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The proton’s spin puzzle
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Quark helicity

Gluon helicity

Orbital angular 
momentumSpin

• DIS experiments showed that quarks carry only 
about 30% of the proton’s spin 


• Failure of the constituent quark model to explain 
spin of the proton - spin crisis

ΔΣ = 0.25 ∼ 0.3
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Combination of F and D can be measured in -decay and hyperon decay experimentsβ
In term of helicity PDFs iso-singlet quark helicity is
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Quark spin contribution is defined by iso-singlet axial vector current

Wµ⌫
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Iso-singlet axial vector current
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The current is not conserved due to presence of the 
chiral anomaly.
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Chern-Simons current:
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The famous anomaly equation:
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The key role of the anomaly is seen from the structure 
of the triangle graph in the off-forward limit

t ⌘ l2
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The triangle diagram has an infrared pole and (t) / FF̃
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Exact result!
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The existence of the infrared pole of the triangle diagram 
has not been addressed in pQCD calculations.
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Perturbative and non-perturbative interplay
The infrared pole of the triangle diagram must be cancelled by a pole in the non-
perturbative contribution:
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The result is manifestly gauge invariant!

Generalization of this result to , and 
interplay with non-perturbative physics can be 
explored efficiently in a worldline framework

g1(x, Q2)
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The presence of the pole in the triangle diagram is related to 
topological properties of QCD (measure of the QCD path 
integral), which are described by the chiral Ward identities. 
The triangle diagram is not local!



The triangle anomaly in the worldline formalism
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The triangle anomaly: D.G.C. McKeon, C. Schubert, Phys. Lett. B 440 (1998) 101

Imaginary part of the QCD 
effective action:



The triangle anomaly in the worldline formalism
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We reproduce famous infrared pole of the anomaly
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Transforming the result back to position space,

we arrive at the celebrated Adler-Bell-Jackiw anomaly

Julian Schwinger!
(1918-1994)

Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
Again, we work in momentum space
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so the quantum conservation equation takes the form
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams

i�µ↵�(p, q) =

q
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p
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(p+ q)µ (2.22)

whose contributions can be found using the Feynman rules of QED
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral

I(⇠) =

Z 1

�1
dx

h
f(x+ ⇠) � f(x)

i
. (2.24)

When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of

11

where the conservation equation of the axial-vector current picks up an anomalous term that
survives in the massless limit

(p+ q)µi�µ↵�(p, q) =
ie
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q
⌫ + 2mi�↵�(p, q) (2.62)

Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find
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µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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or in position space
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Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
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Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
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The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find
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The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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The infrared pole must be cancelled by a pseudoscalar 
contribution



Finding the axial anomaly in the box diagram

6

One can rewrite this further in terms of the Fourier transforms of the background gauge fields
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corresponds to the well-known box diagram of DIS with four incoming momenta ki shown in Fig. 1.
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FIG. 1. The box diagram �µ⌫↵�
A [k1, k3, k2, k4] for polarized DIS.
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Worldline representation of the box diagram 
(one loop exact!):
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µ
i + 2i µ

i kj ·  j)e
iki·xi

<latexit sha1_base64="TkU4juMLsYJOd79DXqLAw6Yx/Dw="></latexit>

Tarasov, Venugopalan (2019) 



The box diagram in the Bjorken limit
In the Bjorken limit  and  is fixedQ2 → ∞ xB

8

In the following two sections, we will explore in the physically interesting Bjorken and Regge asymptotics respectively
the structure of the box diagram represented by Eq. (38). We will show explicitly in both limits that the leading
contribution to the box diagram is given by the triangle anomaly.
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FIG. 2. Two “triangle” limits of the box diagram: a) the Bjorken limit, given by Eq. (39), b) the Regge limit given by Eq. (40).

In the Bjorken limit of QCD, when the virtuality of the incoming photons Q
2 ! 1 and xB = Q2

2P ·q is fixed, the

distance between the points of interaction of the worldline with the incoming photons (⌧1 ! ⌧3) is defined by a
negligibly small number u1 � u3 ⇠ ⇤2

QCD/Q
2, where ⇤QCD ⇡ 200 MeV is the intrinsic non-perturbative scale of the

theory. This limit of the box diagram is illustrated in Fig. 2a. In this limit,
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Corrections to this formula are suppressed by a relative power 1/Q
2.

In a similar fashion, the Regge limit of perturbative QCD (pQCD) is characterized by a fixed virtuality Q
2 � ⇤2

QCD
and xBj ! 0. In these asymptotics, the interaction of the worldline with the background gluons corresponds to an
instantaneous interaction with a shock wave; in the box diagram, this corresponds to ⌧2 ! ⌧4, or equivalently, u2 ' u4,
as shown in Fig. 2b. As a result, in this limit,
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In analogy to the Bjorken limit, corrections to this expression are suppressed by a relative power ⇠ Q
2
s/M

2, where
M

2 = 2xP · q is a large scale when s ! 1. Here x denotes the longitudinal momentum fraction of the proton
momentum carried by the background gluon, and Qs denotes the typical transverse momentum6 of the background
gluons in Regge asymptotics.

6
We will discuss this emergent scale further in section IV.
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The structure function  in the Bjorken limitg1
non-local operatorinfrared pole
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matches calculation of the triangle diagram The pole must be removed by 
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The structure function  in the Regge limitg1

8

In the following two sections, we will explore in the physically interesting Bjorken and Regge asymptotics respectively
the structure of the box diagram represented by Eq. (38). We will show explicitly in both limits that the leading
contribution to the box diagram is given by the triangle anomaly.
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FIG. 2. Two “triangle” limits of the box diagram: a) the Bjorken limit, given by Eq. (39), b) the Regge limit given by Eq. (40).

In the Bjorken limit of QCD, when the virtuality of the incoming photons Q
2 ! 1 and xB = Q2

2P ·q is fixed, the

distance between the points of interaction of the worldline with the incoming photons (⌧1 ! ⌧3) is defined by a
negligibly small number u1 � u3 ⇠ ⇤2

QCD/Q
2, where ⇤QCD ⇡ 200 MeV is the intrinsic non-perturbative scale of the

theory. This limit of the box diagram is illustrated in Fig. 2a. In this limit,
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Corrections to this formula are suppressed by a relative power 1/Q
2.

In a similar fashion, the Regge limit of perturbative QCD (pQCD) is characterized by a fixed virtuality Q
2 � ⇤2

QCD
and xBj ! 0. In these asymptotics, the interaction of the worldline with the background gluons corresponds to an
instantaneous interaction with a shock wave; in the box diagram, this corresponds to ⌧2 ! ⌧4, or equivalently, u2 ' u4,
as shown in Fig. 2b. As a result, in this limit,
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In analogy to the Bjorken limit, corrections to this expression are suppressed by a relative power ⇠ Q
2
s/M

2, where
M

2 = 2xP · q is a large scale when s ! 1. Here x denotes the longitudinal momentum fraction of the proton
momentum carried by the background gluon, and Qs denotes the typical transverse momentum6 of the background
gluons in Regge asymptotics.

6
We will discuss this emergent scale further in section IV.

Shock-wave approximation

In the Regge limit  and  is fixedxB → 0 Q2

u2 � u4 ⇠ Q2
s

2xP · q ⇠ xB
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In Regge asymptotics:  and x > xB xB → 0

The result for  is formally 
identical in Bjorken and Regge limits

g1(xB, Q2)
k = xP
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 is topological in both 
asymptotic limits of QCD
g1(xB, Q2)

Tarasov, Venugopalan (arXiv:2008.08104) 



The structure function  in the Regge limitg1

8

In the following two sections, we will explore in the physically interesting Bjorken and Regge asymptotics respectively
the structure of the box diagram represented by Eq. (38). We will show explicitly in both limits that the leading
contribution to the box diagram is given by the triangle anomaly.

a
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FIG. 2. Two “triangle” limits of the box diagram: a) the Bjorken limit, given by Eq. (39), b) the Regge limit given by Eq. (40).

In the Bjorken limit of QCD, when the virtuality of the incoming photons Q
2 ! 1 and xB = Q2

2P ·q is fixed, the

distance between the points of interaction of the worldline with the incoming photons (⌧1 ! ⌧3) is defined by a
negligibly small number u1 � u3 ⇠ ⇤2

QCD/Q
2, where ⇤QCD ⇡ 200 MeV is the intrinsic non-perturbative scale of the

theory. This limit of the box diagram is illustrated in Fig. 2a. In this limit,
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u1=u3

h
� k1 · k2GB(u1, u2)

�k1 · k3GB(u1, u3) � k1 · k4GB(u1, u4) � k2 · k3GB(u2, u3) � k2 · k4GB(u2, u4) � k3 · k4GB(u3, u4)
i�2

. (39)

Corrections to this formula are suppressed by a relative power 1/Q
2.

In a similar fashion, the Regge limit of perturbative QCD (pQCD) is characterized by a fixed virtuality Q
2 � ⇤2

QCD
and xBj ! 0. In these asymptotics, the interaction of the worldline with the background gluons corresponds to an
instantaneous interaction with a shock wave; in the box diagram, this corresponds to ⌧2 ! ⌧4, or equivalently, u2 ' u4,
as shown in Fig. 2b. As a result, in this limit,
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�k1 · k3GB(u1, u3) � k1 · k4GB(u1, u4) � k2 · k3GB(u2, u3) � k2 · k4GB(u2, u4) � k3 · k4GB(u3, u4)
i�2

. (40)

In analogy to the Bjorken limit, corrections to this expression are suppressed by a relative power ⇠ Q
2
s/M

2, where
M

2 = 2xP · q is a large scale when s ! 1. Here x denotes the longitudinal momentum fraction of the proton
momentum carried by the background gluon, and Qs denotes the typical transverse momentum6 of the background
gluons in Regge asymptotics.

6
We will discuss this emergent scale further in section IV.

Shock-wave approximation

In the Regge limit  and  is fixedxB → 0 Q2

u2 � u4 ⇠ Q2
s

2xP · q ⇠ xB
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Sµg1(xB , Q
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In Regge asymptotics:  and x > xB xB → 0

To get this result in high-energy OPE one 
has to include sub-sub-eikonal 
corrections. Eikonal expansion breaks 
down! 

k = xP
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Tarasov, Venugopalan (arXiv:2008.08104) 



Figure 8: Illustration of the decomposition of the matrix element 〈p|Q|p〉 into two-point Green
functions and 1PI vertices. The Green function in the first diagram is χ(0); in the second it is
√

χ′(0).

that d/dp2 Γη̂0η̂0 |p=0 = 1. As we have seen in eq.(4.51), the corresponding 1PI vertex is

then RG invariant. Writing the 1PI vertices in terms of nucleon couplings as in eq.(4.45),

we find

Γp
1(Q

2)singlet =
2

3

1

2mN
∆CS

1 (αs)
(

〈0|T Q Q|0〉 gQNN + 〈0|T Q η̂0|0〉 gη̂0NN

)

(5.18)

Recalling that the matrix of two-point Green functions is given by the inversion formula

(

Wθθ WθSη̂0

WSη̂0θ
WSη̂0Sη̂0

)

= −
(

ΓQQ ΓQη̂0

Γη̂0Q Γη̂0η̂0

)−1

(5.19)

and using the normalisation condition for η̂0, we can easily show that at zero momentum,

W 2
θSη̂0

=
d

dp2
Wθθ|p=0 (5.20)

Finally, therefore, we can represent the first moment of gp1 in the following, physically

intuitive form:

Γp
1(Q

2)singlet =
2

3

1

2mN
∆CS

1 (αs)
(

χ(0) gQNN +
√

χ′(0) gη̂0NN

)

(5.21)

This shows that the first moment is determined by the gluon topological susceptibility in

the QCD vacuum as well as the couplings of the proton to the pseudoscalar operators Q

and η̂0. In the chiral limit, χ(0) = 0 so the first term vanishes. The entire flavour singlet

contribution is therefore simply

Γp
1(Q

2)singlet =
2

3

1

2mN
∆CS

1 (αs)
√

χ′(0) gη̂0NN (5.22)

The 1PI vertex gη̂0NN is RG invariant, and we see from eq.(2.25) that in the chiral limit

the slope of the topological susceptibility scales with the anomalous dimension γ, viz.

d

d lnQ2

√

χ′(0) = γ
√

χ′(0) (5.23)

ensuring consistency with the RGE for the flavour singlet axial charge.

The formulae (5.21) and (5.22) are our key result. They show how the first moment

of gp1 can be factorised into couplings gQNN and gη̂0NN which carry information on the
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Anomalous chiral Ward identities

Topological charge density:

Alternative picture: topological charge screening of spin
Shore, Veneziano, PLB (1990); NPB (1992)
Narison, Shore, Veneziano, hep-ph/9812333

Anomalous chiral Ward identities 
and extended PCAC from UA(1) breaking

Example: Witten-Veneziano formula m
2
⌘0 =

2nf

f2
⇡

�YM(0) +O((
nf

Nc
)2)
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where the topological susceptibility   �YM(p2) = i

Z
dx eiP ·xh0|T (Q(x)Q(0)|0i
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In this picture, 

In chiral limit z 0 → 0, ΔΣ “controlled” by the slope χ" at p2=0 – estimated to be small by Veneziano et al.

What about dynamics – can we reconcile this picture with the perturbative one ?

OZI-allowed OZI-suppressed
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Topological susceptibility:

Alternative picture: topological charge screening of spin
Shore, Veneziano, PLB (1990); NPB (1992)
Narison, Shore, Veneziano, hep-ph/9812333
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In the chiral limit , the slope  is estimated 
to be small. Topological charge screening of spin.

χ(0) → 0 χ′ (0) Shore, Veneziano (1990)  
Narison, Shore, Veneziano, hep-ph/9812333  
G. M. Shore, hep-ph/0701171  
S. D. Bass, hep-ph/0411005 

<latexit sha1_base64="ES3Yw2DVUqJpGH7mXA3J/j1YBXw=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF1GPRi8cK9kPapWTTbBuabEKSFcvSX+HFgyJe/Tne/Dem7R609cHA470ZZuZFijNjff/bW1ldW9/YLGwVt3d29/ZLB4dNI1NNaINILnU7woZyltCGZZbTttIUi4jTVjS6mfqtR6oNk8m9HSsaCjxIWMwItk566GKltHxCfq9U9iv+DGiZBDkpQ456r/TV7UuSCppYwrExncBXNsywtoxwOil2U0MVJiM8oB1HEyyoCbPZwRN06pQ+iqV2lVg0U39PZFgYMxaR6xTYDs2iNxX/8zqpja/CjCUqtTQh80VxypGVaPo96jNNieVjRzDRzN2KyBBrTKzLqOhCCBZfXibNaiW4qFTvzsu16zyOAhzDCZxBAJdQg1uoQwMICHiGV3jztPfivXsf89YVL585gj/wPn8AXumQIQ==</latexit>⇡ 0

<latexit sha1_base64="kDC9SQ14ft6LTl/wmL5bhvi2aM0=">AAACC3icbZC7TsMwFIadcivlFmBksVohMVVJy22pVMEAYyvRi9SmkeM6rVU7iWwHqQrdWXgVFgYQYuUF2Hgb3DYDtBzJ8qf/P0f2+b2IUaks69vIrKyurW9kN3Nb2zu7e+b+QVOGscCkgUMWiraHJGE0IA1FFSPtSBDEPUZa3uh66rfuiZA0DO7UOCIOR4OA+hQjpSXXzKOe9eAm9V6pYls3pNkrTWAFWsVyGXYjrsE6c82CvmYFl8FOoQDSqrnmV7cf4piTQGGGpOzYVqScBAlFMSOTXDeWJEJ4hAakozFAnEgnme0ygcda6UM/FPoECs7U3xMJ4lKOuac7OVJDuehNxf+8Tqz8SyehQRQrEuD5Q37MoArhNBjYp4JgxcYaEBZU/xXiIRIIKx1fTodgL668DM1S0T4vluqnhepVGkcWHIE8OAE2uABVcAtqoAEweATP4BW8GU/Gi/FufMxbM0Y6cwj+lPH5Azkul1Y=</latexit>

a0|Q2=10GeV 2 = 0.33± 0.05

In agreement with COMPASS 
and HERMES data



Imaginary part of the effective action

Since the anomaly comes from the measure of the QCD path integral, 
its effect can be extracted from the most general extension of the 
imaginary part of the QCD effective action

E. D'Hoker, D.G. Gagnd/Nuclear Physics  B 467 (1996) 272-296 287 

J  = de t ( 0 0 ~ ) = i.  (4 .18) 

This  ide ntity, DODO = -iD~9, m a y a ls o be  e a s ily che cke d  by dire ct compa ris on  with  
the  F -m a trix a lge bra . 

As  in the  p re vious  s e ction, the  te rms  in the  e xpone ntia l o f the  pa th  inte gra l in (4 .16) 
involving  the  m o m e n tu m  m a y be  a rra nge d a s  in (3 .25) a nd a ga in  the  te rm i± /g  m a y be  
s h ifte d  a wa y by the  p -in te g ra tion  (which  in troduce s  i± /g  in to  the  ins e rtion). S howing  
the n tha t p - A m a y a ga in  be  re pla ce d by p ,  e ve n in the  ins e rtion, is  p rove n  in 
Appe nd ix A. O f cours e  the n a fte r this  re pla ce me nt, the  te rm in the  ins e rtion line a r in 
the  m o m e n tu m  ca n not contribute  to  the  pa th  inte gra l. He nce  the  pa th  inte gra l o f (4 .16) 
a cquire s  the  s a me  norma liza tion  fa c tor a s  in (3 .26 ).  We  the re fore  obta in  the  fina l fo rm 
for the  ima g ina ry pa rt o f the  e ffe c tive  a ction, which  is  the  principa l re s ult in this  s e ction, 

1 c ~  

W ~[,t,,n,a]=l fdafdT./V'fVxVOtrcJ(O) Y'e-f~o a~c° (4 .19) 
- 1 0 P B C  

The  world line  ins e rtion, if(7 -),  is  g ive n by 

,.7(7-) = [2i~9u~621,~ - g ffs ~6 {H,  qO}] ( r )  (4 .20) 

a nd the  world line  La gra ngia n , E,~, is  g ive n by 

±2 1 • 

+ice g~tz ~6Duq  ~ + ig ~ jz ~ s Diz lI + O~g~5 ~6  [/ / ,  (~] . (4 .21) 

The  fina l P BC  is  ( x ( T ) , ¢ A ( T ) )  = (X(0 ),~kA(0 )).  Notice  tha t the  te rms  in this  ne w 
world line  La gra ng ia n  a nd ins e rtion be a r c los e  re s e mbla nce  to  the  s tructure  o f s upe rs tring  
pe rtu rba tion  the ory to  one -loop  orde r fo r odd s pin  s tructure  [ 10]. Furthe rmore , notice  
tha t £ ~  a t ce = 1 is  e xa ctly the  s a me  world line  La gra ngia n  us e d to de s cribe  the  re a l pa rt 
o f the  e ffe c tive  a ction. The  ne w world line  La gra ng ia n  is  a ga in  ma nife s tly ga uge  inva ria nt 
but now, due  to the  e xplic it p re s e nce  o f the  a -pa ra me te r,  g loba l chira l s ymme try is  not 
re a lize d in a  ma nife s t wa y. 

The  Gre e n  function  a nd pe rtu rba tive  rule s  fo r the  bos onic  s e ctor o f the  one -d ime n- 
s iona l fie ld the ory de s cribe d  by (4 .19) a re  the  s a me  a s  thos e  g ive n fo r the  re a l ca s e . 
In  contra s t with  the  re a l ca s e , the  p re s e nce  o f the  ze ro m o d e  o f C A(r) re quire s  tha t 
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D’Hoker, Gagne,hep-th/9508131
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W = WR + iWI

QCD effective action:

unpolarized scattering
anomaly effects, 
polarized scattering

(pseudo-)scalar fields 
cancel the infrared pole



Pseudoscalar contribution
To take into account contribution of the pseudoscalar sector we use 
the most general form of the imaginary part of the effective action
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- 1 0 P B C  
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where the worldline Lagrangian scalar field pseudoscalar field

+ axial vector coupling

D’Hoker, Gagne,hep-th/9508131

With this form of the effective action, we 
see explicitly how the pole of the anomaly 
is canceled by  exchangeη0

Generates the iso-singlet Wess-
Zumino-Witten term ∝ η0FF̃
Leutwyler (1996); Herrara-Sikody et al (1997); Leutwyler-Kaiser (2000)



Axion-like effective action
At small-x, the gluon field couples to a large number of quark (world-
line trajectories), one can construct from their density matrix the 
effective action for an ensemble of spinning, colored partons
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Tarasov, Venugopalan, in preparation

proton state
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Topological transitions at small-x
Because of the presence of two scales - mass of the  and 
saturation scale,  can be sensitive to real-time topological 
transitions (sphaleron transitions)

η′ 

g1

Spin diffusion via sphaleron transitions in topologically disordered media

Over the barrier (sphaleron) transitions between different 
topological sectors of QCD vacuum…
characterized by integer valued Chern-Simons #

NCS =   -2       -1        0         1          2

Two scales – the height of the barrier given by

- the gluon saturation scale QS 

m2
⌘0 = 2nf

�YM

F 2
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When QS
2 >> 8&'2 over the barrier gauge configurations dominate over instanton configurations 

Sphaleron transition rate off-equilibrium

Axion-like dynamics in a hot QCD plasma - McLerran,Mottola,Shaposhnikov (1990)

Over the barrier transition between different 
topological sectors of QCD vacuum can lead 
to oscillation in  at small-xg1
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Summary
• We show that the anomaly appears in both the Bjorken limit of large 

 and in the Regge limit of small . We find that the infrared pole 
in the anomaly arises in both limits


• The cancellation of the pole involves a subtle interplay of 
perturbative and nonperturbative physics that is deeply related to 
the  problem in QCD


• The cancelation of the pole gives the leading contribution to  
given by the expectation value of the topological susceptibility and 
its derivative


• We introduce a small x effective action that follows from the 
cancellation of the infrared pole in the matrix element of the 
anomaly. This effective action, consistent with anomalous chiral 
Ward identities, is controlled by two dimensionful scales in Regge 
asymptotics. The first is the color charge squared per unit area, 
while the second is the pure Yang-Mills topological susceptibility


• The spin diffusion at small-x, because of the presence of two scales, 
can be sensitive to real-time topological transitions (sphaleron 
transitions) which open possibilities to study it at EIC
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