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spectroscopy from first-principles is a hard problem

models can be useful, but what does QCD say?

many puzzles - new and old

the quark model is a good guide for low-lying states
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provides a rigorous approach to hadron spectroscopy

- as rigorous as possible

- all necessary QCD diagrams are computed

- excited states appear as unstable resonances in a scattering amplitude

- minimal inputs (quark masses)

tremendous progress in recent years

but not yet ready for precision comparisons

 -  physical pions are very light

 -  most interesting states can decay to many pions

 -  control of light-quark mass is a useful tool

 -  small effects not considered in general: 

     finite lattice spacing, isospin breaking, EM interactions

goal: what does QCD say about the excited hadron spectrum? 
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FIG. 1. Mass distributions for w+x n+p events (reaction 1) in 20-MeV bins. (a) ~'p mass distribution, all events
double counted; (b) x+n mass distribution, all events double counted; (c) w+n mass distribution with 6'+ selected
and ~t&@&0.4 GeV; (d) same as (c) but tt&at&0. 1 GeVt.

restricted sample of them later on (Sec. III C). After
the ~" selection we are left with the following:

(1') w'p-w'w d,", 32100 events, ~t» &0 4GeV', .
23400 events, t t~z, &0.1 GeV',

(2') w'p-K'K h", 682 events, t t~at &0.1 GeV',

(3') w'p-w'w w'w L", 2470 events,
~
t'q~ &0.1 GeV,

(4') w'p-w'w MMA", 9600 events,
]'~ &0.1 GeV',

(6') w'p-K'(K')A", 140 events, t~~a &0.1 GeV',
(6') w'p K'K'tt-", 63 events, t t~at &0.1 GeV'.
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FIG. 2. Mass distribution for K'K n+p events (reaction 2) in 30-MeV bins. (a) n+p mass distribution, all events;(b) K'K mass distribution, all events; (c) K+K mass distribution with b++ selected and ~t&z, ~& 0.1 GeVt.
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FIG. 11. Phases and inelasticities of I =0 s wave and I =1p wave. The crosses are the points calculated from our
data. The horizontal bars of the crosses give size of bins used in the fit to the moments and cross section. The vertical
bars indicate the calculated error at a given mass. These errors are purely statistical and do not reflect possible sys-
tematic effects introduced by extrapolation procedure. The dots correspond to the elastic "down" and "up" solutions of
Baton, Laurens, and Reignier (Ref. 26). The open circles are the results of Baillon et al. (Ref. 27).

ancy is due either to non-n-exchange background
or to our crude estimate of the M7 cross section
(see Sec. III C).
With the parameters obtained from our fit we

can compute the phases and inelasticities. These
are tabulated in Table VI and shown in Figs. 11
and 12 for case 1 (see Table IV). We point out that
the given errors are computed by standard propa-
gation of error and reflect only the statistical er-
rors; they do not reflect the inherent uncertainties
in performing an extrapolation. They should be
considered only as an indication of the minimum
error in our computed values. How accurate our
results really are can only be ascertained by com-
parison with results of an experiment at different
energy with comparable statistics.
For the p-wave phase shift (6,') we obtain the

well-known Breit-Wigner shape (with 6,'=90 at
0.772 GeV, 5,'=45'at 0.703 GeV, and 5,'=135 at
0.863 GeV); the inelasticity (q,') is close to unity
within errors, although by 1.13 GeV it could be as

small as 0.8. The I =0 d-wave phase shift (6,')
around 1 GeV is larger than we would expect for
the f, meson alone. This wave also seems to be
quite inelastic (g,' = 0.80 at 1.070 GeV). This re-
sult has to be viewed with caution because it de-
pends strongly on what is assumed for the f-wave
inelasticity, and non- v-exchange background (or
absorption) may have a substantial effect on these
waves. The effect of the I =2 d wave (6', ) is small;
we can obtain a good fit by setting 5', =0 through-
out. The f-wave phase shift is small and negative
under the p and becomes positive past the wm

threshold. As indicated before, the obtained in-
elasticity is too small to be compatible with the
data in the inelastic channels; we believe that it
is simply acting as a parametrization of back-
ground (or a failure of the extrapolation). What
bearing various effects may have on our results
will be discussed in more detail in Sec. VII.
The most interesting results are the phase shift

and inelasticity of the I =0 s wave. The phase

π

π

π

π

“most rigorous” quantity for unstable states



/25resonances in a finite volume 7

0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40

at-rest

0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40

��� ��� ��� ��� ��� ����

��

��

��

���

���

���
�/�

~P = [000]

Ecm/MeV

momentum is quantized in a finite volume

0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40

L/as=32



/25resonances in a finite volume 8

0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40

non-zero overall momentumat-rest

0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40
0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 24  32  40

��� ��� ��� ��� ��� ����

��

��

��

���

���

���

�=[���]�=[���]

�=[���]�=[���]

�=[���]�=[���]

�=[���]�=[���]

�=[���]�=[���]

�/�

~P = [000]
~P = [001]
~P = [011]
~P = [111]
~P = [002]

Ecm/MeV



/25poles 9

 0

 30

 60

 90

 120

 150

 180

 400  500  600  700  800  900  1000

DW et al, Phys.Rev.D 92 (2015) 9, 094502, arXiv: 1507.02599

J. Dudek et al, Phys.Rev.D 87 (2013) 3, 034505, arXiv:1212.0830



/25simple hadrons in experiment 10

0.0 0.2 0.4 0.6 0.8 1.0

200

400

600

800

1000

1200

1400

MeV

0- 1- 2- 0+ 1+ 2+

⇡

⇢

a0(980)

a1

b1

a2

…

…

stable

resonances

Light mesons with Isospin=1



/25Coupled-channel resonances 11

0.0 0.2 0.4 0.6 0.8 1.0

200

400

600

800

1000

1200

1400

MeV

0- 1- 2- 0+ 1+ 2+

⇡

⇢

a0(980)

a1

b1

a2

…

…

stable

elastic 

resonances

resonances in multiple channels

⇡⇡ ! ⇡⇡

! KK̄

e.g. ⇡⌘ ! ⇡⌘

! KK̄



/25Isoscalar 𝛑𝛑 scattering 12

�/
f 0
(6
00
)

f 0
(9
80

)

CERN-Munich, ANL, BNL

�/
f 0
(6
00
)

f 0
(9
80

)

CERN-Munich, ANL, BNL

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

R. Briceño et al PRD 97 (2018) 5, 054513, arXiv:1708.06667



/25Isoscalar 𝛑𝛑 scattering 13

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

𝛑𝛑 elastic  
scattering

𝛑𝛑+KK

𝛑𝛑+KK+ηη

R. Briceño et al PRD 97 (2018) 5, 054513, arXiv:1708.06667



/25… 14

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

local qq & 2-hadron operators

conservatively 57 energy levels


dominated by S-wave interactions

R. Briceño et al PRD 97 (2018) 5, 054513, arXiv:1708.06667



/25extracting the scattering amplitude 15

determinant condition:

- several unknowns at each value of energy

- energy levels typically do not coincide

- underconstrained problem for a single energy

one solution: use energy dependent parameterizations

- Constrained problem when #(energy levels) > #(parameters)

- Essential amplitudes respect unitarity of the S-matrix


t =

✓
⇡⇡ ! ⇡⇡ ⇡⇡ ! KK̄
KK̄ ! ⇡⇡ KK̄ ! KK̄

◆

S†S = 1 ! Im t�1 = �⇢

t�1 = K�1 � i⇢K-matrix approach:

⇢ij = �ij
2ki
Ecm

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0

Chew-Mandelstam 
phase space: t�1 = K�1 + I use a dispersion relation to generate a real 

part from iρ

• any form real for real energies is valid

• we use a broad selection of K-matrices

• neglects left-hand cut

Lüscher et al
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- first computation of the decays of an exotic hybrid

- talk today: J. Dudek 14.00 
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M. T. Hansen et al, PRL 126 (2021) 012001, arXiv:2009.04931

- talk Friday 13:50
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G. Cheung et al, JHEP 02 (2021) 100 arXiv: 2008.06432 - talk C. Thomas  today 15.50

L. Gayer, N. Lang et al, arXiv:2102.04973 - talk N. Lang  today 16.10

suggestive of a much lighter D0* compared with the Ds0*
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Lattice QCD provides a first-principles tool 
to do hadron spectroscopy

These methods are widely applicable

- coupled-channel scattering

- baryons

- charm quarks, beauty quarks

- form factors, radiative transitions (incl. resonances)

…

Control of 3+ body effects needed for

 - lighter pion masses

 - higher resonances
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J. Dudek et al, Phys.Rev.D 88 (2013) 9, 094505, arXiv:1309.2608

for a recent example with b-quarks see also S. Ryan and DW, JHEP 02 (2021) 214, arXiv: 2008.02656


- talk on Weds 14th @ 13.30
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The lightest tensors of QCD at mπ=391 MeV
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