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• You can’t place a chiral gauge theory on a discretized  lattice

A history of lattice QCD through no-go theorems

Domain-wall Fermions:  D.Kaplan, Phys.Lett.B 288 (1992) 342 
Overlap Fermions:  R.Narayanan, H.Neuberger, Nucl.Phys.B 443 (1995) 305

• You can’t investigate scattering on a Euclidean lattice 
“Luscher’s Method”:  M.Luscher, Nucl.Phys.B 354 (1991) 531 
See David Wilson, Tuesday and many parallel talks

• You can’t compute matrix elements of light-cone operators on a Euclidean lattice 
LaMET: X.Ji, Phys.Rev.Lett. 110 (2013) 262002

Transformed our ability to exploit internal structure of hadrons

Theorems did 
not fall - we 
found way to 
drive around 
them
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Lattice QCD on a slide
Capability Computing - 
Gauge Generation

Capacity Computing - 
Observable Calculation

“Desktop” Computing - 
Physical Parameters

e.g. Summit at ORNL e.g. GPU/KNL clusters at 
JLab, BNL, FNAL

e.g. Mac at your desk

P [U ] / detM [U ]e�SG[U ]

Several V, a, T, mπ

hOi =
1

N

NX

n=1

O(Un, G[Un])

e.g. C(t) =
X

~x

hN(~x, t)N̄(0)i

C(t) =
X

n

Ane
�Ent

MN (a,m⇡, V )Euclidean space  
Importance Sampling

⟶



��(⇥pf ) | Vµ(0) | �(⇥pi)⇥ = (pi + pf )µF (Q2)

Vµ =
2

3
ū�µu� 1

3
d̄�µd

�Q2 = [E�(⇥pf )� E�(⇥pi)]
2 � (⇥pf � ⇥pi)

2

Paradigm: Pion EM form factor

e
e

where

G. Huber, D.Gaskell, T. Horn 
PR12-16-003

Charge Radius Partonic DOF

�⇡+µ⇡+(tf , t; ~p, ~q) =
X

~x,~y

h0|�(~x, tf )Vµ(~y, t)�
†(0)|ie�i~p·~xe�i~q·~y
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Space-like 
momentum transfer

F.Bonnet et al., PRD 72 (2005) 054506



No-go Theorem?
• First Challenge: 

– Euclidean lattice precludes calculation of light-cone/time-separated 
correlation functions

q(x, µ) =

Z
d⇠�

4⇡
e�ix⇠�P+

hP |  ̄(⇠�)�+e�ig
R ⇠�
0 d⌘�A+(⌘�) (0) | P i

So…. …Use Operator-Product-Expansion to formulate in terms of 
Mellin Moments with respect to Bjorken x.

hP |  ̄�µ1(�5)Dµ2 . . . Dµn | P i ! Pµ1 . . . Pµna
(n)

• Second Challenge: 
– Discretised lattice: power-divergent mixing for higher moments

Moment Methods 
– Extended operators: Z.Davoudi and M. Savage, PRD 86,054505 

(2012) 
– Valence heavy quark: W.Detmold and W.Lin, PRD73, 014501 (2006)



Solution….

z 

x,y 
 

Large P 

Large-Momentum Effective Theory (LaMET)

X. Ji, Phys. Rev. Lett. 110, 262002 (2013). 
X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013). 
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.

“Equal time” correlator

q(x, µ2, P z) =

Z
dz

4⇡
eizk

z

hP |  ̄(z)�ze�ig
R z
0 dz0 Az(z0) (0) | P >

+O((⇤2/(P z)2),M2/(P z)2))

q(x, µ2, P z) =

Z 1
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y
Z

✓
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,
µ

P z

◆
q(y, µ2) +O(⇤2/(P z)2,M2/(P z)2)



Pseudo-PDFs
• Pseudo-PDF (pPDF) recognizing generalization of PDFs in 

terms of Ioffe Time. ⌫ = p · z
A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

B.Ioffe, PL39B, 123 (1969); V.Braun 
et al, PRD51, 6036 (1995)

Lattice “building blocks” that of quasi-PDF approach.

M↵(p, z) = hp |  ̄�↵U(z; 0) (0) | pi
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p = (p+, m2 /2p+,0T) z = (0,z−,0T) Ioffe-Time Distribution

M↵(z, p) = 2p↵M(⌫, z2) + 2z↵N (⌫, z2)
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⟹

Ioffe-time pseudo-Distribution (pseudo-ITD) generalization to space-like z

⟹
M(⌫, z2) =

Z 1

�1
dx ei⌫xP(x, z2)
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Lorentz covariant

pseudo-PDF

f(x) = P(x, 0) =
z2
3!0

1

2⇡

Z 1

�1
d⌫e�i⌫xM(⌫,�z23)
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⟹



“Good Lattice Cross Sections”

9

where

Ma and Qiu, Phys. Rev. Lett. 120 022003

Calculated in perturbation 
theory (“process dependent”)Parton Distribution 

function

Calculated in 
LQCD

Short distance scale

Expressed in coordinate space

Flavor-changing

Encompasses qPDF/pPDF
Gauge-Invariant CurrentsOS(⇠) = ⇠4Z2

S [ ̄q q](⇠)[ ̄q ](0)

OV 0(⇠) = ⇠2Z2
V 0 [ ̄q⇠ · � q0 ](⇠)[ ̄q0⇠ · � ](0)

O(⇠) =  ̄(0)�W (0, 0 + ⇠) (⇠)

�n(⌫, ⇠
2, P 2) = hP | T{On(⇠)} | P i
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�n(⌫, ⇠
2, P 2) =

X

a

Z 1

�1

dx

x
fa(x, µ

2)Ka
n(x⌫, ⇠

2, x2P 2, µ2) +O(⇠2⇤2
QCD)
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+ analogous gluon operators



GLCS pPDF

qPDF
Same lattice building blocks

Analogous matching to light-cone PDFs

I will discuss these



Pion Valence PDF 

11

Major experimental 
initiatives

– Understanding pion goes to heart of origin of mass 
– LQCD can study isolated, unbound pion 

– Potential to validate experimental analyses 
– Computationally the most straightforward 

– But…  ..signal-to-noise ratio degrades at high momentum 

JPhys G

C.Roberts, D.Richards, T.Horn, L.Chang, 
arXiv:2102.01765, PPNP

N.Karthik, Y.Zhao
X.Gao, C.Lauer



12

Process, i.e. current, dependent
1

2
[�µ⌫

V,A(⇠, p) + �µ⌫
A,V (⇠, p)]
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Good Lattice Cross Section
in the Qweak experiment arises from the Gs

M(Q2). A precise estimate of Gs
M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1� 4 sin2 ✓W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x)� s̄(x) asymmetry (from high-

lighted 10)

J1

J2
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Momentum  
projection

Momentum  
projection

Momentum conservation
Sequential-Source Approach

≡ ϵμναβξα pβT1(ν, ξ2) + (pμξν − ξμpν)T2(ν, ξ2)

Sufian et al., Phys. Rev. D 99, 074507 (2019); Phys. 
Rev. D102, 05408 (2020)

Perturbative kernel:

e�q(1)
V A (e!, q2) =

Z 1

0

dx

x
eK(1)(xe!, q2, µ2)f (0)

qv/q
(x, µ2)+

Z 1

0

dx

x
eK(0)(xe!, q2, µ2)f (1)

qv/q
(x, µ2).
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N.B. We’re inconsistent !ω ↔ ν

Y-Q Ma



Lattice Cross Sections

�V A(!, ⇠
2) =

kmax=4X

k=0

�k⌧
k + b1m⇡ + b2a+ b3⇠

2 + b4a
2p2 + b5e

�m⇡(L�⇠)
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“Z-expansion fit”



Inverse problem: extract PDF
“Inverse Problem” - ill-posed inverse Fourier transform.

Calculate on Lattice Calculate in PQCDExtract PDF?

Similar challenge to global fitting community!

�n(⌫, ⇠
2, P 2) =

X

a

Z 1

�1

dx

x
fa(x, µ

2)Ka
n(x⌫, ⇠

2, x2P 2, µ2) +O(⇠2⇤2
QCD)
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x↵(1� x)�(1 + �x)

B(↵+ 1,� + 1) + �B(↵+ 2,� + 1)
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NLO term well-controlled
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I. SUPPLEMENTAL MATERIALS

A. E↵ect of the Next-To-Leading Order Kernel on

the Io↵e Time Distribution

By choosing ↵s = 0.303 at µ = 2 GeV and �⇠
2
µ
2 = 1,

we compare in FIG. 5 the K
(0)(!)/! and K

(1)(!)/!
e↵ects for ! 6= 0. The NLO corrections are tiny at small
! and increase very slowly towards large !; this can be
partially understood from the ratio between K

(0) and
K

(1) around ! = 0:

K
(1)

K(0)
=

↵s

3⇡
+O(!2) ⇡ 0.03 +O(!2). (18)

FIG. 5. A comparison between K(0)(!)/! and K(1)(!)/!
for ↵s(µ = 2 GeV) = 0.303 and �⇠2µ2 = 1. The uncertainty
in K(1)(!)/! is obtained by a 10% variation in ↵s.

It is also useful to study the e↵ect the NLO kernels
will have on various model PDFs in Io↵e time space. The
convolutions

K
(1,i)

⌦ q(!) =

Z
dx

1

x!
K

(1,i)(x!)q(x) (19)

with i = 0, 1 for a few PDFs are shown in FIGs. 6
and 7. Each of the convolutions have similar fea-

tures. These convolutions represent the di↵erence be-
tween the LCS and the Io↵e time distribution (ITD),
applying the appropriate factors proportional to ↵s and
ln(�⇠

2
µ
2
e
2�E/4). The convolutions all rise to a peak

around ! ⇠ 4.0 and begin to decay to 0. The NLO ef-
fects are most significant at the highest Io↵e time range
available to our calculations but the corrections will be
smaller for large Io↵e times. These convolutions demon-
strate an a reassuring feature of the position space match-
ing. These convolutions are at the largest O(1) which
means the NLO term will be O(↵s) for the entire region
of Io↵e time.
These convolutions can be compared with those for

matching the reduced pseudo-ITD to the PDF, shown in
FIG. 1 of [47]. In that work, the convolution with the
DGLAP kernel K(1,1) is referred to as B ⌦ ReM. The
scheme and operator dependent convolution is referred
to as L ⌦ ReM. Unlike for this LCS, this convolution
vanishes at ! = 0 due to its relation to the vector current.

FIG. 6. The convolution of the K(1,0) kernel with model
PDFs.

FIG. 7. The convolution of the K(1,1) kernel with model
PDFs.
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Pion Valence Quark Distribution at Large x from Lattice QCD
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Using a short-distance collinear factorization, the pion valence quark distribution q⇡v (x) is ex-
tracted from spacelike correlations of antisymmetrized vector and axial-vector (V-A) currents, where
the employed perturbative hard coe�cient is derived to one-loop. Finite lattice spacing, volume,
and quark mass dependencies are investigated in a simultaneous fit of matrix elements computed
on four gauge ensembles, providing a physical limit Io↵e time distribution. Using two di↵erent
phenomenologically motivated parametrizations of q⇡v (x), the q⇡v (x) distribution is found to be in
very good agreement with that extracted from experimental data. At large x, a softer valence quark
distribution is slightly favored by the figure of merit of this calculation. These two distributions are
consistent within uncertainty and reproduce the extraction of q⇡v (x) from the experimental data in
the entire x-region, showing the robustness of our calculation.

Introduction: The pion, being both a Nambu-
Goldstone boson and the lightest bound state in Quan-
tum Chromo-Dynamics (QCD), highlights the challenges
in creating consistent theoretical and phenomenologi-
cal frameworks to describe its partonic structure. The
shape of the pion valence parton distribution functions
(PDFs) extracted from experimental data [1–5] in di↵er-
ent analyses [6–12] are in sharp contrast among them-
selves and with perturbative QCD (pQCD)-based frame-
works [13, 14] at large longitudinal momentum fractions
x. Central to the disparity is whether the pion PDF has
a softer (harder) (1�x)2 ((1�x)) fall-o↵ as x ! 1, and at
what x and Q2 pQCD predictions are matched - various
model calculations [15–20] exemplify this contrast.

The limited available phase space for partonic interac-
tions at large x localizes quantum fluctuations such that
large-x dynamics is constrained by confinement, in e↵ect
increasing parton correlations as x ! 1. As the quark
distribution at large x is sensitive to non-perturbative
quark-gluon dressing, a description of its behavior will
also elucidate our understanding of the generation of
mass in QCD through dynamical chiral symmetry break-
ing. Unraveling the complexities of the valence and sea
quark contents of the pion is spearheaded by several up-
coming experiments - Je↵erson Lab tagged deep-inelastic
scattering (DIS) experiments [21], Drell-Yan measure-
ments at the COMPASS experiment [22] and, also the
future Electron-Ion Collider (EIC) facility [23]. A first-
principles lattice QCD (LQCD) determination of the pion
valence PDF q⇡v (x) with controlled statistical and system-
atic uncertainties is particularly well-timed and solicits a
synergy of increasing importance between experimental
and theoretical e↵orts.

Experimental extraction of x-dependent parton
physics has blossomed through the application of the

QCD factorization theorem [24] and considerable ad-
vancements in global analyses [25–29] of experimental
data. Several LQCD methods [30–36] have also been
proposed and developed that probe the light-cone struc-
ture of hadrons non-perturbatively. These approaches
have led to significant achievements in recent years, es-
pecially in determinations of flavor non-singlet distribu-
tions [37–45]. A proper quantification and mitigation
of systematic errors and numerical artifacts present in
these calculations and related theoretical challenges still
require further insight and development (for a recent re-
view, see [46]). Incorporating LQCD calculated quan-
tities as a component of future global analyses remains
a goal of the pQCD and LQCD communities, providing
further impetus to overcome these challenges.

In this letter, we present a calculation of the q⇡v (x)
obtained from “Lattice Cross Sections” (LCSs) [34, 36],
specifically matrix elements of two local, spacelike-
separated, gauge-invariant currents within the pion.
The Lorentz covariant matrix elements of two currents
spatially separated by a quark propagator are com-
putable on a Euclidean lattice and have a well-defined
continuum limit as the lattice spacing a ! 0. In our
calculation, through the factorization of these hadronic
matrix elements, the collinear divergences of the par-
tonic scattering are absorbed into the non-perturbative
PDFs, leaving an infrared-safe and perturbatively
computable hard contribution, in direct analogy to the
factorization of inclusive DIS cross section measurements
in experiments. Calculations on four distinct lattice
ensembles allows for estimation of systematic errors
from finite lattice spacing, volume, and unphysical pion
mass extrapolations. These results are shown following
a derivation of the next-to-leading-order (NLO) per-
turbative kernel for an antisymmetrized vector-axial
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Determine large-x behavior   need for finer resolution and reach in 
Ioffe time.

→



Pseudo-PDF Approach

Same ensemble as LCS

⟹

After 
Matching

μ = 2 GeV

B.Joó et al., Phys. Rev. D 100, 114512 (2019).

ID a (fm) m⇡ (MeV) � aml ams L3 ⇥Nt Ncfg

a127m415 0.127(2) 415(23) 6.1 -0.280 -0.245 243 ⇥ 64 2147
a127m415L 0.127(2) 415(23) 6.1 -0.280 -0.245 323 ⇥ 96 2560
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Pion pPDF
T.Izubuchi et al., Phys. Rev. D 
100, 034516

J-H Zhang et al., Phys. Rev. D 
100, 034505
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NUCLEON STRUCTURE



Pseudo-PDFs
To deal with UV divergences, introduce reduced distribution 

𝔐 =
ℳ(ν, z2)
ℳ(0,z2)

≡ ( ℳ(ν, z2)
ℳ(ν,0) )/( ℳ(0,z2)

ℳ(0,0) )

M(⌫, z2) =

Z 1

0
duK(u, z2µ2,↵s)Q(u⌫, µ2)
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Perturbatively calculableComputed on lattice Ioffe-time Distribution

⟹

Q(⌫, µ) = M(⌫, z2)� ↵sCF

2⇡

Z 1

0
du


ln

✓
z2µ2 e

2�E+1

4

◆
B(u) + L(u)

�
M(u⌫, z2).
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Match data at different z

Q(⌫) =

Z 1

�1
dx q(x)ei⌫x

q(x) =
1

2⇡

Z 1

�1
d⌫ e�i⌫xQ(⌫)
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Inverse problem

Need data for all ν, or 
additional physics input

K. Orginos et al., 
PRD96 (2017), 
094503



Moments of PDFs
Can extract moments - which does not require tackling the inverse problem

Different systematics from computation through local operators



Ioffe-Time Distribution to PDF

a127m415L

To extract PDF requires additional information - use a phenomenologically 
motivated parametrization

f (x) = xa(1 − x)bP(x)

P(x) =
1 + c x + dx

B(a + a, b + 1) + cB(a + 1.5,b + 1) + dB(a + 2,b + 1)

MSTW, CJ



PDFs at Physical Quark Masses
3

ID a(fm) M⇡(MeV) � cSW aml ams L3 ⇥ T Ncfg

a094m360 0.094(1) 358(3) 6.3 1.20536588 -0.2350 -0.2050 323 ⇥ 64 417
a094m280 0.094(1) 278(3) 6.3 1.20536588 -0.2390 -0.2050 323 ⇥ 64 500
a091m170 0.091(1) 172(6) 6.3 1.20536588 -0.2416 -0.2050 643 ⇥ 128 175

TABLE I. Parameters for the lattices generated by the JLab/W&M collaboration using 2+1 flavors of stout-smeared clover Wilson

fermions and a tree-level tadpole-improved Symanzik gauge action. More details about these ensembles can be found in [53].

0 2 4 6 8 10 12 14

�0.5

0

0.5

1

⌫

R
e
M

(⌫
,
z
2
)

358 MeV
278 MeV
172 MeV

(a)

0 2 4 6 8 10 12 14

�0.5

0

0.5

1

⌫

Im
M

(⌫
,
z
2
)

358 MeV
278 MeV
172 MeV

(b)

FIG. 1. The reduced pseudo-ITD calculated on ensembles
with 358 MeV, 278 MeV, and 172 MeV pion masses. The up-
per and lower plots are the real and imaginary component re-
spectively. There appears to be very small mass e↵ects within
this range of ⌫ and z2.

are the moments of the Altarelli-Parisi kernel, and

ln =

Z 1

0
duL(u)un =2

2

4
 

nX

k=1

1

k

!2

+
nX

k=1

1

k2

+
1

2
�

1

(n+ 1)(n+ 2)

�
. (12)

The even and odd moments can be determined from the
coe�cients of polynomials which are fit to the real and
imaginary components respectively. The order of the
polynomial is chosen to minimize the �

2/d.o.f. for each
z
2 separately. As an example, the first and second mo-

ments calculated on the ensemble a091m170 are shown
in Fig. 2. The z

2 dependence of the resulting PDF mo-
ments can be used to check for the size of higher twist
e↵ects, which do not seem significant.

Matching to MS.— Similarly to Ref. [46], the reduced
pseudo-ITD from each ensemble is matched to the light-
cone MS ITD at a given scale µ by inverting Eq. (4).
As a result, we obtain a set of z2-independent curves for
Q(⌫, µ2) at µ = 2 GeV, shown in Fig. 3a.
As seen in the moments, the matching procedure has

a small O(↵s/⇡) ⇠ 0.1 e↵ect on the distribution. The
contributions from the convolution of B and L with the
reduced pseudo-ITD appear with opposite signs. The
convolution with L is slightly larger in magnitude, but
by a factor which is approximately the same as the log-
arithmic coe�cient of B. This feature may just be a
coincidence at NLO, but it hints that higher order correc-
tions may also be small. An NNLO or non-perturbative
matching is required to check the e↵ects of the perturba-
tive truncation on the matching.

Determination of the PDF.— The inversion of the
Fourier transform defining the ITD, given a finite amount
of data, constitutes an ill-posed problem which can only
be resolved by including additional information. As
was shown in [45], the direct inverse Fourier transform
can lead to numerical artifacts, such as artificial os-
cillations in the resulting PDF. Many techniques have
been proposed to accurately calculate PDFs from lattice
data [21, 28, 45, 60]. This issue also occurs in the deter-
mination of the PDF from experimental data.
As was done in Ref. [46], the approach which is used

here (and is common amongst phenomenological determi-
nations) is to include information in the form of a model-
dependent PDF parameterization. The parameterization

qv(x, μ2, mπ) = qv(x, μ2, m0) + aΔmπ + bΔm2
π

Physical pion

ln ¼
Z

1

0
duLðuÞun

¼ 2

!"Xn

k¼1

1

k

#2

þ
Xn

k¼1

1

k2
þ 1

2
−

1

ðnþ 1Þðnþ 2Þ

$
: ð12Þ

167168 The even and odd moments can be determined from the
169 coefficients of polynomials which are fit to the real and
170 imaginary components, respectively. The order of the
171 polynomial is chosen to minimize the χ2=DOF for each
172 z2 separately. As an example, the first and second moments
173 calculated on the ensemble a091m170 are shown in Fig. 2.
174 The z2 dependence of the resulting PDF moments can be
175 used to check for the size of higher-twist effects, which do
176 not seem significant.
177 Matching to MS.—As in Ref. [46], the reduced pseudo-
178 ITD from each ensemble is matched to the light-cone MS
179 ITD at a given scale μ by inverting Eq. (4). As a result, we
180 obtain a set of z2-independent curves for Qðν; μ2Þ at μ ¼
181 2 GeV [shown in Fig. 3(a)].
182 As seen in the moments, the matching procedure has a
183 small Oðαs=πÞ ∼ 0.1 effect on the distribution. The con-
184 tributions from the convolution of B and Lwith the reduced
185 pseudo-ITD appear with opposite signs. The convolution
186 with L is slightly larger in magnitude, but by a factor which
187 is approximately the same as the logarithmic coefficient of
188 B. This feature may just be a coincidence at NLO, but it
189 hints that higher-order corrections may also be small. An
190 NNLO or nonperturbative matching is required to check the
191 effects of the perturbative truncation on the matching.
192 Determination of the PDF.—The inversion of the Fourier
193 transform defining the ITD, given a finite amount of data,
194 constitutes an ill-posed problem which can be resolved
195 only by including additional information. As was shown in
196 Ref. [45], the direct inverse Fourier transform can lead to
197 numerical artifacts, such as artificial oscillations in the
198 resulting PDF. Many techniques have been proposed to
199 accurately calculate PDFs from lattice data [21,28,45,61].
200 This issue also occurs in the determination of the PDF from
201 experimental data.
202 As was done in Ref. [46], the approach which is used
203 here (and is common among phenomenological determi-
204 nations) is to include information in the form of a model-
205 dependent PDF parametrization. The parametrization used
206 here is

qvðxÞ ¼
1

N
xað1 − xÞbð1þ c

ffiffiffi
x

p
þ dxÞ; ð13Þ

207208 where N normalizes the PDF. The fits to this form, together
209 with the bands representing the statistical errors on the fit,
210 are shown in Fig. 3(b). In a future work, we will attempt to
211 study the dependence on the choice of functional forms.
212 The results of these fits are largely consistent with each
213 other. The heaviest pion mass PDF has a notably larger
214 statistical error than the others. This effect is due to a larger

215variance in the highly correlated c and d parameters. In the
216lighter two pion masses, the correlation between these
217parameters appears to be stronger, leading to a smaller
218statistical error in the resulting PDFs.
219Extrapolation to the physical pion mass.—In order to
220determine the valence PDF for the physical pion mass, our
221results must be extrapolated to 135 MeV. To do this, the
222central values of these curves are extrapolated and the
223errors are propagated. We have performed the extrapolation
224including and excluding the statistically noisy result from
225the heaviest pion ensemble. When using all three ensem-
226bles, we extrapolate the results using the form

qvðx; μ2; mπÞ ¼ qvðx; μ2; m0Þ þ aΔmπ þ bΔm2
π; ð14Þ

(a)

(b)

F3:1FIG. 3. (a) The MS ITD matched to 2 GeV from the reduced
F3:2pseudo-ITD results calculated at 358, 278, and 172. (b) The
F3:3nucleon valence distribution obtained from fitting the ITD to the
F3:4form in Eq. (13) from each of those ensembles.
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227228 where Δmπ ¼ mπ −m0 and m0 is the physical pion mass.
229 When using only the two lighter pion mass ensembles, we
230 fix either a or b at zero. Although these extrapolations are
231 not guaranteed to satisfy the normalization of the PDF, we
232 have found them to be close within statistical precision. The
233 extrapolated PDFs are shown in Fig. 4(a). The linear
234 extrapolation with the lightest two ensembles is compared
235 to phenomenological determinations in Fig. 4(b). In both
236 figures, the error bands represent only the statistical error.
237 The PDF obtained from this fit for x≳ 0.2 is larger than
238 the phenomenological fits. This feature is consistent with
239 the larger value of the second moment compared to the

240global fits in Fig. 2. Other remaining systematic errors
241could explain this discrepancy. In this Letter, no attempt
242was made to remove higher-twist effects. Though the
243estimation of low moments, which relies on low ν, shows
244no significant sign of higher-twist effects, they could still be
245present at larger ν, where the ITD becomes more sensitive
246to higher moments. Also, this calculation was performed on
247ensembles with a fairly coarse lattice spacing and uses data
248with ap ∼Oð1Þ. Discretization errors have been shown
249[46] to be potentially significant. Future calculations at
250smaller lattice spacings are required to control these effects.
251There are also potentially notable finite volume corrections
252which may need to be controlled.
253Conclusions.—We presented the first calculation of the
254nucleon PDF based on the method of Ioffe time pseudo-
255distributions performed at the physical pion mass. This is
256an important step that had to be taken in order to have a
257more meaningful comparison with the pertinent phenom-
258enological results. Also, by studying three ensembles with
259different pion masses, we were able to investigate the
260dependence of the ITD on the pion mass. We saw that it is
261relatively mild compared to expectations stemming from
262the studies of hxi [62] and calculations of quasi-PDFs [14].
263Compared to similar studies, our analysis capitalizes on
264three key factors: first, the ratio of matrix elements that
265yields a clean way to avoid all pitfalls and systematics of
266fixed gauge nonperturbative renormalization; second, the
267short-distance factorization, which allows for matching to
268MS without relying on large momentum data with their
269large statistical noise and potential discretization errors; and
270third, the summation method, which allows for better
271control of the excited-state contamination. Having studied
272finite volume effects and discretization errors in [46], in our
273upcoming work we plan to study in a systematic way the
274continuum extrapolation and finite volume, as well as
275effects stemming from excited-state contamination and
276higher-twist contributions.
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F4:1 FIG. 4. (a) The extrapolations of the nucleon valence PDF to
F4:2 physical pion mass. (b) The nucleon valence distribution com-
F4:3 pared to phenomenological determinations from the NLO global
F4:4 fit CJ15nlo [58] (green), and the NNLO global fits
F4:5 MSTW2008nnlo68cl_nf4 [59] (red) and NNPDF31_nnlo_p-
F4:6 ch_as_0118_mc_164 [60] (blue) at a reference scale of 2 GeV.
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qv(x, μ2, mπ) = qv(x, μ2, m0) + aΔmπ + bΔm2
π

7

one ensemble of twisted mass fermions at the physical
pion mass, with a lattice spacing of 0.0938 fm in a 483⇥96
box, employing the method of the quasi PDFs [14]. The
properties of their gauge configurations are very simi-
lar to ours and this allows for a meaningful comparison.
These results are labeled as ETMC ’18 in Fig. 6a. In
2020, shortly after our preprint appeared on arXiv, they
reanalyzed the same lattice data employing the method of
pseudo-PDFs [68] that has been developed by our group.
These later results are labeled as ETMC ’20 in Fig. 6a.

As can be seen, the ETMC results, particularly their
pseudo-PDF results, are in good agreement with our own.
In the pseudo-PDF study, ETMC implemented multi-
ple methods of solving the inverse problem suggested
in [45] and abandoned the discrete Fourier transform used
in their previous quasi-PDF calculation. The discrete
Fourier transform, which had been used in all calcula-
tions of the PDFs at physical pion mass prior to our
study, is one of the biggest sources of pathological sys-
tematic errors in the calculations. Much better agree-
ment with the phenomenological determinations of the
PDFs are observed when fits to a functional form are
used, as was done in this work. A direct comparison of
the outcomes can be seen in [68]. Based upon this com-
parison, we believe this systematic error, rather than a
di↵erence in factorization methodology, can su�ciently
explain the discrepancy, particularly at large x, between
the ETMC ’18 quasi-PDF results and the two pseudo-
PDF results.
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FIG. 6. Our determination of the nucleon light-cone PDF
at the physical pion mass, compared to the 2018 results of
ETMC employing the method of quasi-PDFs and compared
to the 2020 results of ETMC which is a re-analysis of the same
lattice data albeit with the method of pseudo-PDFs.
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FIG. 2: E(pf , q
2
, z) matrix elements at selected Q

2 2 {0.19, 0.48, 0.97} GeV2.
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FIG. 3: H and E quasi-GPDs and matched GPDs at momentum transfer Q2 = 0.48 GeV2.

the continuum limit H(pf , Q2 = 0, z = 0), the vector charge, goes to 1. The nonperturbatively renormalized matrix
elements are then Fourier transformed into quasi-GPDs and matched-to the physical GPDs. Examples of the GPDs
at momentum transfer Q2 ⇡ 0.5 GeV2 are shown in Fig. 3. Figure 3 compares the H and E GPDs at Q2 ⇡ 0.5 GeV2

with the quasi-distribution and matched distribution using Pz ⇡ 2.1 GeV. The matching lowers the positive mid-x to
large-x distribution, as expected; as one approaches lightcone limit, the probability of a parton to carrying a larger
fraction of its parent nucleon’s momentum should become smaller. However, due to the limited zPz reach of this
calculation, we found that the small-x region is unreliable, due to lack of precision lattice data to constrain it. As
a result, the antiquark (negative-x) distribution can also be sensitive to the usage of Pz to conserve charge. It has
been found in past works [18, 24, 27, 29] that higher boosted momenta are needed to improve the antiquark region.
Therefore, for the rest of the work, we will focus on the x > 0.05 region. The full three-dimensional shape of H
and E as functions of x and Q2 can be found in Fig. 4. Our GPDs at zero transfer momentum, H(Q2 = 0, x), are
consistently within errors of the earlier study in 2018 using the same ensemble. In the ⇠ = 0 limit, the H and E GPD
decrease near monotonically as x (Q2) increases.

The Fourier transform of the non–spin-flip GPDH(x, ⇠ = 0, Q2) gives the impact-parameter–dependent distribution
q(x, b) [127]

q(x, b) =

Z
dq

(2⇡)2
H(x, ⇠ = 0, t = �q2)eiq ·b, (5)

where b is the transverse distance from the center of momentum. Figure 5 shows the first results of impact-parameter–
dependent distribution from lattice QCD: a three-dimensional distribution as function of x and b, and two-dimensional
distributions at x = 0.3, 0.5 and 0.7. The impact-parameter–dependent distribution describes the probability density

Lattice is complementary 
to experiment and 
essential!

H-W.Lin, arXiv:2008.12474 

M.Constantinou, Tues

C.Egerer, Tues

A.Rajan



Next Frontier: Flavor Singlet

!e 2015  
LONG RANGE PLAN  

for NUCLEAR SCIENCE

 REACHING FOR THE HORIZON

The Site of the Wright Brothers’ First Airplane Flight

Glue that 
binds as all…

Z.Fan et al., arXiv:2008.15113

Nucleon Gluons in pseudo-PDF approach

Calculations far more demanding: 
signal-to-noise ratio + flavor-singlet 
quark.

Wayne Morris, Tues

C.Egerer et al., Phys. Rev. D 103, 034502 (2021)

D.Pefkou



Outlook
• The breadth of physics that lattice QCD can address has 

grown to encompass most of the key physics of GHP 
• Increasing trend: lattice QCD working with phenomenological 

analysis: JAM, NNPDF,… 
• We are entering an exciting time:
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