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Motivation

Lattice calculations of parton distribution functions (PDFs) are now a subject of
considerable interest and efforts

PDFs not directly calculable on the lattice, z2 = 0 doesn’t work in Euclidean space

X. Ji’s ground-breaking proposal to consider equal-time versions of nonlocal
operators: quasi-PDFs [Ji, 2013]. Taking z = (0, 0, 0, z3):

q̃
(
x, µ2, P3

)
=

∫
dz

4π
e−ixzP3 〈P | ψ̄ (z) γ3 exp

(
−ig

∫ z

0

dz′Az
(
z′
))

ψ (0) |P 〉 (1)

PDFs are obtained from the large-momentum P3 →∞ limit of quasi-PDFs

A. Radyushkin introduced a coordinate-space oriented approach [Radyushkin, 2017]

〈p|φ (z)φ (0) |p〉 =M
(
p3z3, z

2
3

)
=

∫ 1

−1

dxeixp3z3P
(
x, z2

3

)
, P (x, 0) = f (x) (2)

PDFs are obtained from z3 → 0 limit of psuedo-PDFs

Ioffe-time distribution (ITD) M
(
ν, z2

3

)
, with ν = p3z3
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Pseudo-PDFs

At small z3, 1/z3 is analogous to the renormalization parameter µ of
scale-dependent PDFs f

(
x, µ2

)
of the standard OPE approach

But z2
3 dependence comes from evolution logarithms: log

(
z2

3µ
2
IR

)
and UV

logarithms: log
(
z2

3µ
2
UV

)
Since UV divergences have no ν dependence at leading log, and if M

(
ν, z2

3

)
is

multiplicatively renormalizable, can define reduced ITD:

M
(
ν, z3

3

)
=
M
(
ν, z2

3

)
M (0, z2

3)
(3)

This leads to the evolution equation:

d

d log z2
3

M
(
ν, z3

3

)
= −αs

2π
C

∫ 1

0

du B (u)M
(
uν, z3

3

)
(4)

Taking z3 → 0 to extract light-cone PDF is singular, and one needs to use matching
relations to go from Euclidean lattice data to PDFs
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Method of calculation

The gluon distribution calculation is complicated by gauge-invariance

Effective to use external field method along with the Schwinger representation for
the propagator [Balitsky, Braun, 1988]

External field method involves separating fields into a fluctuating quantum field with
virtualities between µ2

2 and µ2
1 and a slowly varying “classical” field with virtualities

below µ2
1 (Aµ = Aqµ +Aclµ and ψ = ψq + ψcl)

L = − 1

4g2

(
Gcl,aµν +DµA

a,q
ν −DνAa,qµ + fabcAb,qµ Ac,qν

)2

+
(
ψ̄q + ψ̄cl

) (
i /D +Aa,qµ γµta

)
(ψq + ψcl) + LGF + Lg (5)

Coupling is absorbed into Aµ, gAµ → Aµ, and Dµ = ∂µ − iAclµ
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Method of calculation

Use background field gauge: DµAqµ = 0 for quantum fields, and Fock-Schwinger
gauge: xµAclµ (x) = 0 for “classical” fields

Fock-Schwinger gauge leads to the important relation:

Aclν (x) =

∫ 1

0

dvvxµGclµν(vx) (6)

Schwinger representation for the propagator

i

P 2 + iε
=

∫ ∞
0

ds exp
[
is
(
P 2 + iε

)]
(7)
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Method of calculation

Gluon propagator in terms of external gluon fields (omitting ε term for convenience):

g−2iAaµ(x)Abν(0) = 〈x|
(

1

P 2gµν + 2iGµν

)ab
|0〉 = −i

∫ ∞
0

ds 〈x| eis(P
2gµν+2iGµν) |0〉

(8)

Expanding and integrating over s, and momentum:

g−2 〈x| 1

P 2gαβ + 2iGαβ
|0〉

= −igαβ
Γ(d/2− 1)

4π2 (−x2)d/2−1
+

Γ(d/2− 2)

16π2 (−x2)d/2−2

∫ 1

0

du {2Gαβ(ux)− ūuDσGσρ(ux)xρgαβ

−2igαβ

∫ u

0

dvūvxλGλξ(ux)xρG ξ
ρ (vx)

}
− iΓ(d/2− 3)

16π2 (−x2)d/2−3

×
∫ 1

0

du

∫ u

0

dv
[
Gαξ(ux)G ξ

β (vx)− 1
2
gαβ ūvGηξ(ux)Gηξ(vx)− 1

2
iūD2Gαβ(ux)

]
+O(twist 3) (9)

Wayne Morris (ODU) gluon pseudo-PDF April 13, 2021 6 / 15



Method

External field method of calculation has fewer diagrams:

+ →

Usual Way Ext. Field

Linear divergences are ‘hidden’ inside the vertex diagram:

OVµα;νβ(x)

→
g2NcΓ(d/2− 1)

4π2(−x2)d/2−1

∫ 1

0
du

∫ ū

0
dv

{
δ(u)

(
v3−d − v
d− 2

)
Gµα(ūx)

(
xβGxν(vx)− xνGxβ(vx)

)
+δ(v)

(
u3−d − u
d− 2

)
(xαGxµ(ūx)− xµGxα(ūx))Gνβ(vx)

}
+

NcΓ(d/2− 2)

8π2(−x2)d/2−2

∫ 1

0
du

∫ ū

0
dv

{
δ(u)

[
v3−d − 1

d− 3

]
+

+ δ(v)

[
u3−d − 1

d− 3

]
+

}
Gµα(ūx)Gνβ(vx)

(10)

Wayne Morris (ODU) gluon pseudo-PDF April 13, 2021 7 / 15



Matrix elements

Nucleon spin-averaged matrix elements with non-contracted indices

Mµα;νβ(z, p) ≡ 〈p|Gµα(z) [z, 0]Gνβ(0) |p〉 (11)

with straight-line gauge link in the adjoint representation

[x, y] ≡ P exp

[
ig

∫ 1

0

du(x− y)µAµ (ux+ (1− u)y)

]
(12)

with Lorentz decomposition

Mµα;νβ(z, p)

= (gµνpαpβ − gµβpαpν − gανpµpβ + gαβpµpν)Mpp(ν, z
2)

+ (gµνzαzβ − gµβzαzν − gανzµzβ + gαβzµzν)Mzz(ν, z
2)

+ (gµνzαpβ − gµβzαpν − gανzµpβ + gαβzµpν)Mzp(ν, z
2)

+ (gµνpαzβ − gµβpαzν − gανpµzβ + gαβpµzν)Mpz(ν, z
2)

+ (pµzαpνzβ − pαzµpνzβ − pµzαpβzν + pαzµpβzν)Mppzz(ν, z
2)

+ (gµνgαβ − gµβgαν)Mg(ν, z
2) (13)
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Matrix elements

The light-cone distribution is obtained from

gαβM+α,β+(z−, p) = −2p2
+Mpp(ν, 0) (14)

so

−Mpp(ν, 0) =
1

2

∫ 1

−1

dxe−ixνxfg(x) (15)

Taking other projections, there are three multiplicatively renormalizable [Zhang et. al,
2018] quantities

〈p|G3i(z)Gi3(0) |p〉 = −2Mg + 2p2
3Mpp + 2z2

3Mzz + 2z3p3 (Mzp +Mpz) (16)

〈p|G0i(z)Gi0(0) |p〉 = 2Mg + 2p2
0Mpp (17)

〈p|G0i(z)Gi3(0) +G3i(z)Gi0(0) |p〉 = 4p0p3Mpp + 2p0z3 (Mpz +Mzp) (18)

There are higher twist contaminations, but can isolate Mpp through:

M0i;i0 +Mji;ij = 2p2
0Mpp (19)

where Mji;ij = −2Mg shares the same anomalous dimension as M0i;i0.
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Gluon-gluon result

Leading twist gluon calcution for M0i;i0 +Mji;ij :

Mpp(ν, z
2
3)

→ αsNc
2π

{(
1

εUV
+ log

(
z2

3µ
2
UV e

2γ/4
)

+ 2

)
δ(ū)

−
∫ 1

0

du

[
2

3

(
1 + 6u− 6u2 − u3)+

4u+ 4 log(ū)

ū

]
+

+2

(
1

εIR
− log

(
z2

3µ
2
IRe

2γ/4
))∫ 1

0

du

[
(1− ūu)2

ū

]
+

}
Mpp(uν, 0) (20)

Evolution kenel is then:

Bgg(u) = 2

[
(1− ūu)2

ū

]
+

(21)

UV divergence cancels in the reduced Ioffe time distribution:

M
(
ν, z2

3

)
=
Mpp

(
ν, z2

3

)
Mpp (0, z2

3)
(22)
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Gluon-quark mixing

2p2
0Mpp(ν, z

2
3)

→ g2CF
8π2z3

(
1

εIR
− log

(
z2

3e
γE
)) p0

p3

∫ 1

0

du (2ū+ δ(ū)) 〈p| Oq(uz3) |p〉 (23)

with singlet combination:

Oq(z3) =
i

2

∑
f

(
ψ̄f (0)γ0ψf (z3)− ψ̄f (z3)γ0ψf (0)

)
(24)

Evolution kernel: Bgq(u) = 2ū+ δ(ū)

Related to ITD through parametrization of the matrix element and oddness in z3:

1

z3

∫ 1

0

duB(u) 〈p| O(uz3) |p〉 = p0p3

∫ 1

0

dwBgq(w)I(wν) (25)

where

Bgq(w) =

∫ 1

w

duBgq(u) =⇒ Bgq(w) = 1 + (1− w)2 (26)
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Matching Relation

Relating reduced Ioffe-time pseudo-distribution to light-cone Ioffe time distribution

M(ν, z2
3)Ig(0, µ2)

= Ig(ν, µ2)−
αsNc

2π

∫ 1

0
duIg(uν, µ2)

{
ln
(
z2
3µ

2e2γE/4
)
Bgg(u)

+4

[
u+ log(ū)

ū

]
+

+
2

3

[
1 + 6u− 6u2 − u3

]
+

}

−
αsCF

2π
ln
(
z2
3µ

2e2γE/4
) ∫ 1

0
dw
[
IS(wν, µ2)− IS(0, µ2)

]
Bgq(w) (27)

Can be directly related to light-cone PDFs using:

Ig
(
ν, µ2

)
=

1

2

∫ 1

−1
dxeixνxfg

(
x, µ2

)
, Ig

(
0, µ2

)
= 〈x〉µ2 (28)

New kernel form:

M(ν, z2
3) =

∫ 1

0
dx
xfg

(
x, µ2

)
〈x〉µ2

Rgg
(
xν, z2

3µ
2
)

+

∫ 1

0
dx
xfS

(
x, µ2

)
〈x〉µ2

Rgq
(
xν, z2

3µ
2
)

(29)

Need to independently calculate 〈x〉µ2 , and calculate or estimate singlet quark function

IS(wν, µ2).
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Matching Relation

New kernels found by cosine transformation only, because sine part integrates to zero(
xfg(x, µ2) is even

)
:

R(y) =

∫ 1

0
duB(u) cos(uy) (30)

Gluon kernel given by:

Rgg
(
y, z2

3µ
2
)

= cos y −
αsNc

2π

{
ln
(
z2
3µ

2e2γE/4
)
RB(y)

Evolution
+RL(y)

log
+ RC(y)

Constant

}
(31)

Mixing kernel given by:

Rgq
(
y, z2

3µ
2
)

= −
αsNc

2π
ln
(
z2
3µ

2e2γE/4
)
RB(y) (32)

Calculation of RL gives hypergeometric function 3F3 (1, 1, 1; 2, 2, 2;−iy), while calculation of
evolution and constant part involve Si(y),Ci(y), sin y, cos y, and inverse powers of y.

Important points:

R(y, z2
3 , µ

2) kernels are given by explicit perturbatively calculable expressions

Lattice data and LC PDFs directly relatable

Taking some parametrization of fg(x, µ2) and fS(x, µ2) distributions, one can

fit parameters and αs from the lattice data for M(ν, z2
3)

Essentially same procedure as that used in the “good lattice cross sections” approach [Ma,
Qiu, 2018]
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Ongoing work

Paper on gluon helicity pseudo-distribution coming soon

Currently working on transverse quark pseudo-distribution

Also working on gluon “condensate” calculation

Thank you
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