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Gravitational formfactors and the mass distribution

Visible .il.gu-,muw,!a”;'

Distribution of Visible and Dark Matter - Cosmic Evolution Survey
Hubble Space Telescope + Advanced Camera for Surveys

Image: CERN

What is the origin of the proton mass?
How is the mass distributed inside the proton?

Is it associated with quarks (“visible matter”)
or with gluons (“dark matter”)?

How can we measure the mass distribution?



The mass distribution 1n General Relativity

Consider Einstein gravity:

Ricci 1
curvature IR, — —¢, R = 381tG 1),
tensor 2
] ] Gunnar Nordstrom Albert Einstein
Take the trace with metric tensor: 1881-1923 1879-1955

— R =81G T T = T»  CfNordstrom 1912
— T p

Einstein 1913; Einstein-Fokker 1914

Non-relativistic, weak gravitational field limit:

ug = ud =1,

Joo = 1+ 2¢, Ly = o, 0 = 0.

Therefore, in this limit, the distributions of mass and of T coincide:

15 = p; TET:':TC?Z,LL

* Einstein, Albert and Fokker, Adriann, D., "Die Nordstrémsche Gravitationstheorie vom Standpunkt
des absoluten Differentialkalkiils", Annelen der Physik 44, 1914, pp. 321-328; p. 321.



The mass distribution 1n General Relativity

Newtonian limit:

o
R =21 = Ay,

Ok

Einstein equation: | I
9 R/-“/ = 8’/TG(T/,1,I/ _ §g,ul/T)*

The only non-vanishing component:

Ry = 47Gyp,

Isaac Newton
1643-1727

Therefore, the distribution of mass determines the gravitational potential:

W dv F,=—-—m 0p/OR

Ap = 47Gp. o=—G /
::> 1 :> mM

F,=-G :
M = [ pdV ! R?




Gravitational formfactors and the mass distribution

The mass distribution is encoded in the gravitational formfactors.

For the spin %2 nucleon, 3 formfactors appear: H. Pagels '66,
A. Pais, S. Epstein ‘49
M2 \'* 1 Pup
T, |ps) = = apy. [G 2) (puy & o) + Go(q2) 2L
(P1|T}uw|P2) (pm pOQ) 7 1 s0) | GUa) (puw + o) + Gald) == +

2
2 (q Guv — (J,LLQV)
+ G3(q7) i ]U(pm 59),

consommtone - mmmy " (P1|Tow[p2) = 0;
T, =0

P1 B

Satisfied for on-shell nucleons
(use Dirac equation)

Yo ulp, s)ulp,s) = (p+M)/2M P% = p% =M



Gravitational formfactors and the mass distribution

For the spin %2 nucleon, 3 formfactors appear: (no G, for spin 0)
M2 \Y? 1 pup
T v — — U . " [ 2 /I/ v / 2 HLv
(P1| T [P2) (pm p02) a7 AP s) | GUd) (Puw +pu) + Ga(a) = = +

2
9 Guv — qudv
+ () P9 B8]y, )

Zero momentum transfer @ — 0

M? 1/2 Pul

@Il = (55 ) alpshulps) 02 (G4 (0) + Ga(0)
Po -

(no “stress” Gj) In the rest frame of the nucleon:

the Hamiltonian (Pp=0[Topwlp=0)=M

4

H = /a“j Too(2) G1(0) + G2(0) = M. 6



Formftactor of the trace of the energy-momentum tensor

Let us call i1t “scalar gravitational formfactor”, as it would be

Nordstrom 1912

a gravitational formfactor in the scalar model of gravity: Einstoin 1913

T =T+

n

M? )
<P1|T|P2 = Dot oo P1, S1 (p2732) G(q ),

Scalar gravitational formfactor:

3q2
Gl@) = @) + Galg ( 4M2) (@) a2

In the rest frame of the nucleon:
(p=0|T|p=0) = (p=0[Too|p=0) =M,

G(0) = M



How to define the mass distribution in the nucleon?
At small momentum transfer |q2| < M? .

the formfactor of T,y and the scalar gravitational formfactor coincide 1f

Gi(0) dG; = G4(0)/m?
4M < dt lt=0 )m.

The origin of the difference i1s frame dependence of T :

In Breit frame, py = %q, p1 = —%q the proton 1s moving with

v = E/M = /M2 + (¢?/4)/M = \/1+ ¢2/(4M?),

so for g = |q| ~ m; 1itis Lorentz-contracted with

1y = (14 m?/(4M?)

For massive bodies, m; << 2M — size much larger than the Compton
wavelength! In this limit, the formfactors of Tyyand T coincigle.

[the proton: M : > mf] See R.L. Jaffe, PRD103(2021) for related discussion



How to define the mass distribution in the nucleon?

G;(0) _ dG;

At small momentum transfer |q2| < M? . S dt lt=0

the formfactor of Ty, and the scalar gravitational formfactor coincide,
thus the scalar gravitational formfactor can be used to define

the mass radius of the proton:

6 dG
R2)y— >
= | =37 ol

In the relativistic region (mass -> energy), it 1s natural to consider the
scalar gravitational formfactor, as T 1s the Lorentz scalar

The trace of the energy-momentum tensor also plays a special role —
it 1s a generator of dilatations. Its formfactor thus carries infqrmation

about the Renormalization Group (RG) evolution inside the nucleon.



Scale invariance

Scale transformations (dilatations) \
are defined by r—e T

the corresponding w o Y,
dilatational current is ST = iL‘,,T

Hermann Weyl

It is conserved (1885-1955)

(a theory is scale-invariant) 5
if the energy-momentum is ¥
traceless:

st=TH=T

10



Scale invariance

A scale-invariant theory cannot contain massive
particles, all particles must be massless

For example, in Maxwell electrodynamics with action

1 1%
L — _ZFMVFM

the energy-momentum is traceless: T — ()
(massless photons) no

Note: because of this, in scalar gravity (Nordstrom, 1912;

Einstein, 1913) there would be no light bending by massive
bodies! 11



Scale anomaly in QCD

The quantum effects (loop diagrams) modify
the expression for the trace of the energy-momentum tensor:

6( ) ra a — \
T === GG, + Y (L4 ym)aa+ Y ma(l+ Ym,)QnQn
l=u,d.s h=c.b.t

29 1 173
Running coupling -> dimensional transmutation -> mass scale
Gross. Wilezek g3 9 Ellis, Chanowitz;

’ 3 =~ Crewther;
Politzer ,[3(9) — _b167T2 =+ ceey b — 9 T gnha SOOZ|Ii2§;[;)L.J.r.108.n,

At small momentum transfer, heavy quarks decouple:

()
affava
thQth —§ np 327T2G G |
so only Ilght quarks enter the final expression \S;Qi'fnr;‘ﬁt’;’in
/8 ( ) Zakharov ’78
1 = 29 G, 4 3 w1+ m)aa

2
9 l=u,d,s



The proton mass

At zero momentum transfer, the matrix element of
the trace of the energy-momentum tensor
defines the mass of the proton:

(p=0[T|p=0) = (p = 0|Too|p=0) =M,

~

1y = P9 GG, 4 37 i1 4 )i

H 2
9 [=u.d,s
In the chiral limit, the only contribution is from gluons!

13



How to measure the mass distribution inside the proton?

No dilatons available...
next best thing: a heavy quarkonium

QCD multipole expansion:

§ 9
Voloshin ‘78; Appelquist, Fischler ‘78; Gottfried ‘78; @ @\
Peskin 79; Novikov, Shifman ‘81; Leutwyler ‘81, ... &Z =2 _
M.B. Voloshin
1953-2020
g9’ g°
g2Ea2 — ?(EQQ . Ba2) + ?(ECLQ + Ba2)
__1 2Ga Gaaﬁ+ 2(_Ga Gaa_l_l G@ Gaa,B)_ 87!'29“_'_ QH(G)
= 49 af g 0a™"0 4900 af T B 9 Yoo
B(g) bg* I*
Bo— acfByva aaf va (G) — _(a ac - a aaf3
0 = S GGy = — o5 GRG0 = —Go Gl + £ GasG




Threshold photoproduction of quarkonium as a
probe of mass distribution inside the proton

Y Near threshold,

JIY dominance of
2pa2 8w G
——— g B = 0+ a0

/ P
P
Assuming the validity of vector meson dominance,
can relate photoproduction to quarkonium scattering
amplitude and probe the mass of the proton
DK ‘96; DK, Satz, Syamtomov, Zinovjev ‘99
Other approaches to threshold photoproduction:

Hatta, Yang ‘18; Hatta, Rajan, Yang ‘19; Mamo, Zahed '19
Recent: Ji, 2102.07830; Gao, Ji, Liu, 2103.11506; Sun, Tong, Yuan: 2103.12047...



Threshold photoproduction of quarkonium as a
probe of mass distribution inside the proton

Y
JIY

-

/ P

P
Large minimum momentum transfer at threshold:
t My M 2.23 GeV2 ~ —(1.5 GeV)?
mm—_]\fﬂp+]\ff__° eV® ~ —(1.5 GeV)

—> VDM questionable.
but, scanning the energy range near the threshold,
we measure the scalar gravitational formfactor —

can extract the proton mass distribution! 16



Threshold photoproduction of quarkonium as a
probe of mass distribution inside the proton
tmin » tmax N
i tmin - Can measure
GeV? -4 | scalar
sl | gravitational
T | formfactor
-8  in a broad
ol trmax  kinematical
: - domain!
Emreshold = 4,035 GeV Eem , GEV
At threshold:
M2M : :
tmin = ~ —2.23 GeV* ~ —(1.5 GeV)~ ,

My +M



Threshold photoproduction of quarkonium as a
probe of mass distribution inside the proton

tin > tmax - — t ~ | The scalar operator
. dominates for small
GeV?2 | velocity of heavy
| quarkonium;

Limiting Vg < 0.2,

(corrections ~ v,,?)
- the optimal

Vo kinematical region is:

P R T S S S S S S
4.2 4.4 4.6 4.8 5.0

03

Eon < 4.25 GeV
| - | E,<9.2GeV

0.0 't < 6 GeV2
18
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Threshold photoproduction of quarkonium as a
probe of mass distribution inside the proton

The amplitude: M’yP—MJJP(t) — —Qe C9 2M (P'|92E02|P>a

7 @ Qe = 2¢/3

16m°M
P Mpour(t) = =Qe ¢y —— (P'|T|P)
Differential cross section: dU»yP—n/;P 1 1 2
dt 6475 |’ Mopyp(?)]
Ycm

tmazx do-
. yP—1Y P
O’YP—WJIP('S) — /tmm dt dt ' g
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C. Fanelli,16 S. Fegan,8 A. M. Foda,23 J. Foote,]2 J. Frye,12 S. Furlc—:tov,14 L. Gan,20 A. Gasparian,19 V. Galuzshtc—:in,zs‘26
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C. Salgado,18 A. M. Scherlz,28 R.A. Schumacher,3 J. Schwienjng,lo K. K. Selh,21 X. Shen,ll M. R. Shepherd,12 E.
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—e— GlueX
—=— SLAC
i1 —A— Cornell
.i.] ==== Kharzeev etal. x 2.3

i | —— JPAC P(4440)
| — — incoherent sum of:
2g exch. Brodsky et al
3g exch. Brodsky et al

20

o(yp — Jyp), nb

Need to focus on
the threshold region!

Eom< 4.25 GeV
E, <9.2 GeV

20



Threshold photoproduction of quarkonium:
the effect of the scalar gravitational formfactor

The scalar gravitational formfactor can be constrained
theoretically by using:

1) dispersion relations;

i) low-energy theorems of broken scale invariance;

lii) experimental data on 1t phase shifts and scalar mesons

_ _ See e.g.
However, as a first step, can try a simple Fuiii, DK'99: ., ]| |

dipole formfactor of the type used for
electromagnetic formfactor:

p(s)/s

M radius 6 dG |
G t — R2 — T T 0.0001 05 1 15
W= T t/m2) (Roa) = 3t lomo™ ™ i
Dipole formfactor was also used for 2-gluon coupling
In perturbative models  Seees. but: T formfaCtor cannot be

Frankfurt, Strikman ‘02 ]
computed perturbatively



Differential cross section
DK, arXiv:2102.00110

do nb 20— -—
d(—t)’ GeV?2 [ Data : GlueX Collaboration
s mg = 1.24 £+ 0.07 GeV
' R, = 0.55 4+ 0.03 fm
1.0 i
0.5~ i
OO l L ! | ! L ! | ! ! L | L ! ! | ! L ! | !
0.6 0.8 1.0 1.2 1.4
E..=4.58 GeV (E,, = 10.7 GeV) —t, GeV?
|co|? = 0.043 £ 0.006 fm*
Lattice QCD, P. Shanahan, W. Detmold PRD’19: 20

2
m, = 1.13 £ 0.06 GeV (Traceless gluon operator) C2 ~ TT e ree ~ 0.1 fm



The proton mass radius

The r.m.s. “proton mass radius” from GlueX data:
DK, arXiv:2102.00110

R = /(R2) = 0.55 + 0.03 fm

Compare to the proton charge radius:

R, = \/R2 = 0.8409 & 0.0004 fm SeeJBemauer

EPJ 234 (2020)
A more compact mass distribution? Need more data! for review

VALUE (fm) DOCUMENT ID TECN COMMENT

0.8409 =+ 0.0004 OUR AVERAGE

0.833 £0.010 1 BEZGINOV 2019 LASR 2S-2P transition in H 2020 Review of Particle Physics.

P —— SHEMNSEEG - P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)
0.84087 +0.00026 +0.00029 ANTOGNINI 2013 LASR up -atom Lamb shift

« + + We do not use the following data for averages, fits, limits, etc. « « «

0.877 +£0.013 3 FLEURBAEY 2018  LASR 18-3S transition in H S ome d av:

0.8335 +0.0095 4 BEYER 2017  LASR 2S-4P transition in H y -

0.8751 +0.0061 MOHR 2016 RVUE 2014 CODATA value p MAS S RA D | U S | N P D G ’)
0.895 +0.014 +0.014 5 LEE 2015 SPEC Just 2010 Mainz data

0.916 +0.024 LEE 2015  SPEC World data, no Mainz 23
0.8775 +0.0051 MOHR 2012 RVUE 2010 CODATA, ep data

0.875 +0.008 +0.006 ZHAN 2011 SPEC Recoil polarimetry

0.879 +0.005 +0.006 BERNAUER 2010 SPEC e p — ep form factor



Theoretical uncertainties

Higher dimensional operators (suppressed by 1/m,)
Chiral limit (we omitted the scalar quark operator)
Gluon operators with derivatives (~ 5% close to threshold)

t-dependence of short-distance coefficient ¢, (~ t/4m?)

Dipole parameterization of formfactor

24



Why 1s proton mass radius smaller than
the charge radius?

Spectral representation —
EM formfactor: M, =0.77 GeV

T « Scalar gravitational
: formfactor: scalar glueball M = 1.5 GeV

But: scalar gluon current mixes with
the scalar quark current — o(500) is
lighter than the p!

The real reason (?) — decoupling of
Goldstone bosons:

(OT|7*7™) = ¢° 2

DK, arXiv:2102.00110



Future measurements
* GlueX has 10 times more data (~ May 2021)
* Future: SoLID@Jlab (~2028), EIC (including Y !)

 Also: ultra-peripheral collisions at RHIC?

c.m. frame; I

P beam, photon

F)

For a fixed invariant mass (cms energy), measure the angular
distribution — differential cross section of photoproduction



Summary

* The proton mass to large extent originates from
gquantum anomalies

« The threshold photoproduction of J/\ probes
the mass distribution inside the proton;
current data and a simple dipole model favor

R = /(R2) = 0.55 + 0.03 fm

« We need a quantitative theory of the scalar gravitational
formfactor and precise data at E_,, < 4.3 GeV to understand
the mass distribution inside the proton,
and the origin of the proton mass!

27



