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FIG. 2. Comparison of longitudinal double-spin asymmetry
data on proton (red), deuteron (blue), and 3He (green) targets
at x<0.1 and Q22 [1.73, 19.70] GeV2 with the JAMsmallx fit.

formalism should become inapplicable. We find that the
data can indeed discriminate this breakdown, with the fit
quality �2/Npts degrading substantially for x0 � 0.3. We
note that the unpolarized evolution resummation param-
eter ↵s ln(1/x) at x = 0.01 is approximately equal to the
polarized evolution parameter ↵s ln2(1/x) at x = 0.1,
suggesting comparable accuracy for our helicity evolu-
tion with x0 = 0.1 and the unpolarized small-x evo-
lution [22–25, 57–64] with the commonly used value of
x0 = 0.01 [28, 29, 65–68].

A unique feature of our analysis is that KPS evolution
predicts the small-x behavior of helicity PDFs. This is in
contrast to DGLAP evolution, where the x dependence
of the PDFs follows from ad hoc parametrizations at an
input scale Q0, with the behavior at small x obtained by
extrapolation. This distinction allows better controlled
uncertainties in KPS evolution at small x, as Fig. 3 con-
firms. For the fits to existing data, the relative error
�gp1/g

p
1 at small x is ⇠ 25% for JAMsmallx and ⇠ 100%

for the DSSV fit with standard Q2 evolution [54, 55].
Impact from EIC data — To estimate the impact of fu-

ture EIC data on the g1 structure function, we generate
pseudodata for A|| and APV for proton, deuteron, and

FIG. 3. JAMsmallx result for the gp1 structure function ob-
tained from existing polarized DIS data (light red band) as
well as with EIC pseudodata (dark red band). For compari-
son, we include gp1 from the DSSV fit to existing data [54, 55]
(light blue band) and with EIC pseudodata at

p
S = 45 and

141 GeV [56] (light purple band). The inset gives the relative
uncertainty �gp1/g

p
1 for each fit at small x.

3He beams using a fit of existing DIS data with �s+ set
to zero. The inclusion of APV allows us to also extract
the individual PDFs �u+, �d+, and �s+ using nine pa-
rameters (aq, bq, and cq for each quark flavor) in addition
to our choices for x0 and ⇤. For the proton, the pseudo-
data covered c.m. energies

p
S = {29, 45, 63, 141} GeV

with integrated luminosity of 100 fb�1, while for the
deuteron and 3He beams the pseudodata spanned

p
S =

{29, 66, 89} GeV with 10 fb�1 integrated luminosity.
These are consistent with the EIC detector design of the
Yellow Report, including 2% point-to-point uncorrelated
systematic uncertainties [69]. After imposing the kine-
matic cuts discussed above, 487 data points survived for
each of A|| and APV, along with the 122 data points from
existing polarized DIS data, for a total of 1096 points
used in this analysis.

The results for the extracted helicity PDFs, as well
as for the flavor singlet sum �⌃(x,Q2), are shown in
Fig. 4, and gp1 is given by the dark red band in Fig. 3.
Clearly, the EIC pseudodata have a significant impact,
reducing the relative uncertainty of gp1 to the sub-percent
level. This precision will also allow for a more accu-
rate determination of the starting point x0 of KPS evo-
lution. The improved control over the small-x behav-
ior with KPS evolution of the g1 structure function and
the helicity PDFs is evident in Figs. 3 and 4 when com-
pared with the DSSV analysis [54, 55], which uses stan-
dard DGLAP evolution. Note that even after including
EIC pseudodata, the relative error of the DSSV+EIC
fit [56] for gp1 grows to ⇠ 100% when one enters the un-
measured region (x . 10�4). The same trend occurs
for x�⌃(x,Q2): the magnitude of the JAMsmallx+EIC
uncertainty band stays relatively constant, while the
DSSV+EIC error increases significantly at x . 10�4. We
emphasize that this is a consequence of DGLAP evolu-
tion not being able to prescribe the small-x behavior of

Spin at small-x
A lot of progress in perturbative approach to spin at small-x
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More recently [13], a numerical solution of the large-Nc&Nf equations gave
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with ↵q
h close to that in Eq. (5), the oscillation frequency approximated by
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and the initial-conditions dependent phase 'q.
The goal of this project is to, ultimately, find the single-logarithmic corrections to the results in Eqs. (4) and (6).

That is, we want to resum powers of ↵s ln(1/x): we will refer to this as the single-logarithmic approximation (SLA).
In this paper we derive the SLA correction to the evolution kernel of the DLA equations of [1–3, 6–8, 12], obtaining
helicity evolution equations containing both the DLA and SLA kernels.

In the case of unpolarized evolution, the leading-order Balitsky–Fadin–Kuraev–Lipatov (BFKL) [37, 38], Balitsky–
Kovchegov (BK) [39–42] and Jalilian-Marian–Iancu–McLerran–Weigert–Leonidov–Kovner (JIMWLK) [43–48] evolu-
tion equations sum up powers of the parameter ↵s ln(1/x). There is no parameter ↵s ln2(1/x) in the unpolarized
evolution, and the ↵s ln(1/x) part of the evolution kernel generates the leading-logarithmic approximation. The
ln(1/x) in the unpolarized evolution arises from the longitudinal momentum integral in the emitted gluon’s phase
space. Transverse momentum integrals in the leading-logarithm unpolarized evolution are both ultraviolet (UV) and
infrared (IR) finite and do not generate logarithms of energy. In the case of helicity evolution in the DLA [1–3],
one logarithm of 1/x arises from the longitudinal momentum integral (in the phase space of the emitted gluon or
quark), while another one is generated by the transverse momentum integral which is regulated in the UV by the
center-of-mass energy (see also [35]). As we will see below, in the SLA for helicity evolution the single logarithm
of 1/x can arise from either the longitudinal or transverse momentum integrals. While the kernel generating the
longitudinal single logarithms of 1/x in helicity evolution was already found in [1], as a by-product of the DLA kernel
calculation, the kernel generating the transverse single logarithms of 1/x has not been found in earlier literature and
will be constructed below. The transverse-momentum integral origin of the ln(1/x) we observe here is not found in
the unpolarized BFKL/BK/JIMWLK evolution.

The paper is organized as follows. In Sec. II we explain the origins of the longitudinal and transverse single
logarithms of 1/x. We refer to those as SLAL and SLAT respectively. As we mentioned above, SLAL part of helicity
evolution kernel was found before [1], so our goal here is to find the SLAT part of the evolution kernel. The diagrams
contributing to the SLAT splittings are studied in Sec. III, where the corresponding kernels are constructed as well.
The evolution equations for the “polarized Wilson line” operators defined in [3, 8] including both the DLA and the
complete SLA (=SLAL+SLAT ) terms in the kernel are constructed in Sec. IV.

There is one subtlety with the SLAT terms in the kernel. By their definition, these terms generate logarithms
of energy via logarithmically UV divergent transverse momentum integrals. Similar UV divergence leads to the
running coupling corrections, as calculated in [49–52] for the unpolarized small-x evolution. Hence, there is a need
to disentangle the two types of UV divergent terms, the running coupling and the SLAT ones. This is accomplished
in Sec. V, resulting in the DLA+SLA evolution equations with the running coupling corrections included: these are
given in Eqs. (58) and (62), which are our main formal result. We note the simplicity of some of the running coupling
scales in Eqs. (58) and (62) compared to the running coupling scales found for the unpolarized evolution in [49, 50]:
this simplicity ultimately results from the presence of the SLAT terms in the helicity evolution at hand.

The DLA+SLA evolution equations (58) and (62) do not close, the operators on their right-hand sides are not
just iterations of the operators on their left-hand sides. This situation is similar to the unpolarized BK/JIMWLK
and DLA helicity evolutions. In Sec. VI we obtain closed evolution equations in the large-Nc (Eqs. (76) and (77))
and large-Nc&Nf (Eqs. (88), (90), (92), and (93)) limits. Note that these equations include nonlinear terms mixing
helicity evolution and the unpolarized BK evolution (cf. [1, 53]), with the latter containing saturation corrections
[54–60]. The impact of saturation corrections on helicity evolution is to be explored in the future work. We conclude
in Sec. VII by summarizing our main results.
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Oscillations in  at small-x:g1

There is still a lot of questions. How does 
the anomaly appear in this calculations (see 
Tarasov and Venugopalan, 2020)? What 
about connection to DGLAP evolution at 
small-x?

D. Adamiak, Y. V. Kovchegov, W. Melnitchouk, 
D. Pitonyak, N. Sato and M. D. Sievert (2021)



Two types of operators
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Gluon helicity at large-x is defined as a matrix element of a 
collinear operator:

Two different types of operators generating gluon helicity can be found in large- and small-x literature
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at the same time at small-x it is associated with a polarized 
dipole operator:

Both operators are antisymmetric in transverse Lorentz indexes. 
We want to better understand relation between two structure 
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NLO correction
One can expect a mixing between two operators at the NLO order at small-x
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The result of calculation of a diagram has a structure , where  is the external field, 
and  is a coefficient. We want to find the form of operator , and check whether an initial operator 
mixes with another one.

D = C ⊗ "(B) B
C "



Background field method
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Matrix element of a product of operators:

Separate different modes of the system :A = C + B

Background field method is a powerful framework for calculation of the Feynman diagrams 
which allows to understand the operator structure of the external (background) fields
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We calculate the integral over  fields in the fixed 
background of  fields
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SbQCD(C,B) = SQCD(C +B)� SQCD(B)

QCD Lagrangian in the background  field:B
Abbott (1982)



Gluon propagator in the background field
QCD Lagrangian in the background  field:B
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scalar interaction (scalar QED) “spin” term

background-Feynman gauge
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One can use different gauges 
for the “quantum” and 
background fields. For the 
background field we choose 

. Otherwise, it’s 
perfectly arbitrary.
B+ = 0

gauge-fixing 
term The result of computation of a 

diagram  has a formD
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D = C ⌦O(B)
The structure is similar to the one of the worldline approach
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Collinear expansion of the gluon propagator
<latexit sha1_base64="J16ar28OeFT6v2zyG3GLxmPBgDQ=">AAACE3icbVBLSgNBEO2Jvxh/o+LKTWMQImiYCaIuo25cRjAfyGfo6VRMk56eobtHGIYcwwO41SO4E7cewBN4DTufhUl8UPB4r4qqen7EmdKO821llpZXVtey67mNza3tHXt3r6bCWFKo0pCHsuETBZwJqGqmOTQiCSTwOdT9we3Irz+BVCwUDzqJoB2QR8F6jBJtJM8+uO74XkvEhaRzdooTrxWBjE48O+8UnTHwInGnJI+mqHj2T6sb0jgAoSknSjVdJ9LtlEjNKIdhrhUriAgdkEdoGipIAKqdjs8f4mOjdHEvlKaExmP170RKAqWSwDedAdF9Ne+NxP+8Zqx7V+2UiSjWIOhkUS/mWId4lAXuMglU88QQQiUzt2LaJ5JQbRKb2aLMU33oDnMmGXc+h0VSKxXdi2Lp/jxfvplmlEWH6AgVkIsuURndoQqqIopS9IJe0Zv1bL1bH9bnpDVjTWf20Qysr18XYZ2I</latexit>

Ab
⌫(y

�, y?)

<latexit sha1_base64="+x+g13PT/VdtosLDFrqTlytcIF0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa40G5YlftOcg6cXJSgRyNQfmn78csDTHSTFCleo6daDejUnMmcFrqpwoTysZ0iD1DIxqicrP5oVNyYRSfBLE0FWkyV/9OZDRUahJ6pjOkeqRWvZn4n9dLdXDrZjxKUo0RWywKUkF0TGZfE59LZFpMDKFMcnMrYSMqKdMmm6Utyjw1Qn9aMsk4qzmsk3at6lxXa82rSv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX6ZZlc8=</latexit>

k

<latexit sha1_base64="+X+6FBiIpN0DX001PjbAaHvdP2I=">AAACInicbVDLSsNAFJ34rPUVdelmsAquSlJEXRbduKxgH9CEMJnctEMnD2YmQgn5Ab/DD3Crn+BOXAnu/Q2nbRa29cDA4Zx7uXOOn3ImlWV9GSura+sbm5Wt6vbO7t6+eXDYkUkmKLRpwhPR84kEzmJoK6Y49FIBJPI5dP3R7cTvPoKQLIkf1DgFNyKDmIWMEqUlzzz1PScFkWJHsgg7oSA0t4t8NFML7KgEW55Zs+rWFHiZ2CWpoRItz/xxgoRmEcSKciJl37ZS5eZEKEY5FFUnk5ASOiID6Gsakwikm0/TFPhMKwEOE6FfrPBU/buRk0jKceTryYiooVz0JuJ/Xj9T4bWbszjNFMR0dijMONYRJ9XggAmgio81IVQw/VdMh0Q3onSBc1ekDjWEoKjqZuzFHpZJp1G3L+uN+4ta86bsqIKO0Qk6Rza6Qk10h1qojSh6Qi/oFb0Zz8a78WF8zkZXjHLnCM3B+P4F1mKkUQ==</latexit>

b? ⇠ 1

k?
! 0

<latexit sha1_base64="l538kBLZlEKkqnBOk8+9hXhSj0w=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZIi6rLoxmUL9gFtKJPJTTt0MgkzE6GE4ge41U9wJ279Fr/A33DaZmFbD1w4nHMv997jJ5wp7TjfVmFjc2t7p7hb2ts/ODwqH5+0VZxKii0a81h2faKQM4EtzTTHbiKRRD7Hjj++n/mdJ5SKxeJRTxL0IjIULGSUaCM1+aBccarOHPY6cXNSgRyNQfmnH8Q0jVBoyolSPddJtJcRqRnlOC31U4UJoWMyxJ6hgkSovGx+6NS+MEpgh7E0JbQ9V/9OZCRSahL5pjMieqRWvZn4n9dLdXjrZUwkqUZBF4vClNs6tmdf2wGTSDWfGEKoZOZWm46IJFSbbJa2KPPUCINpySTjruawTtq1qntdrTWvKvW7PKMinME5XIILN1CHB2hACyggvMArvFnP1rv1YX0uWgtWPnMKS7C+fgGn8pXQ</latexit>

l

In the collinear approximation, , a typical deviation 
from the light-cone direction is small: 

k⊥ ≫ l⊥
b⊥ → 0

One can expand the background fields onto the light-cone: 
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Bµ(x) = Bµ(y) + (x� y)↵@↵Bµ(y) + . . .

background fields

In the case of a general field , the leading terms of the 
expansion contains three types of operators of the 
background field : Wilson lines, , and 

Bμ

Bμ F−i Fij
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New term, gives rise to the 
small-x helicity evolution

see Balitsky, Tarasov (15-16)

Balitsky, Braun (88-89)



NLO correction to the large-x gluon helicity operator

let’s start with a correlator 

To calculate the NLO correction to the operator
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To get the NLO correction we need to  
take a product of two such correlates
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The gluon interacts with the 
background field via operators 
with  or . At this level the 
new structure is still there

F−j Fij



Polarized DGLAP
Taking product of operators we find 
that only  operator survivesF−m
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polarized DGLAP:
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Dipole structure at small-x

It’s not a surprise that  doesn’t contribute in the large-
x regime (collinear emission). It’s assumed that there is a 
large scale , which is a reasonable assumption 
at large-x

Fij

Q2 → ∞
8 2.1. INTRODUCTION

Current polarized DIS e/µ+p data:
Current polarized RHIC p+p data:
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Figure 2.1: Left: The x-Q2 range covered by the EIC (yellow) in comparison with past and
existing polarized e/µ+p experiments at CERN, DESY, JLab and SLAC, and p+p experiments
at RHIC. Right: The x-Q2 range for e+A collisions for ions larger than iron (yellow) compared
to existing world data. For more details see Figures 6.1 and 6.4.

The EIC covers a center-of-mass energy range for e+p collisions of
p

s of 20 to
140 GeV. The kinematic reach in x and Q2 is shown in Figure 2.1. The quanti-
ties x, y, and Q2 are obtained from measurements of energies and angles of final
state objects, i.e. the scattered electron, the hadronic final-state or a combination of
both. The quantity x is a measure of the momentum fraction of the struck parton
inside the parent-proton. Q2 refers to the square of the momentum transfer be-
tween the electron and proton and is inversely proportional to the resolution. The
diagonal lines in each plot represent lines of constant inelasticity y, which is the
ratio of the virtual photon’s energy to the electron’s energy in the target rest frame.
The variables x, Q2, y and s are related through the equation Q2 ' sxy. The left
figure shows the kinematic coverage for polarized and unpolarized e+p collisions,
and the right figure shows the coverage for e+A collisions. The EIC will allow in
both collider modes an important overlap with present and past experiments. In
addition, the EIC will provide access to entirely new regions in both x and Q2 in a
polarized e+p collider and e+A collider mode, such as the low-x region, providing
critical information about the gluon-dominated regime.

Volume 2 of this Yellow Report provides a detailed overview of the EIC physics
program, including several recent developments not addressed in the EIC White
Paper. In what follows, we focus on the most critical aspects of the scientific ques-
tions outlined above and motivate the machine and detector parameters needed to
address these questions.

However, in the small-x limit the scale  is finite. For 
this reason contribution of higher order twists become 
important, which can be described by dipole structures

Q2
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NLO correction ar small-x
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Fi(x, y?)
Since  is finite, the collinear expansion breaks down 
and should be substituted with a resummation in a 
localized background field (shock-wave).
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background field 

The expansion contains both DGLAP-type terms, 
constructed from , and new terms with  F−k Fkl

interaction with the 
background field
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free propagation



Mixing of operators at small-x
Taking product of operators we find that 

 do survive. In the small-x regime we 
see a mixing between two operators
Fkl
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Small-x helicity evolution
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Evolution of the polarized dipole. The  term in 
the gluon propagator reproduces the known result

Fkl
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G = G(0) + ↵s(KDLA +KSLAL)⌦G

Y. V. Kovchegov, D. Pitonyak and M. D. Sievert  (16-19); 
see also G. A. Chirilli (2020)

However, there is a mixing with the DGLAP-type 
evolution, i.e. transverse logs.



Single-Logarithmic Contribution to the small-x  
helicity evolution 
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G = G(0) + ↵s(KDLA +KSLAL +KSLAT )⌦G

Helicity evolution at small-x:
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II. TYPES OF SLA CORRECTION TERMS

Throughout this paper, we consider the evolution of polarized dipole amplitudes defined in [1, 3, 8], both funda-
mental and adjoint. In general, the evolution for a polarized dipole amplitude G (to be properly defined below in
Eq. (63)) can be written as

G = G(0) +K ⌦G = G(0) + ↵s (KDLA +KSLAL +KSLAT )⌦G+O(↵2
s). (8)

Here, G(0) is the initial condition and K is the (integral) evolution kernel. The latter can be separated into several
parts, depending on the type of integrals involved. As we will show below, the evolution equations derived in [1]
include both the DLA and SLAL kernels. The subsequent applications and analysis of these equations in [2, 3, 6–
8, 12, 13] was done in the DLA, retaining only the kernel KDLA, which contains two logarithmic integrals, one with
respect to the longitudinal (momentum) variable and the other over the transverse (coordinate) variable. Concretely,
a typical term in KDLA is of the form

↵s KDLA =
↵s

2⇡

Z
dz0

z0

Z
dx2

21

x2
21

, (9)

where z0 is the longitudinal (light-cone minus) momentum fraction carried by the emitted gluon or quark, while
x21 ⌘ |x2�x1| is the transverse distance between the emitted “daughter” parton at x2 and the “parent” parton at x1.
(The transverse vectors are denoted by x = (x1, x2) with xij = xi�xj and xij = |xij |, while the light-cone coordinates

are x± = (x0
±x3)/

p
2 with the polarized proton flying in the light-cone plus direction.) We see that the kernel, when

applied to the sample initial condition, G(0) = 1, gives a logarithm from the longitudinal z0-integral and another from
the transverse x2

21-integral. We purposefully do not specify the integration limits, since they vary somewhat between
di↵erent terms in the equation(s): however, the limits are such that they ultimately bring in logarithms of energy,
and, hence, of 1/x. From this point on, we will refer to KDLA as the “double-logarithmic (DLA) kernel.”

This work aims to derive the complete sub-leading part of K that contains only one such logarithmic integral, which
can either be the longitudinal or the transverse one. We call the former “single-logarithmic, longitudinal (SLAL)
kernel,” corresponding to KSLAL in (8). It is typically of the form

↵s KSLAL =
↵s

2⇡2

Z
dz0

z0

Z
d2x2 �PL(x20, x21), (10)

where �PL(x20, x21) is a function of x20 and x21, with the terms potentially giving the logarithmic transverse integrals
subtracted out (to avoid double-counting with the DLA kernel). Applying KSLAL to G(0) = 1 gives a single logarithm
of energy from the longitudinal z0-integral. In practice, these terms can be derived by considering all the various
splittings of the dipole of interest and taking the z0 ⌧ z limit, where z is the minus momentum fraction of the parent
parton. This process has been performed in [1], resulting in the ↵s (KDLA +KSLAL) kernel, though, as we mentioned,
for the subsequent studies [2, 3, 6–8, 12, 13] only the DLA term was kept, since the SLAL kernel is only a part of the
full SLA correction, and it would have been inconsistent to keep it and discard the other SLA term.

This other term, the “single-logarithmic, transverse (SLAT ) kernel” corresponds to KSLAT in (8). As we will see
below, its typical form is

↵s KSLAT =
↵s

2⇡2

zZ

0
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z

◆Z
dx2

21
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21

, (11)

where �P (z0/z) is a function of z0/z, with the logarithmically divergent parts of this function subtracted out to
eliminate double-counting with the DLA kernel. Similar to the above, applying KSLAT to the sample initial condition
G(0) = 1 gives a single logarithm of energy coming from the transverse x2

21-integral. The derivation of this SLAT

kernel involves the splitting of dipoles with z0 ⇠ z but x2
21 ⌧ x2

10, i.e., only the transverse separation is ordered. This
implies that �P (z0/z) actually corresponds to polarized Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [61–63]
splitting functions, as the notation might have suggested. We carry out the derivation of SLAT kernel in Sections III
and IV.

It is worth noting that there can be extra SLA terms coming from the constant inside one of the logarithmic factors
in the DLA kernel. For the evolution we have at hand, however, all such constants inside the logarithms are one, and
hence they give no extra SLA terms. In Appendix A, we explicitly compute one such relevant diagram to show that
the constant inside the logarithms is indeed one.
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21-integral. The derivation of this SLAT

kernel involves the splitting of dipoles with z0 ⇠ z but x2
21 ⌧ x2

10, i.e., only the transverse separation is ordered. This
implies that �P (z0/z) actually corresponds to polarized Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [61–63]
splitting functions, as the notation might have suggested. We carry out the derivation of SLAT kernel in Sections III
and IV.

It is worth noting that there can be extra SLA terms coming from the constant inside one of the logarithmic factors
in the DLA kernel. For the evolution we have at hand, however, all such constants inside the logarithms are one, and
hence they give no extra SLA terms. In Appendix A, we explicitly compute one such relevant diagram to show that
the constant inside the logarithms is indeed one.

Y. V. Kovchegov, D. Pitonyak and M. D. Sievert  (16-19)
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II. TYPES OF SLA CORRECTION TERMS

Throughout this paper, we consider the evolution of polarized dipole amplitudes defined in [1, 3, 8], both funda-
mental and adjoint. In general, the evolution for a polarized dipole amplitude G (to be properly defined below in
Eq. (63)) can be written as

G = G(0) +K ⌦G = G(0) + ↵s (KDLA +KSLAL +KSLAT )⌦G+O(↵2
s). (8)

Here, G(0) is the initial condition and K is the (integral) evolution kernel. The latter can be separated into several
parts, depending on the type of integrals involved. As we will show below, the evolution equations derived in [1]
include both the DLA and SLAL kernels. The subsequent applications and analysis of these equations in [2, 3, 6–
8, 12, 13] was done in the DLA, retaining only the kernel KDLA, which contains two logarithmic integrals, one with
respect to the longitudinal (momentum) variable and the other over the transverse (coordinate) variable. Concretely,
a typical term in KDLA is of the form

↵s KDLA =
↵s

2⇡

Z
dz0

z0

Z
dx2

21

x2
21

, (9)

where z0 is the longitudinal (light-cone minus) momentum fraction carried by the emitted gluon or quark, while
x21 ⌘ |x2�x1| is the transverse distance between the emitted “daughter” parton at x2 and the “parent” parton at x1.
(The transverse vectors are denoted by x = (x1, x2) with xij = xi�xj and xij = |xij |, while the light-cone coordinates

are x± = (x0
±x3)/

p
2 with the polarized proton flying in the light-cone plus direction.) We see that the kernel, when

applied to the sample initial condition, G(0) = 1, gives a logarithm from the longitudinal z0-integral and another from
the transverse x2

21-integral. We purposefully do not specify the integration limits, since they vary somewhat between
di↵erent terms in the equation(s): however, the limits are such that they ultimately bring in logarithms of energy,
and, hence, of 1/x. From this point on, we will refer to KDLA as the “double-logarithmic (DLA) kernel.”

This work aims to derive the complete sub-leading part of K that contains only one such logarithmic integral, which
can either be the longitudinal or the transverse one. We call the former “single-logarithmic, longitudinal (SLAL)
kernel,” corresponding to KSLAL in (8). It is typically of the form

↵s KSLAL =
↵s

2⇡2

Z
dz0

z0

Z
d2x2 �PL(x20, x21), (10)

where �PL(x20, x21) is a function of x20 and x21, with the terms potentially giving the logarithmic transverse integrals
subtracted out (to avoid double-counting with the DLA kernel). Applying KSLAL to G(0) = 1 gives a single logarithm
of energy from the longitudinal z0-integral. In practice, these terms can be derived by considering all the various
splittings of the dipole of interest and taking the z0 ⌧ z limit, where z is the minus momentum fraction of the parent
parton. This process has been performed in [1], resulting in the ↵s (KDLA +KSLAL) kernel, though, as we mentioned,
for the subsequent studies [2, 3, 6–8, 12, 13] only the DLA term was kept, since the SLAL kernel is only a part of the
full SLA correction, and it would have been inconsistent to keep it and discard the other SLA term.

This other term, the “single-logarithmic, transverse (SLAT ) kernel” corresponds to KSLAT in (8). As we will see
below, its typical form is

↵s KSLAT =
↵s

2⇡2

zZ

0

dz0 �P

✓
z0

z

◆Z
dx2

21

x2
21

, (11)

where �P (z0/z) is a function of z0/z, with the logarithmically divergent parts of this function subtracted out to
eliminate double-counting with the DLA kernel. Similar to the above, applying KSLAT to the sample initial condition
G(0) = 1 gives a single logarithm of energy coming from the transverse x2

21-integral. The derivation of this SLAT

kernel involves the splitting of dipoles with z0 ⇠ z but x2
21 ⌧ x2

10, i.e., only the transverse separation is ordered. This
implies that �P (z0/z) actually corresponds to polarized Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [61–63]
splitting functions, as the notation might have suggested. We carry out the derivation of SLAT kernel in Sections III
and IV.

It is worth noting that there can be extra SLA terms coming from the constant inside one of the logarithmic factors
in the DLA kernel. For the evolution we have at hand, however, all such constants inside the logarithms are one, and
hence they give no extra SLA terms. In Appendix A, we explicitly compute one such relevant diagram to show that
the constant inside the logarithms is indeed one.

Y. Kovchegov, A. Tarasov, Y. Tawabutr, in preparation
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Conclusions
• We study mixing between large-x and small-x gluon 

helicity operators using the background field method


• We calculate the NLO correction to the operators and 
find that at large-x there is no such mixing and the 
evolution is solely described by the polarized DGLAP 
equation


• However, we emphasize that in the small-x regime, 
when  is small, the twist expansion breaks down 
and different types of dipole-like operators appear in 
the polarized scattering. We find that those operators 
do mix with each other


• We find that both DGLAP evolution and the small-x 
helicity evolution contribute at small-x. However, the 
latter describes resummation of  and 
should dominate

Q2

αs log2(1/x)


