordinate b?j in impact space is the vari-
able conjugate to the LF relative transverse momentum
of particle j and xj represents its longitudinal momentum
fraction. The index j is summed over the n � 1 specta-
tors: It corresponds to a change of transverse momentum
xjq? for each spectator particle and this dependence is
crucial to study the relative CT of di↵erent hadrons.

The spatial transverse-size dependence of the impact-
parameter on the momentum transfer t = �Q

2 is com-
puted from the expectation value of the profile function
f(x) = ha2?(x)i/4

ha2?(t)i⌧ =

R
dx 4f(x)⇢⌧ (x, t)R

dx⇢⌧ (x, t)

= 4F⌧ (t)
�1 d

dt
F⌧ (t)

=
1

�
[ (⌧ � ↵(t))�  (1� ↵(t)] , (8)

where the distribution ⇢⌧ (x, t) = q⌧ (x) exp [tf(x)].
The result (10) follows directly from the expression
of the form factor (5) since B(u, v)�1

@vB(u, v) =
( (v)�  (u+ v)), with  (z) the digamma function
 (z) = �(z)�1 d

dz�(z).
For integer twist ⌧ = N we can use the recurrence

relation for the digamma function  (z + 1) �  (z) = 1
z

to obtain

ha2?(t)i⌧ =
1

�

⌧�1X

j=1

1

j � ↵(t)
, (9)

an expression reminiscent of the classical Regge pole

structure of the scattering amplitude. For large values
of the momentum transfer t = �Q

2 it leads to

ha2?(Q2)i⌧ ! 4(⌧ � 1)

Q2
. (10)

In contrast with the dependence of the transverse impact
area as a function of x (4), the behavior in Q

2 depends on
twist and the Regge intercept ↵(0) of the vector meson
coupling with the quark current in the hadron.
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FIG. 2. The transverse impact area as a function of Q2
and

the number of constituents ⌧ implies a significant delay in the

onset of color transparency at intermediate energies for ⌧ > 2.

IV. DISCUSSION OF RESULTS

As we show in Fig. 2 the gap in the transverse impact
area for di↵erent twist is more significative at intermedi-
ate energies and for low twist values, particularly between
twist two and three. For example, the e↵ective transverse
impact surface for twist two at 8 GeV2 is similar to that
of twist 3 at 20 GeV2; or the impact surface at 4 GeV2

for twist 2 is similar to that of twist 4 also at 20 GeV2,
thus implying an important delay in the CT onset at in-
termediate energies in terms of the quark constituents.
For the proton this is particularly relevant since it con-
tains twist-3 but also twist-4 in its LFWF to generate
its anomalous magnetic moment, thus requiring a larger
onset in CT as measured in [6].
. . .
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Appendix A: Form factors and parton distributions
in light-front QCD

The light-front formalism provides an exact repre-
sentation of current matrix elements in terms of the
overlap of frame-independent light-front wave functions
in a light-front Fock basis expansion with components
 n(xi,k?i,�i), where the internal partonic coordinates,
the longitudinal momentum fraction xi and the trans-
verse momentum k?i, obey the momentum conservation
sum rules

Pn
i=1 xi = 1, and

Pn
i=1 k?i = 0. The LFWFs

also depend on �i, the projection of the constituent’s spin
along the z direction.

In terms of overlap of LFWFs in momentum space the
electromagnetic form factor is given by the Drell-Yan-
West (DYW) expression [27, 30]

F (q2) =

X

n

nY

i=1

Z
dxi

Z
d
2k?i

2(2⇡)3
16⇡3

�

⇣
1�
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�
(2)
⇣ nX

j=1

k?j

⌘

X

j

ej 
⇤
n(xi,k

0
?i,�i) n(xi,k?i,�i), (A1)

where the variables of the light-front Fock components
in the final state are given by k0

?i = k?i + (1 � xi)q?
for a struck constituent quark and k0

?i = k?i �xi q? for
each spectator. The formula is exact if the sum is over
all Fock states n.

The DYW expression for the form factor can be writ-
ten in impact space by Fourier transforming (A1) in mo-
mentum space to impact transverse space [22]. This is
a convenient form to obtain the impact dependent rep-
resentation of GPDs [23], but also for the holographic
mapping of AdS results, since the form factor can be ex-
pressed in terms of the product of light-front wave func-
tions with identical variables. To this purpose, we express
(A1) in terms of n�1 independent transverse impact vari-
ables b?j , j = 1, 2, . . . , n � 1, conjugate to the relative
transverse momentum coordinate k?i, and label by n the
active charged parton which interacts with the current.
Using the Fourier expansion

 n(xj ,k?j) =

(4⇡)(n�1)/2
n�1Y

j=1

Z
d
2b?j exp

⇣
i

n�1X

k=1

b?k · k?k

⌘
 n(xj ,b?j),

(A2)

we find [22, 24]

F (q2) =

X
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j=1

Z
dxj

Z
d
2b?j exp

⇣
iq? ·

n�1X

j=1

xjb?j

⌘
| n(xj ,b?j)|2 ,

(A3)

corresponding to a change of transverse momentum xjq?
for each of the n � 1 spectators. The internal parton
variables, the longitudinal momentum fraction xi and
the transverse impact coordinate b?i obey the sum rulesPn

i=1 xi = 1 and
Pn

i=1 b?i = 0.

The form factor in light-front quantization has an exact
representation in terms of a single particle density [22, 24]

F (q2) =

Z 1

0
dx ⇢(x,q?), (A4)

where ⇢(x,q?) is given by
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⌘
| n(xj ,b?j)|2 . (A5)

The integration in (A5) is over the coordinates of the
n� 1 spectator partons, and x = xn is the coordinate of
the active charged quark.

We can also write the form factor (A4) in terms
of a single-particle transverse distribution ⇢(x,a?) in
transverse-impact space [22]

F (q2) =

Z 1

0
dx

Z
d
2a?e

ia?·q?q(x,a?), (A6)

~a? ⌘
Pn�1

j=1 xj
~b?j

1

4

FIG. 3.

ACKNOWLEDGMENTS

We thank . . . The work of SJB is supported in part
by the Department of Energy, Contract DE–AC02–
76SF00515, SLAC-PUB-XXXXX.

Appendix A: Form factors and parton distributions
in light-front QCD

The light-front formalism provides an exact repre-
sentation of current matrix elements in terms of the
overlap of frame-independent light-front wave functions
in a light-front Fock basis expansion with components
 n(xi,k?i,�i), where the internal partonic coordinates,
the longitudinal momentum fraction xi and the trans-
verse momentum k?i, obey the momentum conservation
sum rules

Pn
i=1 xi = 1, and

Pn
i=1 k?i = 0. The LFWFs

also depend on �i, the projection of the constituent’s spin
along the z direction.

In terms of overlap of LFWFs in momentum space the
electromagnetic form factor is given by the Drell-Yan-
West (DYW) expression [27, 30]

F (q2) =

X

n

nY

i=1

Z
dxi

Z
d
2k?i

2(2⇡)3
16⇡3

�

⇣
1�

nX

j=1

xj

⌘
�
(2)
⇣ nX

j=1

k?j

⌘

X

j

ej 
⇤
n(xi,k

0
?i,�i) n(xi,k?i,�i), (A1)

where the variables of the light-front Fock components
in the final state are given by k0

?i = k?i + (1 � xi)q?
for a struck constituent quark and k0

?i = k?i �xi q? for
each spectator. The formula is exact if the sum is over
all Fock states n.

The DYW expression for the form factor can be writ-
ten in impact space by Fourier transforming (A1) in mo-
mentum space to impact transverse space [22]. This is
a convenient form to obtain the impact dependent rep-
resentation of GPDs [23], but also for the holographic
mapping of AdS results, since the form factor can be ex-
pressed in terms of the product of light-front wave func-
tions with identical variables. To this purpose, we express
(A1) in terms of n�1 independent transverse impact vari-
ables b?j , j = 1, 2, . . . , n � 1, conjugate to the relative
transverse momentum coordinate k?i, and label by n the
active charged parton which interacts with the current.
Using the Fourier expansion

 n(xj ,k?j) =

(4⇡)(n�1)/2
n�1Y

j=1

Z
d
2b?j exp

⇣
i

n�1X

k=1

b?k · k?k

⌘
 n(xj ,b?j),

(A2)

we find [22, 24]

F (q2) =

X

n

n�1Y

j=1

Z
dxj

Z
d
2b?j exp

⇣
iq? ·

n�1X

j=1

xjb?j

⌘
| n(xj ,b?j)|2 ,

(A3)

corresponding to a change of transverse momentum xjq?
for each of the n � 1 spectators. The internal parton
variables, the longitudinal momentum fraction xi and
the transverse impact coordinate b?i obey the sum rulesPn

i=1 xi = 1 and
Pn

i=1 b?i = 0.

The form factor in light-front quantization has an exact
representation in terms of a single particle density [22, 24]

F (q2) =

Z 1

0
dx ⇢(x,q?), (A4)

where ⇢(x,q?) is given by

⇢(x,q?) =
X

n

n�1Y

j=1

Z
dxj

Z
d
2b?j �

⇣
1� x�

n�1X

j=1

xj

⌘

exp
⇣
iq? ·

n�1X

j=1

xjb?j

⌘
| n(xj ,b?j)|2 . (A5)

The integration in (A5) is over the coordinates of the
n� 1 spectator partons, and x = xn is the coordinate of
the active charged quark.

We can also write the form factor (A4) in terms
of a single-particle transverse distribution ⇢(x,a?) in
transverse-impact space [22]

F (q2) =

Z 1

0
dx

Z
d
2a?e

ia?·q?q(x,a?), (A6)

Define mean transverse size as a function of x
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representation (Appendix A)

F (q2) =

Z 1

0
dx

Z
d
2a?e

ia?·q?q(x,a?), (2)

where the light-front transverse-impact distribution
q(x,a?) is the Fourier transform of the distribution
⇢(x, t) ⌘ q(x) exp [tf(x)] [22–25]
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The spatial transverse-size dependence of the impact-
parameter on the longitudinal momentum fraction x is

ha2?(x)i =
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��1 r2
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Q2=0

= 4f(x), (4)

thus uniquely determined by the hadron’s profile func-
tion. At large momentum transfer �t = Q

2 the main
support of the integral in (1) comes from the regime
f(x) ⇠ 1/Q2, and one finds the expected dimensional
result for the scaling behavior of the impact transverse
size [1], namely ha2?(Q2)i ⇠ 1

Q2 .

In LF holographic QCD the form factor is expressed
in terms of Euler’s Beta function B(u, v) = B(v, u) =
�(u)�(v)
�(u+v) . It has the reparametrization invariant integral

representation [17]
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where ↵(t) = ↵(0) + ↵
0
t is the Regge trajectory of the

vector meson which couples to the quark current in the
hadron and N⌧ is a normalization factor. The trajectory
↵(t) can be computed within the superconformal light-
front holographic framework and its intercept ↵(0) incor-
porates the quark masses [12, 13, 26]. The function w(x)
is a flavor independent function with w(0) = 0, w(1) = 1
and w

0(x) � 0. The profile function f(x) and the PDF
q⌧ (x) are determined by w(x)
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, (7)

with ↵
0 = 1/4�. Boundary conditions at x ! 0 fol-

low from the Regge behavior, w(x) ⇠ x, and at x ! 1
from the inclusive-exclusive counting rules [27], q⌧ (x) ⇠

(1 � x)2⌧�3, which fix w
0(1) = 0. These physical condi-

tions, together with the constraints written above, basi-
cally determine the form of w(x).

FIG. 1. Transverse-impact dependence of a hadron on the

longitudinal momentum fraction x. At large x, equivalently
at large values of Q2

, the hadron behaves as a pointlike ob-

ject. This behavior is attributed to be at the origin of color

transparency in nuclei.

We show in Fig. 1 the transverse-impact dependence
on the longitudinal momentum fraction x. This behav-
ior is universal and depends only on the profile function
f(x) (6) which, in LF holographic QCD, is determined
by the hadron mass scale �, a flavor independent con-
stant in the light sector, and the longitudinal function
w(x) which is also flavor independent [12]. It is also in-
dependent of the number of components of a hadron and
of the nature of the lepton current which scatters o↵ the
hadron. At large x, equivalently at large values of Q2, the
hadron converges to its pointlike configuration (PLC) as
expected in a very high momentum transfer reaction. We
use the specific form of w(x) given in Refs. [17, 18] where
the value of the mass scale  ⌘

p
� = 0.523± 0.024 GeV

is determined from the di↵erent light hadron channels,
including all radial and orbital excitations [28].

III. ONSET OF COLOR TRANSPARENCY

We have shown above that the transverse-impact de-
pendence on the longitudinal momentum fraction x is
universal, however the relative transparency is not. In
fact, one expects form general considerations that the
initial formation of a PLC for a bound state with a large
number of constituents –the deuteron for example, with
a larger phase space, has a lower probability to fluctuate
to a small configuration as compared with a two-particle
bound state, say the pion. Consequently, it would present
to the nuclear environment a larger transverse impact
area as it travels across the nucleon and will be slowed
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crucial to study the relative CT of di↵erent hadrons.

The spatial transverse-size dependence of the impact-
parameter on the momentum transfer t = �Q

2 is com-
puted from the expectation value of the profile function
f(x) = ha2?(x)i/4

ha2?(t)i⌧ =

R
dx 4f(x)⇢⌧ (x, t)R

dx⇢⌧ (x, t)

= 4F⌧ (t)
�1 d

dt
F⌧ (t)

=
1

�
[ (⌧ � ↵(t))�  (1� ↵(t)] , (8)

where the distribution ⇢⌧ (x, t) = q⌧ (x) exp [tf(x)].
The result (10) follows directly from the expression
of the form factor (5) since B(u, v)�1

@vB(u, v) =
( (v)�  (u+ v)), with  (z) the digamma function
 (z) = �(z)�1 d

dz�(z).
For integer twist ⌧ = N we can use the recurrence

relation for the digamma function  (z + 1) �  (z) = 1
z

to obtain

ha2?(t)i⌧ =
1

�

⌧�1X

j=1

1

j � ↵(t)
, (9)

an expression reminiscent of the classical Regge pole

structure of the scattering amplitude. For large values
of the momentum transfer t = �Q

2 it leads to

ha2?(Q2)i⌧ ! 4(⌧ � 1)

Q2
. (10)

In contrast with the dependence of the transverse impact
area as a function of x (4), the behavior in Q

2 depends on
twist and the Regge intercept ↵(0) of the vector meson
coupling with the quark current in the hadron.

FIG. 2. The transverse impact area as a function of Q2
and

the number of constituents ⌧ implies a significant delay in the

onset of color transparency at intermediate energies for ⌧ > 2.

IV. DISCUSSION OF RESULTS

As we show in Fig. 2 the gap in the transverse impact
area for di↵erent twist is more significative at intermedi-
ate energies and for low twist values, particularly between
twist two and three. For example, the e↵ective transverse
impact surface for twist two at 8 GeV2 is similar to that
of twist 3 at 20 GeV2; or the impact surface at 4 GeV2

for twist 2 is similar to that of twist 4 also at 20 GeV2,
thus implying an important delay in the CT onset at in-
termediate energies in terms of the quark constituents.
For the proton this is particularly relevant since it con-
tains twist-3 but also twist-4 in its LFWF to generate
its anomalous magnetic moment, thus requiring a larger
onset in CT as measured in [6].
. . .

V. CONCLUSIONS AND OUTLOOK
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• Transverse-impact size dependence on t = �Q
2

from expectation value of the profile function �(x)
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=
1
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d

dt
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4�
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with  the digamma function

• For integer twist ⌧ = N
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verse size, grows as the number of spectators and depends also on the properties of the quark current
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At large light-front momentum fraction x, and equivalently at large values of Q2, the transverse size of a 
hadron behaves as a point-like color-singlet object. This behavior is the origin of color transparency in 
nuclei. 


Although the dependence of the transverse impact area as a function of x is universal, the behavior in Q2 

depends on properties of the hadron, such as its twist. 

2

representation (Appendix A)

F (q2) =

Z 1

0
dx

Z
d
2a?e

ia?·q?q(x,a?), (2)

where the light-front transverse-impact distribution
q(x,a?) is the Fourier transform of the distribution
⇢(x, t) ⌘ q(x) exp [tf(x)] [22–25]

q(x,a?) =

Z
d
2q?

(2⇡)2
e
�ia?·q?⇢ (x,q?)

=
1

4⇡
exp

✓
� a2?
4f(x)

◆
q(x)

f(x)
. (3)

The spatial transverse-size dependence of the impact-
parameter on the longitudinal momentum fraction x is

ha2?(x)i =
R
d
2a?a2?q(x,a?)R
d2a?q(x,a?)

= �H
�
x,�Q

2
��1 r2

QH
�
x,�Q

2
� ���

Q2=0

= 4f(x), (4)

thus uniquely determined by the hadron’s profile func-
tion. At large momentum transfer �t = Q

2 the main
support of the integral in (1) comes from the regime
f(x) ⇠ 1/Q2, and one finds the expected dimensional
result for the scaling behavior of the impact transverse
size [1], namely ha2?(Q2)i ⇠ 1

Q2 .

In LF holographic QCD the form factor is expressed
in terms of Euler’s Beta function B(u, v) = B(v, u) =
�(u)�(v)
�(u+v) . It has the reparametrization invariant integral

representation [17]

F (t)⌧ =
1

N⌧
B (1� ⌧, 1� ↵(t))

=
1

N⌧

Z 1

0
dxw

0(x)w(x)�↵(t) [1� w(x)]⌧�2
, (5)

where ↵(t) = ↵(0) + ↵
0
t is the Regge trajectory of the

vector meson which couples to the quark current in the
hadron and N⌧ is a normalization factor. The trajectory
↵(t) can be computed within the superconformal light-
front holographic framework and its intercept ↵(0) incor-
porates the quark masses [12, 13, 26]. The function w(x)
is a flavor independent function with w(0) = 0, w(1) = 1
and w

0(x) � 0. The profile function f(x) and the PDF
q⌧ (x) are determined by w(x)

f(x) =
1

4�
log

⇣ 1

w(x)

⌘
, (6)

q⌧ (x) =
1

N⌧
w

0(x)w(x)�↵(0)[1� w(x)]⌧�2
, (7)

with ↵
0 = 1/4�. Boundary conditions at x ! 0 fol-

low from the Regge behavior, w(x) ⇠ x, and at x ! 1
from the inclusive-exclusive counting rules [27], q⌧ (x) ⇠

(1 � x)2⌧�3, which fix w
0(1) = 0. These physical condi-

tions, together with the constraints written above, basi-
cally determine the form of w(x).

FIG. 1. Transverse-impact dependence of a hadron on the

longitudinal momentum fraction x. At large x, equivalently
at large values of Q2

, the hadron behaves as a pointlike ob-

ject. This behavior is attributed to be at the origin of color

transparency in nuclei.

We show in Fig. 1 the transverse-impact dependence
on the longitudinal momentum fraction x. This behav-
ior is universal and depends only on the profile function
f(x) (6) which, in LF holographic QCD, is determined
by the hadron mass scale �, a flavor independent con-
stant in the light sector, and the longitudinal function
w(x) which is also flavor independent [12]. It is also in-
dependent of the number of components of a hadron and
of the nature of the lepton current which scatters o↵ the
hadron. At large x, equivalently at large values of Q2, the
hadron converges to its pointlike configuration (PLC) as
expected in a very high momentum transfer reaction. We
use the specific form of w(x) given in Refs. [17, 18] where
the value of the mass scale  ⌘

p
� = 0.523± 0.024 GeV

is determined from the di↵erent light hadron channels,
including all radial and orbital excitations [28].

III. ONSET OF COLOR TRANSPARENCY

We have shown above that the transverse-impact de-
pendence on the longitudinal momentum fraction x is
universal, however the relative transparency is not. In
fact, one expects form general considerations that the
initial formation of a PLC for a bound state with a large
number of constituents –the deuteron for example, with
a larger phase space, has a lower probability to fluctuate
to a small configuration as compared with a two-particle
bound state, say the pion. Consequently, it would present
to the nuclear environment a larger transverse impact
area as it travels across the nucleon and will be slowed

3

down or absorbed with greater probability as compared
with a pion projectile with a smaller transverse impact
area for the same Q

2. The particle with a larger num-
ber of constituents will thus require a larger Q2 to have
the same transparency: the onset of color transparency
will be higher when compared with the fewer components
projectile.

To illustrate this point consider for example an experi-
ment that measures CT for the deuteron in eA ! De

0
X,

where the deuteron is produced isolated with large trans-
verse momentum q opposite to the electron. As a result
of the LF cluster decomposition, the deuteron wave func-
tion factorizes into two distinct nucleon wave functions
convoluted with a two-body reduced form factor fR [29],
FD

�
Q

2
�

= fR

�
Q

2
�
Fp

�
1
4Q

2
�
Fn

�
1
4Q

2
�
, where fR(Q2)

is computed from the overlap of the reduced two-body
light-front wave functions (LFWFs): Q

2
fR(Q2) ' const

at large Q
2. The nucleon form factors FN are evalu-

ated at Q2
/4, since both nucleons share the momentum

transferred to the bound state by the incoming probe.
Therefore CT for eA ! De

0
X should occur at a Q

2 scale
four times higher than CT in eA ! pe

0
X.

We expect a similar e↵ect in comparing the relative CT
of nucleons with pions where the detailed dependence on
the individual constituents in the LFWF is essential. The
integrand of (A5) is in fact a function of q?·xjb?j where
the transverse coordinate b?j in impact space is the vari-
able conjugate to the LF relative transverse momentum
of particle j and xj represents its longitudinal momentum
fraction. The index j is summed over the n � 1 specta-
tors: It corresponds to a change of transverse momentum
xjq? for each spectator particle and this dependence is
crucial to study the relative CT of di↵erent hadrons.

The spatial transverse-size dependence of the impact-
parameter on the momentum transfer t = �Q

2 is com-
puted from the expectation value of the profile function
f(x) = ha2?(x)i/4

ha2?(t)i⌧ =

R
dx 4f(x)⇢⌧ (x, t)R

dx⇢⌧ (x, t)

= 4F⌧ (t)
�1 d

dt
F⌧ (t)

=
1
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[ (⌧ � ↵(t))�  (1� ↵(t)] , (8)

where the distribution ⇢⌧ (x, t) = q⌧ (x) exp [tf(x)].
The result (10) follows directly from the expression
of the form factor (5) since B(u, v)�1

@vB(u, v) =
( (v)�  (u+ v)), with  (z) the digamma function
 (z) = �(z)�1 d

dz�(z).
For integer twist ⌧ = N we can use the recurrence

relation for the digamma function  (z + 1) �  (z) = 1
z

to obtain

ha2?(t)i⌧ =
1

�

⌧�1X

j=1

1

j � ↵(t)
, (9)

an expression reminiscent of the classical Regge pole

structure of the scattering amplitude. For large values
of the momentum transfer t = �Q

2 it leads to

ha2?(Q2)i⌧ ! 4(⌧ � 1)

Q2
. (10)

In contrast with the dependence of the transverse impact
area as a function of x (4), the behavior in Q

2 depends on
twist and the Regge intercept ↵(0) of the vector meson
coupling with the quark current in the hadron.

FIG. 2. The transverse impact area as a function of Q2
and

the number of constituents ⌧ implies a significant delay in the

onset of color transparency at intermediate energies for ⌧ > 2.

IV. DISCUSSION OF RESULTS

As we show in Fig. 2 the gap in the transverse impact
area for di↵erent twist is more significative at intermedi-
ate energies and for low twist values, particularly between
twist two and three. For example, the e↵ective transverse
impact surface for twist two at 8 GeV2 is similar to that
of twist 3 at 20 GeV2; or the impact surface at 4 GeV2

for twist 2 is similar to that of twist 4 also at 20 GeV2,
thus implying an important delay in the CT onset at in-
termediate energies in terms of the quark constituents.
For the proton this is particularly relevant since it con-
tains twist-3 but also twist-4 in its LFWF to generate
its anomalous magnetic moment, thus requiring a larger
onset in CT as measured in [6].
. . .
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Color Transparency and Light-Front Holography

• Essential prediction of QCD

• LF Holography: Spectroscopy, dynamics, structure

• Transverse size predicted by LF Holography as a function of Q

• Q scale for CT increases with twist, number of constituents

• Two-Stage Proton Transparency: Equal probability L=0,1

• No contradiction with present experiments

Q2
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0(⇡) ' 4 GeV 2 for onset of color transparency in 12C

1



c

Singapore

Secondary Logo:

Color Palette

The logo and word mark can be printed or published in one-color red, one-color black and one-color white. When used on
a white background, the one-color red version is preferred. An all-black or all-white version is available for use when the
preferred two-color version is not possible or appropriate. Do not create versions of the logo in other colors or
proportions.

The red used in the logo has the following color mix:

Pantone 201
CMYK: 0/100/65/34
RGB: 164/0/29
Web: #8c1515

Caution: DO NOT convert between these four color spaces or the red will change tone. Use Pantone (spot color only) or
CMYK for externally printed pieces, RGB for documents printed in the o!ice, and HEX for web and digital colors. When you
embed an .eps version of a logo, make sure it’s the correct HEX color value BEFORE saving for web or digital.

Incorrect Logo Usage

Stan Brodsky 


June  7, 2021

Future of Color 
Transparency and 

Hadronization Studies 
at JLab and Beyond

The Onset of Color Transparency 

in Holographic Light-Front QCD

Onset of color transparency in holographic light-front QCD

Stanley J. Brodsky⇤

SLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309, USA

Guy F. de Téramond†
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Color transparency in nuclei is a fundamental QCD property measured in semi-exclusive hard

scattering where mesons are produced at high transverse momentum Q2 > 3 GeV
2
. A recent

JLab measurement for protons fails, however, to observe QCD color transparency up to Q2
of 14.2

(GeV/c)
2
exacting all current models. Using the holographic light-front QCD framework we predict

the Q2
behavior of the transverse-impact cross section, its precise dependence on the twist ⌧ , the

number of constituents of the hadron bound state, and the quark current which triggers the initial

formation of the small hadron configuration in nuclei. We find a significant Q2
delay in the onset

of color transparency at intermediate energies for twist ⌧ > 2.

I. INTRODUCTION

One of the most remarkable properties predicted by
QCD is Color Transparency (CT) –the ability of a hadron
produced at high momentum transfer Q to transit a nu-
cleus without absorption. This property reflects the fact
that the dynamics of a hadron produced in a hard scat-
tering reaction is dominated by its valence Fock state
where its quark constituents have small transverse sep-
aration a? / 1/Q, and thus propagate as a small-size
color-singlet [1, 2]. For example, the semi-exclusive elec-
troproduction process eA ! e

0
HX, where the hadron H

is produced with large transverse momentum opposite to
the scattered lepton is dominated by the hard scatter-
ing of its valence quark constituents at small transverse
separation. The scattered hadron H thus propagates as
a small color singlet, and the e↵ects of the nuclear envi-
ronment are power-law suppressed. The same principle
underlies the theory of hard exclusive reactions [3] and
predictions such as QCD counting rules for hadronic form
factors and exclusive cross sections [4, 5]. Measurements
of CT can thus distinguish between the predictions of
conventional nuclear physics and the onset of quark and
gluon degrees of freedom.

The absence of nuclear absorption as a function of
momentum transfer has been confirmed in many semi-
exclusive hard scattering reactions where mesons are pro-
duced at high transverse momentum squared of order
Q

2
> 3 GeV2 [2]. However, a recent measurement for

protons by the Hall C Collaboration [6], does not observe
CT in quasielastic 12C(e, e0p) up to Q

2 of 14.2 (GeV/c)2,
thus setting strong constraints on the onset of color trans-
parency and all available models.

In this letter we use the extended holographic light-
front QCD framework [7, 8] to predict the behavior of
the transverse-impact cross section as a function of Q2.

⇤ sjbth@slac.stanford.edu
† gdt@asterix.crnet.cr

We find that the transverse-impact area depends on the
twist, the number of components of a given Fock state,
and the quark current which couples to a given hadron
triggering the initial formation of a small hadron configu-
ration in nuclei. This critical dependence on the number
of components modifies the relative onset of color trans-
parency, for example, of a proton or deuteron as com-
pared with the observed onset of pion transparency in
nuclei.

Our analysis, based on the results from holographic
light-front QCD [7, 8], is rooted on the gauge/gravity
correspondence [9], light-front (LF) quantization [10], su-
perconformal quantum mechanics [11–13] and the gener-
alized Veneziano model [14–16]. Our framework provides
nontrivial connections between the dynamics of form fac-
tors and polarized and unpolarized quark distributions
with analytic structures found in pre-QCD studies, such
as Regge trajectories and the Veneziano model [17, 18].
These nonperturbative structures are found to be most
relevant for the present analysis of the dynamics of color
transparency.

II. HOLOGRAPHIC LIGHT-FRONT QCD
RESULTS

We write the flavor form factor for twist ⌧ in terms of
the generalized parton distribution (GPD) at zero skew-
ness Hq(x, t) ⌘ H

q(x, ⇠ = 0, t) [19–21]

F
q
⌧ (t) =

Z 1

0
dxH

q(x, t)

=

Z 1

0
dx q⌧ (x) exp [tf(x)] , (1)

where q⌧ (x) is the longitudinal parton distribution func-
tion (PDF) and f(x) the profile function. In light-front
quantization the form factor has an exact single-particle

with
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