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Hydrodynamics in action in high energy nuclear collisions
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Viscous Hydrodynamics Equations:

elliptic flow

Tµν = (e+ p)uµuν + p gµν︸ ︷︷ ︸
equilibrium

+ πµν︸︷︷︸
non-equilibrium

I Use a gradient expansion to characterize corrections order by order

πµν = −η
(
∇µuν +∇νuµ − 2

3
∆µν∇ · u

)

︸ ︷︷ ︸
shear strain O(∂)

+ . . .

︸︷︷︸
2nd order O(∂2)

I Want to calculate the parameters p(T ) and η(T ) from theory

To compute the kinetic coefficients η(T ) need QCD kinetic theory!
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Computing the shear viscosity with weak coupling kinetics:

elliptic flow

I The shear to entropy ratio determines a relaxation time:

τR ≡
η

sT︸︷︷︸
momentum relaxation time

I The perturbation theory is in g not αs = g2/4π :

η

s
=

1

g4

(
C + C log(g)︸ ︷︷ ︸

LO Boltzmann

+

Cg + C g log(g)︸ ︷︷ ︸
“NLO” from soft gluons

+ . . .
)
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Three rates for QCD Kinetic Theory at LO and “NLO” in QGP:

(∂t + vp · ∂x) f(t,x,p) = −C[f ]

1. Hard Collisions: 2↔ 2 (trivial)

Q~T

P ~ E

C2$2[µ?]| {z }
vacuum matrix elements

2. Collisions with soft random classical field (Braaten,Pisarski 1995)

soft fields have p ∼ gT and large occupation numbers nB ∼ T
p ∼ 1

g

P~E

~gT ~gT
q̂(µ?) =

hp2
T i
L| {z }

momentum broadening
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The most important process: collinear radiation

3. Collinear Bremm: 1↔ 2
Baier,Dokshitzer,Mueller,Peigne,

Schiff; Arnold, Moore, Yaffe 2001

I Random walk induces collinear bremsstrhalung at LO

P+K

K

P
~gT

I Includes multiple scattering in the bremm rate (the LPM effect)

I The same collinear radiation cause the energy loss of jets in QGP

At “NLO” need to understand the overlap between these processes
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The shear viscosity versus temperature

LO: Arnold, Moore, Yaffe; NLO: S. Caron-Huot; Ghiglieri, Moore, Teaney
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Poor convergence!

The NLO correction is large
and makes the viscosity smaller

Can the error be reduced with
classical statistical simulations

of quasi-particles?  (see Boguslavski et al; 
Moore and Schlusser)

In the temperature range relevant to heavy ion collisions:

τR =
η

sT
' (2↔ 8)~

4πT
Larger than hydro fits where 4πη/sT ' 1.0

see Bernhard,Morland,Bass,Liu,Heinz
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Using QCD kinetics for Heavy Ion Collisions

z

x

�z = ⌧�⌘

Kinetic theory in the expanding geometry:

ds2 = −dτ2 + dx2 + dy2 + τ2dη2

︸ ︷︷ ︸
dz2

Kurkela, Zhu; Keegan, Kurkela Mazeliauskas, Teaney; Kurkela, Mazeliauskas, Paquet, Schlichting
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The initial production and the Color Glass Condensate (CGC)

z

x
1/Qs

At high energies and large nuclei, the gluon density gets very large

1

πR2
A

dN

dy
∼ Q2

s

αs
Qs � ΛQCD

Then, the initial passage can be treated with classical QCD (the CGC)
McLerran, Venugopalan
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Mapping the fluctuating CGC initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧hydro ⇠ 1 fm

Rnuc Rprot `mfp

CGC

Hydro

kinetics

Use QCD kinetic theory to map the CGC initial state to hydrodynamics

Rnuc � Rprot ∼ `mfp � 1/Qs
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Mapping the fluctuating CGC initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧hydro ⇠ 1 fm

Rnuc Rprot `mfp

2 c (⌧ � ⌧0)

CGC

Hydro

causal circle

Causality limits the equilibration dynamics within a causal circle

Rnuc � Rprot ∼ `mfp ∼ cτhydro � 1/Qs
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An approximation scheme for the equilibration dynamics:

2 c (⌧ � ⌧0)

look in causal circle

-1 1

average
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 x / c(τ - τo)

e(τ) + δe(τ,x)

1. Determine the evolution of the average (homogeneous) background

Bottom-Up Thermalization

2. Construct a Green function to propagate the linearized fluctuations.

δe(τ,x)

e(τ)︸ ︷︷ ︸
final energy perturb

=

∫
d2x′G(x− x′; τ, τo)

δe(τ0,x
′)

e(τ0)︸ ︷︷ ︸
initial energy perturb
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The background and “bottom-up” thermalization
Baier, Mueller, Schiff, Son (2001);

Berges, Boguslavski, Schlichting, Venugopalan (2014); Berges, Mace, Schlichting; Boguslaski,Kurkela, Lappi, Peuron (2018)
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FIG. 1. A typical entropy density profile (times �init) for a
single event used as an initial condition in current hydrody-
namic simulations at the LHC for a 0-5% centrality class [21].
An event averaged initial condition is shown by the dashed
line. Often the initial flow velocity is set to zero. The di�erent
scales are discussed in the text.

for the initial energy profile to hydrodynamics, the weak
coupling approximations made in the IP-glasma model
lead naturally to e�ective kinetic theory.

Fig. 1 shows a typical transverse (entropy) profile that
is used in current hydrodynamic simulations [21]. Clearly
during the equilibration process the profile will change
and generate intial flow. The equilibration time, c⌧init, is
short compared to the nuclear radius, R. For this reason
the prethermal evolution is insensitive to the global col-
lision geometry. Indeed, we may decompose the trans-
verse plane into causally disconnected patches of size
c⌧init � R whose prethermal evolution can be separately
determined. In these patches, the global nuclear geom-
etry determines a small gradient that can be considered
as a linear perturbation over a translationally invariant
background. Thus, corrections to initial conditions for
hydrodynamics from the global geometry are of order
c⌧init/R [22]. In addition to the global geometry, the ini-
tial energy density profile includes event-by-event fluc-
tuations at smaller scales set by the nucleon size Rp,
which is comparable to the causal horizon Rp ⇠ c⌧init.
Event-by-event fluctuations at these length scales are
suppressed by 1/

�
Npart where Npart is the number of

participating nucleons in the event, Npart ⇠ 100 � 300.
Therefore, such fluctuations can also be treated in a lin-
earized way as fluctuations over a translationally invari-
ant background. The structure of the initial profile at
even smaller scales is less well known, but in models based
on CGC, one expects fluctuations to subnuclear scales of
order the saturation momentum, Q�1

s ⇠ 0.1 fm.

Finally, an important scale is set by the mean free path,
which in a weakly coupled theory is of order 1/�2Te�

for states not too far from equilibrium. In practice, this
length scale is comparable, though slightly shorter than
the causal horizon and the nucleon scales. Without the
scale separation, the medium prethermal response to ini-
tial perturbations in the transverse plane can only be
computed by a calculation within the EKT. Fortunately,
as discussed above linearized kinetic theory is su�cient
to determine this response.

To summarize, our strategy is to use linearized ki-
netic theory to follow the hydrodynamization of pertur-
bations on top of a far-from-equilibrium Bjorken back-
ground with translational symmetry in the transverse di-
rections. This determines the stress tensor for hydrody-
namics at the initialization time. The length scales of
relevance are the nuclear-geometry, the nucleonic scale,
the causal horizon c⌧init, and the mean free path

R � Rp ⇠ c⌧init ⇠
1

�2Te�
.

By linearizing the problem and solving for the response,
we will determine a Green function describing how an
energy fluctuation at the earliest moments, ⌧ ⇠ 1/Qs,
evolves during the equilibration process to the hydrody-
namic fields, i.e. the energy and momentum densities,
�T 00(⌧init,x�) and �T 0i(⌧init,x�) respectively. We will
verify that the subsequent evolution is described by sec-
ond order hydrodynamics to certifiable precision.

In Section II we outline the linearized EKT, and study
the linear response of the EKT in equilibrium. In Sec-
tion III we systematically study the approach to equi-
librium of Fourier modes of specified k, starting with
a far from equilibrium initial state. In Section IV we
Fourier transform these results and determine a coor-
dinate space Green function which produces the appro-
priate initial conditions for hydrodynamics at ⌧init when
convolved with a specified initial state. We also analyze
the long wavelength limit of these Green functions, mak-
ing contact and providing additional insight into previous
work on preflow [22]. Finally, we discuss our conclusions
in Section V.

II. LINEARIZED KINETIC THEORY

A. Setup

At weak coupling the non-equilibrium evolution of the
boost invariant color and spin averaged gluon distribu-
tion function is described in terms of an e�ective kinetic
equation [14]

��fx�,p +
p

|p| · �x�fx�,p � pz

⌧
�pz

fx�,p = �C[fx�,p],

(1)

where the e�ective collision kernel C[f ] incorporates the
elastic 2 � 2 and inelastic 1 � 2 processes as required
for a leading order description in the coupling constant

IP  Glasma A+A Glauber

2⌧init

Many scales are the same:

R � c⌧init ⇠ Rp ⇠ `mfp � 1

Qs

Need kinetics !

Plasma
instabilities
dominate

screening?

pzpz pz

pT pT pT

Classical Fields Kinetic theory

Under the spell of “bottom-up” thermalization Baier, Mueller, Schiff, Son

Minijet parton shower
to equilibriumClassical  

Production
Longitudinal

Squeeze Soft Stabilazation

pzpz pz

pT pT pT

pzpz pz

pT pT pT

Spatial scales for initial stages in A+A

2

 0

 1

 2

 3

 4

 5

 6

 7

 8

-10 -5  0  5  10

2R

2Rp

2cτinit

τ
in

it 
s(

τ
in

it)
 (G

eV
2 )

x (fm)

one event
average

FIG. 1. A typical entropy density profile (times �init) for a
single event used as an initial condition in current hydrody-
namic simulations at the LHC for a 0-5% centrality class [21].
An event averaged initial condition is shown by the dashed
line. Often the initial flow velocity is set to zero. The di�erent
scales are discussed in the text.

for the initial energy profile to hydrodynamics, the weak
coupling approximations made in the IP-glasma model
lead naturally to e�ective kinetic theory.

Fig. 1 shows a typical transverse (entropy) profile that
is used in current hydrodynamic simulations [21]. Clearly
during the equilibration process the profile will change
and generate intial flow. The equilibration time, c⌧init, is
short compared to the nuclear radius, R. For this reason
the prethermal evolution is insensitive to the global col-
lision geometry. Indeed, we may decompose the trans-
verse plane into causally disconnected patches of size
c⌧init � R whose prethermal evolution can be separately
determined. In these patches, the global nuclear geom-
etry determines a small gradient that can be considered
as a linear perturbation over a translationally invariant
background. Thus, corrections to initial conditions for
hydrodynamics from the global geometry are of order
c⌧init/R [22]. In addition to the global geometry, the ini-
tial energy density profile includes event-by-event fluc-
tuations at smaller scales set by the nucleon size Rp,
which is comparable to the causal horizon Rp ⇠ c⌧init.
Event-by-event fluctuations at these length scales are
suppressed by 1/

�
Npart where Npart is the number of

participating nucleons in the event, Npart ⇠ 100 � 300.
Therefore, such fluctuations can also be treated in a lin-
earized way as fluctuations over a translationally invari-
ant background. The structure of the initial profile at
even smaller scales is less well known, but in models based
on CGC, one expects fluctuations to subnuclear scales of
order the saturation momentum, Q�1

s ⇠ 0.1 fm.

Finally, an important scale is set by the mean free path,
which in a weakly coupled theory is of order 1/�2Te�

for states not too far from equilibrium. In practice, this
length scale is comparable, though slightly shorter than
the causal horizon and the nucleon scales. Without the
scale separation, the medium prethermal response to ini-
tial perturbations in the transverse plane can only be
computed by a calculation within the EKT. Fortunately,
as discussed above linearized kinetic theory is su�cient
to determine this response.

To summarize, our strategy is to use linearized ki-
netic theory to follow the hydrodynamization of pertur-
bations on top of a far-from-equilibrium Bjorken back-
ground with translational symmetry in the transverse di-
rections. This determines the stress tensor for hydrody-
namics at the initialization time. The length scales of
relevance are the nuclear-geometry, the nucleonic scale,
the causal horizon c⌧init, and the mean free path

R � Rp ⇠ c⌧init ⇠
1

�2Te�
.

By linearizing the problem and solving for the response,
we will determine a Green function describing how an
energy fluctuation at the earliest moments, ⌧ ⇠ 1/Qs,
evolves during the equilibration process to the hydrody-
namic fields, i.e. the energy and momentum densities,
�T 00(⌧init,x�) and �T 0i(⌧init,x�) respectively. We will
verify that the subsequent evolution is described by sec-
ond order hydrodynamics to certifiable precision.

In Section II we outline the linearized EKT, and study
the linear response of the EKT in equilibrium. In Sec-
tion III we systematically study the approach to equi-
librium of Fourier modes of specified k, starting with
a far from equilibrium initial state. In Section IV we
Fourier transform these results and determine a coor-
dinate space Green function which produces the appro-
priate initial conditions for hydrodynamics at ⌧init when
convolved with a specified initial state. We also analyze
the long wavelength limit of these Green functions, mak-
ing contact and providing additional insight into previous
work on preflow [22]. Finally, we discuss our conclusions
in Section V.

II. LINEARIZED KINETIC THEORY

A. Setup

At weak coupling the non-equilibrium evolution of the
boost invariant color and spin averaged gluon distribu-
tion function is described in terms of an e�ective kinetic
equation [14]

��fx�,p +
p

|p| · �x�fx�,p � pz

⌧
�pz

fx�,p = �C[fx�,p],

(1)

where the e�ective collision kernel C[f ] incorporates the
elastic 2 � 2 and inelastic 1 � 2 processes as required
for a leading order description in the coupling constant

IP  Glasma A+A Glauber

2⌧init

Many scales are the same:

R � c⌧init ⇠ Rp ⇠ `mfp � 1

Qs

Need kinetics !

Plasma
instabilities
dominate
screening

pzpz pz

pT pT pT

Classical Fields Kinetic theory

Soft Stabalization Mini-jet parton 
shower

Reach a thermal state in τhydro ∼ 1/(α
13/5
s Qs)
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A numerical realization of bottom-up

I Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 1 anisotropic
Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling of αs = 0.3
corresponding to

η

s
= 0.6 =

7.5

4π

also use λ ≡ g2N .

Can see “Bottom-Up” in the computer code.
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A numerical realization of bottom-up

I Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 5 soft 
stabilization

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling of αs = 0.3
corresponding to

η

s
= 0.6 =

7.5

4π

also use λ ≡ g2N .

Can see “Bottom-Up” in the computer code.
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A numerical realization of bottom-up

I Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 20 minijet 
quenching

then

hydro

Qs⌧ ⇠ ↵�13/5
s

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling of αs = 0.3
corresponding to

η

s
= 0.6 =

7.5

4π

also use λ ≡ g2N .

Can see “Bottom-Up” in the computer code.
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A numerical realization of bottom-up

I Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 500 isotropic
and 

cooling down

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling of αs = 0.3
corresponding to

η

s
= 0.6 =

7.5

4π

also use λ ≡ g2N .

Can see “Bottom-Up” in the computer code.
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When does the stress tensor approach 2nd order hydrodynamics?
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FIG. 3: Background energy density matching with hydrodynamic evolution.need to change

labels

Thanks to the scaling of the background evolution with ⌘/s, the same fitted kinetic theory

curve can be used for di↵erent values of ⌘/s in the scaling regime and di↵erent values of the

initial energy density.

In Appendix A we give the parametrization of universal background evolution curve E(x)

and describe the details of the mapping procedure.

III. RESPONSE FUNCTIONS

We now discuss the calculation of the response functions describing the linearized evo-

lution of energy-momentum perturbations. We will consider boost invariant perturba-

tions only, and focus on the energy-momentum response to perturbations of the conserved

charges—initial energy-density �T ⌧⌧ and initial momentum density �T ⌧i. By normalizing

the perturbations to the background energy density T
⌧⌧

(⌧,x), the evolution of energy-

11

Different values of coupling
give different       ⌘/s

Hydro regime

However, all couplings thermalize 
at same scaled time ⌧/⌧R

PL

PT

Tµ⌫

⌧/⌧R

e/3

Measure time in a physical relaxation time given by τR:

τ

τR
≡ τTeff(τ)

4πη/s
with e(τ) ≡ π2

30
νeffT

4
eff(τ)

Can start hydro when τTeff(τ)/4πη/s ∼ 1
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Translating “thermalization time” into physical units:

I The calculation used units which fixed the final entropy τs:

- The final entropy is highly constrained by hydrodynamic fits, yielding:

τhydro ≈ 1.1 fm

(
4π(η/s)

2

) 3
2 (νeff

40

)1/2
(

4.1 GeV

〈τs〉

)−1/2

︸ ︷︷ ︸
entropy per rapidity

I Require that this time be smaller than the radius of the system:

- This yields an estimate for the smallest entropy where hydro applies

(
dNch

dη

)

hydro

= 63

(
4π(η/s)

2

)3 (νeff

40

)(S/Nch

7

)−1

Gives constraints on smallest systems where hydrodynamics applies.
These systems are being studied in very peripheral collisions.
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Attractors and a universal description: Giacalone, Mazeliauskas, Schlichting

RTA: Almaalol, Strickland, Noronha, Denicol; Blaizot, Yan ; Behtash, Martinez, Kamata; AdS/CFT: Heller, Spalinski, Janik; QCD

kinetcs: Mazeliauskas, Kurkela

d(τe)

dτ︸ ︷︷ ︸
energy density

= − T zz

︸︷︷︸
longitudinal pressure
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FIG. 1. Hydrodynamic attractor for pre-equilibrium evolu-
tion of the energy density obtained from QCD and Yang Mills
(YM) kinetic theory [26–29], AdS/CFT [13–15] and Boltz-
mann RTA [16–20]. Solid lines show the asymptotic behavior
of the attractor curves given by Eq. (4).

the existence of a hydrodynamic attractor [14], where the
far-from-equilibrium system displays an e↵ective consti-
tutive equation PL/e = f(w̃) well before reaching local
thermal equilibrium. Such attractor behavior has been
established for a number of di↵erent microscopic theo-
ries (QCD Kinetic Theory [26–29], Boltzmann RTA [16–
20] and AdS/CFT [13–15]), where the time evolution on
the attractor is controlled by a single scaling variable,
w̃ = ⌧Te↵(⌧)/(4⇡⌘/s), where Te↵(⌧) is an e↵ective tem-

perature such that e(⌧) ⌘ ⇡2

30 ⌫e↵T 4
e↵(⌧) (⌫e↵ is the num-

ber of e↵ective degrees of freedom, e.g., ⌫e↵ = 16 for ideal
gluonic gas).

Based on these insights, the conservation law in Eq. (1)
can be integrated, yielding a universal relation between
the initial state energy density e0 at very early times
w̃(⌧0) ⌧ 1, and the energy density e(⌧hydro) of the near
thermal system at later times w̃(⌧hydro) � 1

e(⌧hydro) = e0 exp

 
�
Z w̃hydro

w̃0

dw̃

w̃

1 + f(w̃)
3
4 � 1

4f(w̃)

!
. (2)

Close to equilibrium f(w̃hydro) ⇡ 1/3 and the energy
density of the longitudinally expanding plasma follows

the Bjorken scaling e(⌧) = ehydro (⌧/⌧hydro)
�4/3

, while
the entropy density per unit rapidity, s⌧ , remains con-
stant [12]. Eventually, for ⌧ & R/c, where 2R denotes the
transverse extent of the system, the QGP fireball starts
expanding in the transverse plane and ultimately freezes
out in color neutral hadrons [31]. During the transverse
expansion the QGP remains close to equilibrium and the

total entropy per unit rapidity dS/d⌘s = A? (s⌧)hydro

(where A? = ⇡R2) is approximately conserved onwards
from the time ⌧hydro when the QGP can be described
as an almost ideal fluid. Ultimately, on the freeze-out
surface dS/d⌘s becomes proportional to the produced
charged hadron multiplicity, dNch/d⌘. The multiplicity
of final-state particles emitted from the QGP is therefore
a sensitive probe of the entropy production during the
pre-equilibrium phase.

Strikingly, the correspondence between initial-state en-
ergy density and charged hadron multiplicity can be
quantified further using the theory of hydrodynamic at-
tractors. By factoring out the late time Bjorken scaling
from Eq. (2) the evolution of the energy density during
the pre-equilibrium phase can be characterized by an at-
tractor curve E(w̃)

e(⌧)⌧4/3

ehydro⌧
4/3
hydro

= E
✓

w̃ =
Te↵(⌧)⌧

4⇡⌘/s

◆
. (3)

As can be seen from Fig. 1, the function E(w̃) smoothly
interpolates between an early free-streaming and late-
stage viscous hydrodynamics [15, 26]

E(w̃ ⌧ 1) = C�1
1 w̃4/9 (free streaming) ,

E(w̃ � 1) = 1 � 2

3⇡w̃
(viscous hydro) ,

(4)

where C1 is a constant of order unity. Even though
the evolution at intermediate times can be di↵erent for
di↵erent microscopic theories, the overall similarity be-
tween di↵erent theories is remarkable. Most importantly
for our purpose, all curves have the same universal char-
acteristics, Eq. (4), at early and late times, irrespective
of the underlying microscopic theory.

Based on Eq. (3), we can immediately establish a quan-
titative relation between the energy densities e(⌧) at var-
ious stages, which upon use of the thermodynamic rela-
tions Ts = e + p and p = e/3 once the system is close to
equilibrium turns into an estimate of the entropy density
per unit rapidity

(s⌧)hydro =
4

3

✓
⇡2

30
⌫e↵

◆1/4
 

lim
⌧!0

e(⌧)⌧4/3

E
�Teff (⌧)⌧

4⇡⌘/s

�
!3/4

. (5)

Evaluating the limit according to Eq. (4) one arrives at
the central result of this paper, namely the relation
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from which one can directly estimate the charged particle
multiplicity as discussed above:
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Here S/Nch ⌘ (dS/dy) / (dNch/dy) ⇡ 6.7–8.5 is the en-
tropy per charged particle at freeze-out [32] and J ⇡ 1.1
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FIG. 1. Hydrodynamic attractor for pre-equilibrium evolu-
tion of the energy density obtained from QCD and Yang Mills
(YM) kinetic theory [26–29], AdS/CFT [13–15] and Boltz-
mann RTA [16–20]. Solid lines show the asymptotic behavior
of the attractor curves given by Eq. (4).

the existence of a hydrodynamic attractor [14], where the
far-from-equilibrium system displays an e↵ective consti-
tutive equation PL/e = f(w̃) well before reaching local
thermal equilibrium. Such attractor behavior has been
established for a number of di↵erent microscopic theo-
ries (QCD Kinetic Theory [26–29], Boltzmann RTA [16–
20] and AdS/CFT [13–15]), where the time evolution on
the attractor is controlled by a single scaling variable,
w̃ = ⌧Te↵(⌧)/(4⇡⌘/s), where Te↵(⌧) is an e↵ective tem-

perature such that e(⌧) ⌘ ⇡2

30 ⌫e↵T 4
e↵(⌧) (⌫e↵ is the num-

ber of e↵ective degrees of freedom, e.g., ⌫e↵ = 16 for ideal
gluonic gas).

Based on these insights, the conservation law in Eq. (1)
can be integrated, yielding a universal relation between
the initial state energy density e0 at very early times
w̃(⌧0) ⌧ 1, and the energy density e(⌧hydro) of the near
thermal system at later times w̃(⌧hydro) � 1
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Close to equilibrium f(w̃hydro) ⇡ 1/3 and the energy
density of the longitudinally expanding plasma follows

the Bjorken scaling e(⌧) = ehydro (⌧/⌧hydro)
�4/3

, while
the entropy density per unit rapidity, s⌧ , remains con-
stant [12]. Eventually, for ⌧ & R/c, where 2R denotes the
transverse extent of the system, the QGP fireball starts
expanding in the transverse plane and ultimately freezes
out in color neutral hadrons [31]. During the transverse
expansion the QGP remains close to equilibrium and the

total entropy per unit rapidity dS/d⌘s = A? (s⌧)hydro

(where A? = ⇡R2) is approximately conserved onwards
from the time ⌧hydro when the QGP can be described
as an almost ideal fluid. Ultimately, on the freeze-out
surface dS/d⌘s becomes proportional to the produced
charged hadron multiplicity, dNch/d⌘. The multiplicity
of final-state particles emitted from the QGP is therefore
a sensitive probe of the entropy production during the
pre-equilibrium phase.

Strikingly, the correspondence between initial-state en-
ergy density and charged hadron multiplicity can be
quantified further using the theory of hydrodynamic at-
tractors. By factoring out the late time Bjorken scaling
from Eq. (2) the evolution of the energy density during
the pre-equilibrium phase can be characterized by an at-
tractor curve E(w̃)
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As can be seen from Fig. 1, the function E(w̃) smoothly
interpolates between an early free-streaming and late-
stage viscous hydrodynamics [15, 26]

E(w̃ ⌧ 1) = C�1
1 w̃4/9 (free streaming) ,

E(w̃ � 1) = 1 � 2
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(viscous hydro) ,

(4)

where C1 is a constant of order unity. Even though
the evolution at intermediate times can be di↵erent for
di↵erent microscopic theories, the overall similarity be-
tween di↵erent theories is remarkable. Most importantly
for our purpose, all curves have the same universal char-
acteristics, Eq. (4), at early and late times, irrespective
of the underlying microscopic theory.

Based on Eq. (3), we can immediately establish a quan-
titative relation between the energy densities e(⌧) at var-
ious stages, which upon use of the thermodynamic rela-
tions Ts = e + p and p = e/3 once the system is close to
equilibrium turns into an estimate of the entropy density
per unit rapidity
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multiplicity as discussed above:
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Here S/Nch ⌘ (dS/dy) / (dNch/dy) ⇡ 6.7–8.5 is the en-
tropy per charged particle at freeze-out [32] and J ⇡ 1.1
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FIG. 1. Hydrodynamic attractor for pre-equilibrium evolu-
tion of the energy density obtained from QCD and Yang Mills
(YM) kinetic theory [26–29], AdS/CFT [13–15] and Boltz-
mann RTA [16–20]. Solid lines show the asymptotic behavior
of the attractor curves given by Eq. (4).

the existence of a hydrodynamic attractor [14], where the
far-from-equilibrium system displays an e↵ective consti-
tutive equation PL/e = f(w̃) well before reaching local
thermal equilibrium. Such attractor behavior has been
established for a number of di↵erent microscopic theo-
ries (QCD Kinetic Theory [26–29], Boltzmann RTA [16–
20] and AdS/CFT [13–15]), where the time evolution on
the attractor is controlled by a single scaling variable,
w̃ = ⌧Te↵(⌧)/(4⇡⌘/s), where Te↵(⌧) is an e↵ective tem-

perature such that e(⌧) ⌘ ⇡2
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gluonic gas).

Based on these insights, the conservation law in Eq. (1)
can be integrated, yielding a universal relation between
the initial state energy density e0 at very early times
w̃(⌧0) ⌧ 1, and the energy density e(⌧hydro) of the near
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, while
the entropy density per unit rapidity, s⌧ , remains con-
stant [12]. Eventually, for ⌧ & R/c, where 2R denotes the
transverse extent of the system, the QGP fireball starts
expanding in the transverse plane and ultimately freezes
out in color neutral hadrons [31]. During the transverse
expansion the QGP remains close to equilibrium and the
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(where A? = ⇡R2) is approximately conserved onwards
from the time ⌧hydro when the QGP can be described
as an almost ideal fluid. Ultimately, on the freeze-out
surface dS/d⌘s becomes proportional to the produced
charged hadron multiplicity, dNch/d⌘. The multiplicity
of final-state particles emitted from the QGP is therefore
a sensitive probe of the entropy production during the
pre-equilibrium phase.

Strikingly, the correspondence between initial-state en-
ergy density and charged hadron multiplicity can be
quantified further using the theory of hydrodynamic at-
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stage viscous hydrodynamics [15, 26]
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1 w̃4/9 (free streaming) ,

E(w̃ � 1) = 1 � 2
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(viscous hydro) ,

(4)

where C1 is a constant of order unity. Even though
the evolution at intermediate times can be di↵erent for
di↵erent microscopic theories, the overall similarity be-
tween di↵erent theories is remarkable. Most importantly
for our purpose, all curves have the same universal char-
acteristics, Eq. (4), at early and late times, irrespective
of the underlying microscopic theory.

Based on Eq. (3), we can immediately establish a quan-
titative relation between the energy densities e(⌧) at var-
ious stages, which upon use of the thermodynamic rela-
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Here S/Nch ⌘ (dS/dy) / (dNch/dy) ⇡ 6.7–8.5 is the en-
tropy per charged particle at freeze-out [32] and J ⇡ 1.1
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FIG. 1. Hydrodynamic attractor for pre-equilibrium evolu-
tion of the energy density obtained from QCD and Yang Mills
(YM) kinetic theory [26–29], AdS/CFT [13–15] and Boltz-
mann RTA [16–20]. Solid lines show the asymptotic behavior
of the attractor curves given by Eq. (4).

the existence of a hydrodynamic attractor [14], where the
far-from-equilibrium system displays an e↵ective consti-
tutive equation PL/e = f(w̃) well before reaching local
thermal equilibrium. Such attractor behavior has been
established for a number of di↵erent microscopic theo-
ries (QCD Kinetic Theory [26–29], Boltzmann RTA [16–
20] and AdS/CFT [13–15]), where the time evolution on
the attractor is controlled by a single scaling variable,
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Based on these insights, the conservation law in Eq. (1)
can be integrated, yielding a universal relation between
the initial state energy density e0 at very early times
w̃(⌧0) ⌧ 1, and the energy density e(⌧hydro) of the near
thermal system at later times w̃(⌧hydro) � 1

e(⌧hydro) = e0 exp

 
�
Z w̃hydro

w̃0

dw̃

w̃

1 + f(w̃)
3
4 � 1

4f(w̃)

!
. (2)

Close to equilibrium f(w̃hydro) ⇡ 1/3 and the energy
density of the longitudinally expanding plasma follows

the Bjorken scaling e(⌧) = ehydro (⌧/⌧hydro)
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, while
the entropy density per unit rapidity, s⌧ , remains con-
stant [12]. Eventually, for ⌧ & R/c, where 2R denotes the
transverse extent of the system, the QGP fireball starts
expanding in the transverse plane and ultimately freezes
out in color neutral hadrons [31]. During the transverse
expansion the QGP remains close to equilibrium and the

total entropy per unit rapidity dS/d⌘s = A? (s⌧)hydro

(where A? = ⇡R2) is approximately conserved onwards
from the time ⌧hydro when the QGP can be described
as an almost ideal fluid. Ultimately, on the freeze-out
surface dS/d⌘s becomes proportional to the produced
charged hadron multiplicity, dNch/d⌘. The multiplicity
of final-state particles emitted from the QGP is therefore
a sensitive probe of the entropy production during the
pre-equilibrium phase.

Strikingly, the correspondence between initial-state en-
ergy density and charged hadron multiplicity can be
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As can be seen from Fig. 1, the function E(w̃) smoothly
interpolates between an early free-streaming and late-
stage viscous hydrodynamics [15, 26]

E(w̃ ⌧ 1) = C�1
1 w̃4/9 (free streaming) ,

E(w̃ � 1) = 1 � 2

3⇡w̃
(viscous hydro) ,

(4)

where C1 is a constant of order unity. Even though
the evolution at intermediate times can be di↵erent for
di↵erent microscopic theories, the overall similarity be-
tween di↵erent theories is remarkable. Most importantly
for our purpose, all curves have the same universal char-
acteristics, Eq. (4), at early and late times, irrespective
of the underlying microscopic theory.

Based on Eq. (3), we can immediately establish a quan-
titative relation between the energy densities e(⌧) at var-
ious stages, which upon use of the thermodynamic rela-
tions Ts = e + p and p = e/3 once the system is close to
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from which one can directly estimate the charged particle
multiplicity as discussed above:
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Here S/Nch ⌘ (dS/dy) / (dNch/dy) ⇡ 6.7–8.5 is the en-
tropy per charged particle at freeze-out [32] and J ⇡ 1.1
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Changes during the equilibration process

1. Increase in multiplicity.

2. Change in chemical composition. Kurkela and Mazeliauskas
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FIG. 6: a) Boltzmann entropy production. During the kinetic pre-equilibrium stage

⌧Tid.

⌘/s
< 1 about ⇠ 40�55% of final entropy is produced b) number of gluons relative to the

final gluon density. During the kinetic pre-equilibrium stage ⌧Tid.

⌘/s
< 1, the number of

gluons increase by a factor ⇠ 1.7�1.9
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The final gluon multiplicity is 2.5 times the initial gluon multiplicity
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Mapping the fluctuating initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧hydro ⇠ 1 fm

Rnuc Rprot `mfp

CGC

Hydro

kinetics

Final results should be insensitive to the switching time τhydro
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Do hydro results depend on τhydro ?

Kinetics runs from τ0 = 0.1 up to τhydro, then hydro runs up to τout.
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FIG. 12. Single event profiles along x-axis (y = 0) of ⌧e3/4 (top row) and velocity vx (bottom row) for di↵erent hydrodynamics
transition times ⌧hydro. Di↵erent columns correspond to three di↵erent times in hydrodynamic evolution: ⌧ = 1.2, 2.0 and
5.0 fm. The same EKT initialization time ⌧EKT = 0.1 fm was used. The equation of state is a realistic QCD one. The
transverse velocity is not shown for very low energy densities (⌧e3/4 < 0.01 GeV2) where numerical errors can generate spurious
values of velocity.
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FIG. 13. (a) Comparison of the out-of-equilibrium shear stress tensor (c.f. Eq. (62)) with the Navier-Stokes estimate at di↵erent

hydrodynamics initialization times ⌧hydro = 0.8, 1.0, 1.2 fm. (b) Scaled evolution time variable ⌧Tid.
⌘/s

at di↵erent hydro starting

times. Values of ⌧Tid./(4⇡⌘/s) > 1 indicate that the system is close enough to local thermal equilibrium for hydrodynamics to
become applicable (see Sec. II D).

scaling the energy density of a set initial condition with
⌧�4/3, as would be expected for a system undergoing
ideal Bjorken hydrodynamic expansion, is also used reg-
ularly in heavy ion physics to rescale the energy density
of the initial conditions when changing the initialization

time of hydrodynamics.

In Fig. 14(a) we show pion multiplicity dN⇡/dy as a
function of hydrodynamic initialization time ⌧hydro for
the three di↵erent pre-equilibrium evolution scenarios.
We find that for all pre-equilibrium scenarios, the multi-

Shear
Strain

Energy density insensitive to τhydro as we want.

The shear strain agrees with the hydro constitutive relations

Code starting to be used for real stuff: Gale, Paquet, Schenke, Shen (thermal photons); da Silva et al arXiv:2006.023424 (flow

and 〈pT 〉 ; Shen, Schenke, Teaney 〈pT 〉; Coquet, Xiaojian Du, et at all 2104.07622 (dileptons)

26 / 28



Overlapping effective theories for heavy ion collisions 4

�1

�0.5

0

0.5

1

0.01 0.1 1

hPT i
hei

hPLi
hei

1/3

⌧ (fm)

⌧EKT ⌧hydro

2+1D Yang-Mills

Kinetic theory

2+1D hydro.

FIG. 3. Average transverse and longitudinal pressures,
PT = (T xx + T yy)/2 and PL = ⌧2T ⌘⌘, of a realistic heavy
ion event evolved in succession by 2+1D Yang-Mills evolution
(IP-glasma model) [43, 44], QCD kinetic theory (KøMPøST)
and relativistic viscous hydrodynamics [46–48].

functions, initial energy (�T ⌧⌧ ), and transverse momen-
tum perturbations (�T ⌧i) are propagated according to
Eq. (2) up to a time ⌧hydro, which is varied around the
estimate ⌧hydro ⇡ 0.6 fm, evaluated according to Eq. (3)
with ⌫g = 16 and hs⌧i ⇡ 5.0 GeV2 for this particular
event [45]. Beyond ⌧hydro the evolution is modeled using
relativistic viscous hydrodynamics [46–48] with constant
⌘/s = 2/(4⇡) and QCD equation of state [49].

In Fig. 3 we show overlapping theoretical descriptions
of the evolution of the pressure anisotropy in the early
stages of a realistic event. In the classical Yang-Mills
field simulations the longitudinal pressure hPLi is initially
negative, as is typical of a classical field configuration
(cf. parallel plate capacitor with electric field E, where
T ij = diag(E2, E2,�E2)/2 [50]). As the system evolves,
the classical fields lose coherence and the longitudinal
pressure approaches zero; the increasingly dilute system
is then better described by kinetic theory. In the kinetic
phase (⌧ekt ! ⌧hydro) the energy-momentum tensor be-
gins to equilibrate, such that ultimately the pressure ap-
proaches its equilibrium value of 1/3 of the energy density
(for a locally equilibrated fluid of massless particles), up
to corrections captured by viscous hydrodynamics. One
clearly observes from Fig. 3 that the kinetic equilibra-
tion stage provides the missing link between the classical
Yang-Mills evolution and the hydrodynamics, thus cre-
ating a self-consistent description of initial stages.

In order to illustrate the quality of the matching be-
tween the kinetic theory and the hydrodynamics, we in-
vestigate the robustness of the transverse energy and
velocity profiles at ⌧out = 2.0 fm (in the hydrodynamic
stage) under variations of the duration of the preequilib-
rium evolution ⌧hydro. In Fig. 4(a) we see that the energy

FIG. 4. (a) Energy density and (b) velocity profiles in the
hydrodynamic stage at time ⌧out = 2.0 fm, for di↵erent du-
rations of the kinetic preequilibrium stage (⌧ekt ! ⌧hydro).

density at ⌧out is essentially unchanged as the initializa-
tion time ⌧hydro is varied, indicating a smooth matching
between the kinetic and hydrodynamic simulations. Fig-
ure 4(b) shows the corresponding plot for the transverse
velocities. The transverse flow is also smoothly matched
between the kinetic and hydrodynamic phases, with ten-
sion visible only at the edges of the fireball where our lin-
earized approximation is pushed beyond its limits due to
large gradients. We emphasize that KøMPøST also pro-
vides the viscous stress tensor ⇡µ⌫ which is required for
the subsequent (viscous) hydrodynamic evolution. We
verified that the obtained ⇡µ⌫ agrees reasonably well with
the Navier-Stokes constitutive equations (⇡µ⌫ ⇡ �⌘�µ⌫),
guaranteeing a consistent matching between the kinetic
and hydrodynamic simulations [33].

Our current approach using kinetic response functions
should be compared to preequilibrium modeling based
on the long wavelength response [51–53] and free stream-
ing [54, 55]. We find that the first few terms in the
long wavelength expansion capture most of the kinetic
response [33]. However, to achieve a satisfactory level
of agreement one needs to go beyond the leading order
velocity response of Ref. [51]. Because of the universal-

Gives a 0th order description of the whole heavy ion event:
from wave function (Classical Yang-Mills), to kinetics, to hydro
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Summary of QCD kinetics

1. Computed transport coefficients with QCD kinetics to “NLO”
I Convergence is poor, but the picture is robust

2. Described a first principles (but asymptotic) picture of thermalization
I Have a useful computer code to take to the initial state to hydro

CGC

Hydro

kinetics

This is much more 
than a cartoon by now!


