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Excited J- - resonances from meson-meson 
scattering at the SU(3) flavor point in lattice QCD.



The lightest vector ( ) mesons are the (770), (782), (1020) 


States are well understood in e+e- annihilation due to their narrow widths and 
little background into decay into simple states like , , .


 states separated via decay channels  (OZI)


Excited vector states picture:


I=1 : There appears to be two states , 


I=0: Three states , , 

JPC = 1−− ρ ω ϕ

ππ πππ KK̄

ω and ϕ πππ vs KK̄

ρ(1450) ρ(1700)

ω(1420) ω(1650) ϕ(1680)

Experimental Status



Presence of two states in  from quark model it is natural to interpret these states as a radial excitation 
in S-wave [ ], and an orbital excitation in D-wave [ ] (or some linear combination of the two).


One would then expect three nearly degenerate D-wave states [ ] .


What has been claimed in the PDG:


Isovector : 


Isoscalar:  /  .

1−−

23S1
3D1

3D1,2,3

ρ(1450), ρ(1700), ρ3(1690)

ω(1420), ω(1650), ω3(1670) ϕ(1680), ϕ3(1850)

Experimental Status

JP

` = 0 1�

` = 1 (0, 1, 2)+

` = 2 (1, 2, 3)�

... ...
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Energy spectrum calculated by hadspec of the 
excited states as if they were stable.


These states actually feature as resonances.


A Place to start

J. J. Dudek, R. G. Edwards, P. Guo, and C. E. Thomas 


(Hadron Spectrum), Phys. Rev. D88, 094505 (2013), arXiv:1309.2608 [hep-lat]. 

m⇡ ⇠ 391 MeV
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These  states are resonances which can be accessed in 
scattering amplitudes.


Scattering amplitude  resonance mass/width


Finite-volume spectrum  scattering amplitude.

J−−

↔

↔

Outline pA
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t ⇠ g2

s� s0
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Introduces three fundamental changes:


Lattice spacing  does not likely play a big role


Lattice volume  tool we need for scattering


Quark mass  feature we make use of increasing pion mass


Compute correlation functions   to extract 
the discrete finite volume spectrum 


→

→

→

Cij(t) = ⟨0 |Oi(t)Oj(0) |0⟩

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

Lattice QCD

{
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Luscher’s quantization condition:  


                                     


                                      is a known matrix 


                                                                                 Unitarity


Elastic scattering for spin-zero particles 


det [1 + iρ ⋅ t ⋅ (1 + iM)] = 0

ρi(E) =
2ki

E
Im (t−1

ij ) = − δijρi Mij(E, L)

⇒ tℓ(E) =
1

ρ(cot δℓ(E) − i)

Scattering in a finite volume

J. J. Dudek, R. G. Edwards, and C. E. Thomas, Phys. Rev. 
D86, 034031 (2012), arXiv:1203.6041 [hep-ph] 






Solutions follow from K-matrix parameterizations of the amplitude :


                                                 


det [1 + iρ ⋅ t ⋅ (1 + iM)] = 0

t−1 = K−1 − iρ Kij(s) = ∑
α

g(α)
i g(α)

j

m2
α − s

+ ∑
β

sβγij

Coupled-channel

R. A. Briceno, J. J. Dudek, R. G. Edwards, and D. J. Wilson, 
Phys. Rev. D97, 054513 (2018), arXiv:1708.06667 [hep-lat] 

A. J. Woss, C. E. Thomas, J. J. Dudek, R. G. 
Edwards, and D. J. Wilson, Phys. Rev. D100, 
054506 (2019), arXiv:1904.04136 [hep-lat] 



This project studies the isoscalar excited mesons at the SU(3) flavor 
point


Heavier light quark masses allow us to probe higher energy regions:


first three-particle threshold gets moved higher up


resonant states at lighter quark masses feature as stable 
particles


Fewer channels (ex.  are all just )


J−−

⇒

⇒ π, K, K̄, η η8

SU(3) Flavor Ensembles



J=1: , 


J=2:  


J=3: , 


η8ω8{3P1} f1
0ω1{3S1, 3D1}, η1ω1{3P1}

η8ω8{3P2, 3F2}, f1
0ω1{3D2}, η1ω1{3P2, 3F2}

η8ω8{3F3} f1
0ω1{3D3, 3G3}, η1ω1{3F3}

Channels

atE

⌘8!8 ⇠ ⇡⇢
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Broken rotational symmetry of the lattice causes different 
resonances to be in the same representation.


Only two systems that isolate a single resonance


All other irreps will feature a minimum of TWO resonances


 states are expected to be nearly degenerate.
3D1,2,3

How do we solve this?

JP = (2, ...)�
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Three resonances in a single irrep.


 


Very dense in energy levels.


 


JP = (1,3,...)−

⇒ ρ{32S1}, ρ{3D1}, ρ{3D3}



JP = (1, 3, ...)�
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JP = (3, ...)�

<latexit sha1_base64="WXDAXz/zP1t7QUEj9ArM9HqpyLc=">AAAB+XicbVDJSgNBEK2JWxy3UY9eGoMQQYcZjehFCHoRTxHMAskk9HR6kiY9C909gTDkT7x4UMSrf+LNv7GzHDT6oODxXhVV9fyEM6kc58vILS2vrK7l182Nza3tHWt3rybjVBBaJTGPRcPHknIW0apiitNGIigOfU7r/uB24teHVEgWR49qlFAvxL2IBYxgpaWOZZn37awyvi6en9i2fdw+7VgFx3amQH+JOycFmKPSsT5b3ZikIY0U4VjKpuskysuwUIxwOjZbqaQJJgPco01NIxxS6WXTy8foSCtdFMRCV6TQVP05keFQylHo684Qq75c9Cbif14zVcGVl7EoSRWNyGxRkHKkYjSJAXWZoETxkSaYCKZvRaSPBSZKh2XqENzFl/+S2pntluyLh1KhfDOPIw8HcAhFcOESynAHFagCgSE8wQu8GpnxbLwZ77PWnDGf2YdfMD6+Af+DkU8=</latexit>



JP = 0+, 1�, 2+, 3�, ...

<latexit sha1_base64="QVGFLKDYlwPt60QuI7eN8MkCQN8=">AAACA3icbVDLSgMxFM3UVx1fo+50EyyCYB1makU3QtGNuKpgH9BOSyZN29BMZkgyQhkKbvwVNy4UcetPuPNvTNtZaOuBcA/n3MvNPX7EqFSO821kFhaXlleyq+ba+sbmlrW9U5VhLDCp4JCFou4jSRjlpKKoYqQeCYICn5GaP7ge+7UHIiQN+b0aRsQLUI/TLsVIaalt7Zm3raQ8unRax3m3dZIv6Hqqq23bbSvn2M4EcJ64KcmBFOW29dXshDgOCFeYISkbrhMpL0FCUczIyGzGkkQID1CPNDTlKCDSSyY3jOChVjqwGwr9uIIT9fdEggIph4GvOwOk+nLWG4v/eY1YdS+8hPIoVoTj6aJuzKAK4TgQ2KGCYMWGmiAsqP4rxH0kEFY6NlOH4M6ePE+qBdst2md3xVzpKo0jC/bBATgCLjgHJXADyqACMHgEz+AVvBlPxovxbnxMWzNGOrML/sD4/AFIHJQW</latexit>

JP = 2±, 3±, ...

<latexit sha1_base64="IVuiqnRL3OdU0MMaNAuNIRsOveU=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4kJDUim6EohtxVcE+oE3LZDpph84kYWYilBBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5x48Zlcpxvo2FxaXlldXCmrm+sbm1be3s1mWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6ThD6/HfuOBCEmj8F6NYuJx1A9pQDFSWupa++ZtJ61ml6VO2o55dnKad9u2u1bRsZ0J4Dxxc1IEOapd66vdi3DCSagwQ1K2XCdWXoqEopiRzGwnksQID1GftDQNESfSSyc3ZPBIKz0YREJXqOBE/b2RIi7liPt6kiM1kLPeWPzPayUquPBSGsaJIiGePhQkDKoIjgOBPSoIVmykCcKC6r9CPEACYaVjM3UI7uzJ86Rest2yfXZXLlau8jgK4AAcgmPggnNQATegCmoAg0fwDF7Bm/FkvBjvxsd0dMHId/bAHxifP8N5llM=</latexit>

JP = 2±, 3±, ...

<latexit sha1_base64="IVuiqnRL3OdU0MMaNAuNIRsOveU=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4kJDUim6EohtxVcE+oE3LZDpph84kYWYilBBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5x48Zlcpxvo2FxaXlldXCmrm+sbm1be3s1mWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6ThD6/HfuOBCEmj8F6NYuJx1A9pQDFSWupa++ZtJ61ml6VO2o55dnKad9u2u1bRsZ0J4Dxxc1IEOapd66vdi3DCSagwQ1K2XCdWXoqEopiRzGwnksQID1GftDQNESfSSyc3ZPBIKz0YREJXqOBE/b2RIi7liPt6kiM1kLPeWPzPayUquPBSGsaJIiGePhQkDKoIjgOBPSoIVmykCcKC6r9CPEACYaVjM3UI7uzJ86Rest2yfXZXLlau8jgK4AAcgmPggnNQATegCmoAg0fwDF7Bm/FkvBjvxsd0dMHId/bAHxifP8N5llM=</latexit>

JP = 0+, 1�, 2±, 3±, ...

<latexit sha1_base64="szxDTm3QiJIYspjoWs6W+PcV0Bo=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4sgWENSK7oRim7EVQX7gDYpk+m0HTp5MDMRSsjejb/ixoUibv0Bd/6N0zYLbT1wuYdz7mXmHi9iVEjL+tZyS8srq2v5dX1jc2t7x9jda4gw5pjUcchC3vKQIIwGpC6pZKQVcYJ8j5GmN7qe+M0HwgUNg3s5jojjo0FA+xQjqaSuUdBv3aSWXlruccl2T0plN+lEflo6zbppml2jaJnWFHCR2Bkpggy1rvHV6YU49kkgMUNCtG0rkk6CuKSYkVTvxIJECI/QgLQVDZBPhJNMb0nhoVJ6sB9yVYGEU/X3RoJ8Ica+pyZ9JIdi3puI/3ntWPYvnIQGUSxJgGcP9WMGZQgnwcAe5QRLNlYEYU7VXyEeIo6wVPHpKgR7/uRF0iibdsU8u6sUq1dZHHlwAArgCNjgHFTBDaiBOsDgETyDV/CmPWkv2rv2MRvNadnOPvgD7fMH4r+YcA==</latexit>

JP = 0+, 1�, 2+, 3±, ...

<latexit sha1_base64="TcpCo87qpU9YEVs1JqyAuuGX1nk=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0UQGkNSK7oRim7EVQX7gDYpk+m0HTp5MDMRSsjWjb/ixoUibv0Dd/6N08dCWw9cOJxzL/fe48eMCmnb31puaXlldS2/rm9sbm3vGLt7dRElHJMajljEmz4ShNGQ1CSVjDRjTlDgM9Lwh9djv/FAuKBReC9HMXED1A9pj2IkldQxoH7rpdXs0vaKpuOdmCUvLWbmqZe24yAzLcvqGAXbsieAi8SZkQKYodoxvtrdCCcBCSVmSIiWY8fSTRGXFDOS6e1EkBjhIeqTlqIhCohw08knGTxSShf2Iq4qlHCi/p5IUSDEKPBVZ4DkQMx7Y/E/r5XI3oWb0jBOJAnxdFEvYVBGcBwL7FJOsGQjRRDmVN0K8QBxhKUKT1chOPMvL5J6yXLK1tlduVC5msWRBwfgEBwDB5yDCrgBVVADGDyCZ/AK3rQn7UV71z6mrTltNrMP/kD7/AHl6ZdO</latexit>



J=2 dynamically coupled in P- and F-waves


Can handle this with the K-matrix  


J=3 Briet-Wigner parameterization


t−1 = K−1 + I

Parameterizations, J=2,3
JP

` = 0 1+

` = 1 (0, 1,2)�

` = 2 (1, 2, 3)+

` = 3 (2, 3, 4)�

... ...

<latexit sha1_base64="K+1EB3XzBfFMfZTTZ11vOxFRMbk="></latexit>

KJ=2 =


(3P2|3P2) (3P2|3F2)
(3P2|3F2) (3F2|3F2)

�

<latexit sha1_base64="At7OQfkhQsUCiFfW5xHP9AMLnoM="></latexit>

ImI = − ρ

I(s) = I(s0)�
s� s0

⇡

Z 1

sthr

⇢(s0)

(s0 � s0)(s0 � s� i✏)
ds0

<latexit sha1_base64="l46SX0FZvcjbRU/UD1ZM5x3R5uE="></latexit>

KJ=3 =
g2F

m2
R � s

<latexit sha1_base64="oyNNTFSFEi7g24HwWTSxUsFo8bo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWJJa0U2hKIjopop9QB9hMp20QyeTMDMRSsjKjb/ixoUibv0Gd/6N0zYLbT1w4XDOvdx7jxsyKpVlfRtz8wuLS8uZlezq2vrGprm1XZNBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7gY+fUHIiQN+L0ahqTtox6nHsVIackx926c+Lp0nJRankA47jmXnUIS+85dp3AkE8fMWXlrDDhL7JTkQIqKY361ugGOfMIVZkjKpm2Fqh0joShmJMm2IklChAeoR5qacuQT2Y7HbyTwQCtd6AVCF1dwrP6eiJEv5dB3daePVF9OeyPxP68ZKe+sHVMeRopwPFnkRQyqAI4ygV0qCFZsqAnCgupbIe4jnYfSyWV1CPb0y7OkVsjbxfzJbTFXPk/jyIBdsA8OgQ1OQRlcgQqoAgwewTN4BW/Gk/FivBsfk9Y5I53ZAX9gfP4AE96YQA==</latexit>

Kij ! (2ki)
`K``0

ij (2kj)
`0

<latexit sha1_base64="RPEsEoK/njHarNlFxDYJFa6oaNs=">AAACKXicbVDLSsNAFJ34rPFVdelmsIh1U5JS0WXRjdBNBfuAppbJdNJOO5mEmYlSQn7Hjb/iRkFRt/6IkzYLbb1wmcM553LnHjdkVCrL+jSWlldW19ZzG+bm1vbObn5vvymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3yV6q17IiQN+K2ahKTrowGnHsVIaaqXr5q1XkxHiSPoYKiQEMEDLJbHPXp6FzuEsaQ2e9M+SabWVB5lsqbyBatkTQsuAjsDBZBVvZd/dfoBjnzCFWZIyo5thaobI6EoZiQxnUiSEOExGpCOhhz5RHbj6aUJPNZMH3qB0M0VnLK/J2LkSznxXe30kRrKeS0l/9M6kfIuujHlYaQIx7NFXsSgCmAaG+xTQbBiEw0QFlT/FeIhEggrHa6pQ7DnT14EzXLJrpTObiqF6mUWRw4cgiNQBDY4B1VwDeqgATB4BM/gDbwbT8aL8WF8zaxLRjZzAP6U8f0D6+KnDQ==</latexit>



η8ω8 elastic scattering in 2−−,3−−

KJ=2 =
1

m2
R � s


g2P gP gF

gP gF g2F

�
+


�PP �PF

�PF �FF

�

<latexit sha1_base64="3BkyeMgKPd8Sd7NBOTj7WlgUJ5g="></latexit>

KJ=3 =
g2F

m2
R � s

<latexit sha1_base64="oyNNTFSFEi7g24HwWTSxUsFo8bo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWJJa0U2hKIjopop9QB9hMp20QyeTMDMRSsjKjb/ixoUibv0Gd/6N0zYLbT1w4XDOvdx7jxsyKpVlfRtz8wuLS8uZlezq2vrGprm1XZNBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7gY+fUHIiQN+L0ahqTtox6nHsVIackx926c+Lp0nJRankA47jmXnUIS+85dp3AkE8fMWXlrDDhL7JTkQIqKY361ugGOfMIVZkjKpm2Fqh0joShmJMm2IklChAeoR5qacuQT2Y7HbyTwQCtd6AVCF1dwrP6eiJEv5dB3daePVF9OeyPxP68ZKe+sHVMeRopwPFnkRQyqAI4ygV0qCFZsqAnCgupbIe4jnYfSyWV1CPb0y7OkVsjbxfzJbTFXPk/jyIBdsA8OgQ1OQRlcgQqoAgwewTN4BW/Gk/FivBsfk9Y5I53ZAX9gfP4AE96YQA==</latexit>



η8ω8 elastic scattering in 2−−

1.42 < �2/Ndof < 1.46

<latexit sha1_base64="rum1cusHT/8M1BUfXBsElHxXFO8=">AAACCHicbVC5TsNAEF2HK4TLQEmBRYREFewoHEWKCBoqFCRySLGJ1pt1ssp6be2OEZGVkoZfoaEAIVo+gY6/YXMUkPCkkZ7em9HMPD/mTIFtfxuZhcWl5ZXsam5tfWNzy9zeqasokYTWSMQj2fSxopwJWgMGnDZjSXHoc9rw+5cjv3FPpWKRuIVBTL0QdwULGMGgpba57xRKxbJLeuyueHzdTl2gD5B2omA4LGvrtG3m7YI9hjVPnCnJoymqbfPL7UQkCakAwrFSLceOwUuxBEY4HebcRNEYkz7u0pamAodUeen4kaF1qJWOFURSlwBrrP6eSHGo1CD0dWeIoadmvZH4n9dKIDj3UibiBKggk0VBwi2IrFEqVodJSoAPNMFEMn2rRXpYYgI6u5wOwZl9eZ7UiwWnVDi5KeUrF9M4smgPHaAj5KAzVEFXqIpqiKBH9Ixe0ZvxZLwY78bHpDVjTGd20R8Ynz8z2Jg1</latexit>

1.66 < �2/Ndof < 1.86

<latexit sha1_base64="eIjtQ3IOJidwWV2Twiq2DrMjGn8=">AAACCHicbVC7TgJBFJ3FF+Jr1dLCjcTEat0liBQURBsrg4k8EkAyO8zChNlHZu4ayWZLG3/FxkJjbP0EO//GAbZQ8CQ3OTnn3tx7jxNyJsGyvrXM0vLK6lp2PbexubW9o+/uNWQQCULrJOCBaDlYUs58WgcGnLZCQbHncNp0RpcTv3lPhWSBfwvjkHY9PPCZywgGJfX0Q9sslSodMmR3hdPrXtwB+gBxP3CTpGKb5VJPz1umNYWxSOyU5FGKWk//6vQDEnnUB8KxlG3bCqEbYwGMcJrkOpGkISYjPKBtRX3sUdmNp48kxrFS+oYbCFU+GFP190SMPSnHnqM6PQxDOe9NxP+8dgRuuRszP4yA+mS2yI24AYExScXoM0EJ8LEimAimbjXIEAtMQGWXUyHY8y8vkkbBtIvm2U0xX71I48iiA3SETpCNzlEVXaEaqiOCHtEzekVv2pP2or1rH7PWjJbO7KM/0D5/AEOomD8=</latexit>



η8ω8 elastic scattering in 1−−

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

+ �

<latexit sha1_base64="LP1hg60puSMMrWPxTb7yY+Z5ZWw=">AAACT3icbVHPS8MwGE3nr23+qnr0UhyCII5WFL0Mhl5ELxPcFNZZvmbpDEvakqTCCP0PvejNf8OLB0XMZg+6+SDweO+F78tLmDIqleu+WqW5+YXFpXKluryyurZub2x2ZJIJTNo4YYm4C0ESRmPSVlQxcpcKAjxk5DYcno/920ciJE3iGzVKSY/DIKYRxaCMFNjRVaAvG17e8CMBWA/uDwPtc1APMtKQ57nmU8qBzPf/yYYz2bDIDoBzCOyaW3cncGaJV5AaKtAK7Be/n+CMk1hhBlJ2PTdVPQ1CUcxIXvUzSVLAQxiQrqExcCJ7etJH7uwape9EiTAnVs5E/X1DA5dyxEOTnCw77Y3F/7xupqLTnqZxmikS459BUcYclTjjcp0+FQQrNjIEsKBmVwc/gClLmS+omhK86SfPks5h3TuqH18f1ZpnRR1ltI120B7y0AlqogvUQm2E0RN6Qx/o03q23q2vUhEtWQXZQn9QqnwDll23Mw==</latexit>



η8ω8 elastic scattering in 1−−

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

+ �sn

<latexit sha1_base64="4J/AuSHQmNPTMgHmWSUb5DHq3Yc="></latexit>

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

<latexit sha1_base64="nOkNNvgXU+Rtbm/ID74xn2GAszA=">AAACSHicbVBLS8NAGNzEV62vqEcvwSIIYklKRS+FohfRSwX7gCaGzXZTl24e7G6EsuTnefHozd/gxYMi3tymOWjbgYVhZj6+b8dPKOHCst40fWl5ZXWttF7e2Nza3jF29zo8ThnCbRTTmPV8yDElEW4LIijuJQzD0Ke464+uJn73CTNO4uhejBPshnAYkYAgKJTkGd6tJ28adtZwAgaRHD7UPOmEUDzyQMIsy2Q4o5zy7GRB1p/L+nnWMypW1cphzhO7IBVQoOUZr84gRmmII4Eo5LxvW4lwJWSCIIqzspNynEA0gkPcVzSCIeauzIvIzCOlDMwgZupFwszVvxMShpyPQ18l8ytnvYm4yOunIrhwJYmSVOAITRcFKTVFbE5aNQeEYSToWBGIGFG3mugRqpaE6r6sSrBnvzxPOrWqXa+e3dUrzcuijhI4AIfgGNjgHDTBNWiBNkDgGbyDT/ClvWgf2rf2M43qWjGzD/5B138BxLq1Yg==</latexit>



Zero is a feature of elastic unitarity


t =
1

ρ(cot δ − i)

Elasticity constraint









t(s) =
N(s)
D(s)

D(s) = D(s0) −
s − s0

π ∫
∞

sthr

N(s′￼)ρ(s′￼)
(s′￼− s)(s′￼− s0)

ds′￼+ ∑
α

g2
α

m2
α − s

In N.R. scattering, the scattering amplitude is 
completely determined by the potential.

Resonance interpretation

r

<latexit sha1_base64="PaNED8bQbwX/j7m/AtpiNFqtHBI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH37mM/g==</latexit>

Veff (r) = V (r) +
`(`+ 1)

r2

<latexit sha1_base64="1CiqBq/4HopVcC1odmsy+kh5dDI=">AAACEXicbVDLSsNAFJ34rPUVdekmWISWQklKRTdC0Y3LCjYtNLVMpjft0MmDmYlQQn7Bjb/ixoUibt2582+ctFlo64G5HM65lzv3uBGjQprmt7ayura+sVnYKm7v7O7t6weHtghjTqBNQhbyrosFMBpAW1LJoBtxwL7LoONOrjO/8wBc0DC4k9MI+j4eBdSjBEslDfSyPUjA89Iyr1zaqlQdj2OSOMBYOStVq5Im/L6eDvSSWTNnMJaJlZMSytEa6F/OMCSxD4EkDAvRs8xI9hPMJSUM0qITC4gwmeAR9BQNsA+in8wuSo1TpQwNL+TqBdKYqb8nEuwLMfVd1eljORaLXib+5/Vi6V30ExpEsYSAzBd5MTNkaGTxGEPKgUg2VQQTTtVfDTLGKhKpQiyqEKzFk5eJXa9ZjdrZbaPUvMrjKKBjdILKyELnqIluUAu1EUGP6Bm9ojftSXvR3rWPeeuKls8coT/QPn8AeiWcLg==</latexit>

“Physical cut” s > sthr

Can add poles to D(s) that 
produce zeros in t(s) 

“Unphysical cut” s < sLQuasi-bound 
state



Calculation PDG
�⇡⇢
!3

⇠ 62 MeV �tot
!3(1670)

⇠ 168(10) MeV

�KK̄⇤

!3
⇠ 2 MeV

�⌘!
!3

⇠ 1 MeV

�KK̄⇤

�3
⇠ 20 MeV �tot

�3(1850)
⇠ 87(25) MeV

�⌘�
�3

⇠ 3 MeV

�⇡!
⇢3

⇠ 22 MeV �⇡!
⇢3(1690)

⇠ 30(10) MeV

�KK̄⇤

⇢3
⇠ 2 MeV �KK̄⇡

⇢3(1690)
⇠ 7 MeV

<latexit sha1_base64="EUnzNwkTapsLiiK1Q6EKOiw6bsU="></latexit>

Calculation PDG
�⇡⇢
!b

⇠ 25 MeV �⇡⇢
!(1650) ⇠ 84 MeV

�KK̄⇤

!b
⇠ 3 MeV �tot

!(1650) ⇠ 315(35) MeV

�⌘!
!b

⇠ 1 MeV

�⇡!
⇢b

⇠ 9 MeV �⇡!
⇢(1700) ⇠ 0 MeV

�KK̄⇤

⇢b
⇠ 3 MeV �tot

⇢(1700) ⇠ 250(100) MeV

<latexit sha1_base64="O+9PhF2i6ZEAP+ZOWGsuNb60OXQ="></latexit>

Calculation PDG
�⇡⇢
!a

⇠ 384 MeV �⇡⇢
!(1420) ⇠ 240 MeV

�KK̄⇤

!a
⇠ 4 MeV �tot

!(1420) ⇠ 290(120) MeV

�⌘!
!a

⇠ 5 MeV

�KK̄⇤

�a
⇠ 154 MeV �tot

�(1680) ⇠ 150(50) MeV

�⌘!
�a

⇠ 25 MeV

�⇡!
⇢a

⇠ 133 MeV �⇡!
⇢(1450) ⇠ 52-78 MeV

�KK̄⇤

⇢a
⇠ 9 MeV �tot

⇢(1450) ⇠ 400(60) MeV

<latexit sha1_base64="CtfYIOdHExlG+r8p2E490OOr9L4="></latexit>

 ; 


Assume an exact OZI symmetry to get 
the couplings to the octet


Assume width scales with the angular 
momentum 


Octet calculation is underway

ω =
2
3

ω1 +
1
3

ω8 ϕ =
1
3

ω1 −
2
3

ω8

∼ kℓ

A crude extrapolation 

A. B. Clegg and A. Donnachie, Z. Phys. C 62, 455 (1994). 



Add the  irreps and fit all simultaneously 


Very good constraint 


[011]A1

Ndof = 180

�2/Ndof = 258.3/(192� 12) = 1.43
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Thanks



Extra







We extract 4 resonances consistent with the quark 
model prediction.


: broader lighter first resonance and heavier 
narrower second resonance


: broad resonance coupled mostly to P-wave


: narrow F-wave resonance


1−−

2−−

3−−

Summary



Add the  irreps and fit all 
simultaneously 


Very good constraint 


[011]A1

Ndof = 180

1−−,2−−,3−−
�2/Ndof = 258.3/(192� 12) = 1.43

<latexit sha1_base64="+TVlhAOs+lpaawunhPS3lBMxFkc="></latexit>

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

+ �

<latexit sha1_base64="LP1hg60puSMMrWPxTb7yY+Z5ZWw=">AAACT3icbVHPS8MwGE3nr23+qnr0UhyCII5WFL0Mhl5ELxPcFNZZvmbpDEvakqTCCP0PvejNf8OLB0XMZg+6+SDweO+F78tLmDIqleu+WqW5+YXFpXKluryyurZub2x2ZJIJTNo4YYm4C0ESRmPSVlQxcpcKAjxk5DYcno/920ciJE3iGzVKSY/DIKYRxaCMFNjRVaAvG17e8CMBWA/uDwPtc1APMtKQ57nmU8qBzPf/yYYz2bDIDoBzCOyaW3cncGaJV5AaKtAK7Be/n+CMk1hhBlJ2PTdVPQ1CUcxIXvUzSVLAQxiQrqExcCJ7etJH7uwape9EiTAnVs5E/X1DA5dyxEOTnCw77Y3F/7xupqLTnqZxmikS459BUcYclTjjcp0+FQQrNjIEsKBmVwc/gClLmS+omhK86SfPks5h3TuqH18f1ZpnRR1ltI120B7y0AlqogvUQm2E0RN6Qx/o03q23q2vUhEtWQXZQn9QqnwDll23Mw==</latexit>

KJ=2 =
1

m2
R � s


g2P gP gF

gP gF g2F

�
+


�PP �PF

�PF 0

�

<latexit sha1_base64="e9rQ9YLz0E/rkgXdK08tVXfq6ZI="></latexit>

KJ=3 =
g2F

m2
R � s

<latexit sha1_base64="oyNNTFSFEi7g24HwWTSxUsFo8bo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWJJa0U2hKIjopop9QB9hMp20QyeTMDMRSsjKjb/ixoUibv0Gd/6N0zYLbT1w4XDOvdx7jxsyKpVlfRtz8wuLS8uZlezq2vrGprm1XZNBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7gY+fUHIiQN+L0ahqTtox6nHsVIackx926c+Lp0nJRankA47jmXnUIS+85dp3AkE8fMWXlrDDhL7JTkQIqKY361ugGOfMIVZkjKpm2Fqh0joShmJMm2IklChAeoR5qacuQT2Y7HbyTwQCtd6AVCF1dwrP6eiJEv5dB3daePVF9OeyPxP68ZKe+sHVMeRopwPFnkRQyqAI4ygV0qCFZsqAnCgupbIe4jnYfSyWV1CPb0y7OkVsjbxfzJbTFXPk/jyIBdsA8OgQ1OQRlcgQqoAgwewTN4BW/Gk/FivBsfk9Y5I53ZAX9gfP4AE96YQA==</latexit>



Calculation of the octet is underway:


 more channels


 identical particles 


 nearly degenerate thresholds in 


Would like to be able to study the hybrid candidate that lies 
slightly above in 


 likely requires three-particle formalism


⇒

⇒ η8η8, ω8ω8

⇒ η8ω8, η8ω1

1−−

⇒

Future



A. Donnachie and A. B. Clegg, Z. 
Phys. C 51, 689 (1991) D. Bisello et al. (DM2), Phys. Lett. B 220, 321 (1989) 



A. Donnachie and A. B. Clegg, Z. Phys. C 51, 689 (1991)
D. Bisello et al., Z. Phys. C 52, 227 (1991) 



Finite volume spectrum  


Single meson operators: 


Meson-meson operators: 

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

∑⃗
x

ei ⃗p ⋅ ⃗x ψ̄D D . . . Dψ

∑
⃗p 1+ ⃗p 2= ⃗P

C( ⃗p 1, ⃗p 2; ⃗P )h†
1 ( ⃗p1)h†

2 ( ⃗p 2)

Lattice QCD

Momentum is quantized ⃗p =
2π
L

⃗n

No interactions 

 E = m2
1 + ( 2π ⃗n 1

L )
2

+ m2
2 + ( 2π ⃗n 2

L )
2

Optimized operator constructed from applying 
the eigenvectors extracted from applying the 

variational method h† = ∑
i

viOi



Diagonalize matrix of correlation functions to produce the finite volume spectrum:





Use the orthonormality of the eigenvectors to distinguish states, and extract energies from the 
principle correlators .

C(t)vα(t) = λα(t)C(t0)vα(t)

λα(t)

Variational Method

⇠ e�E↵(t�t0)
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p
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Orbital and angular momentum couple 


Can use K-matrix to handle this (ex.  scattering in  )


Done in both non-resonant and resonant systems:


"Dynamically-coupled partial-waves in  isospin-2 scattering from 


lattice QCD”- A. Woss, C. Thomas, J. Dudek


“The  resonance in coupled  scattering from lattice QCD”- 
A. Woss, C. Thomas, J. Dudek

ℓ ⊗ S → J

0−+,1−− JP = 1+

ρπ

b1 πω, πϕ

Coupled channel with nonzero spin

` JP

0 1+

1 (0, 1, 2)�

2 (1, 2, 3)+

3 (2, 3, 4)�

...
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π, K, η, η′￼ ρ, K*, ω . ϕ
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Mixing splits into light and strange quarks (OZI)
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Pseudoscalar have small mixing angle 
from SU(3) states ∼ − 10∘
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SU(3) Flavor

a0, f0(980), σ, κ…b1, h1



SU(3) Flavor



Finite volume spectrum  


Single meson operators: 


Meson-meson operators: 


Will include , , 

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

∑⃗
x

ei ⃗p ⋅ ⃗x ψ̄D D . . . Dψ

∑
⃗p 1+ ⃗p 2= ⃗P

C( ⃗p 1, ⃗p 2; ⃗P )h†
1 ( ⃗p1)h†

2 ( ⃗p 2)

η8( ⃗p1)ω8( ⃗p2) η1( ⃗p1)ω1( ⃗p2) f1
0( ⃗p1)ω8( ⃗p2)

Lattice QCD ⌘8!8
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⌘1!1/f1
0!

1
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Carry forward with elastic scattering in 


 fit to amplitudes of J=2,3 simultaneously ( )


 fix J=3 amplitude and fit for the J=1 amplitude 


Perform analysis of  as if channels were non-resonant and totally decoupled 


Later relax the elastic assumption and allow  to couple


 we find the change is rather insignificant

η8ω8

⇒ T−
2 [000], E−[000], A−

2 [000], B1[001], B2[001]

⇒ (T−
1 [000], A1[001], A1[111])

η1ω1, f1
0ω1

η1ω1

⇒

Plan of attack



Conventional  mesons live in either a singlet ( ) or 
octet ( ) representations.


Two ways to project to flavor singlet , and trivially 
.


Charge conjugation in neutral member of the octet 
 for  :





 channels with C=- : 



 can’t have identical particles with C=-

q̄q 3̄ ⊗ 3 → 1
3̄ ⊗ 3 → 8

8 ⊗ 8 → 1
1 ⊗ 1 → 1

| I = Iz = Y = 0⟩ 8 ⊗ 8 → 1

Ĉ( |81, C1⟩ ⊗ |82, C2⟩) → C1C2( |81, C1⟩ ⊗ |82, C2⟩)

⇒
η8(0−+)ω8(1−−), f1

0(0++)ω1(1−−), η1(0−+)ω1(1−−)

⇒

Channels in SU(3) Flavor

Pseudoscalar Octet

⌘0
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0�+
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Three resonances in a single irrep.


 


Very dense in energy levels.


 


Appears to be a decoupling within the 
heavier channels  


JP = (1,3,...)−

⇒ ρ{32S1}, ρ{3D1}, ρ{3D3}

f1
0η1, η1ω1





2−−

1.42 < �2/Ndof < 1.46
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1.66 < �2/Ndof < 1.86
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1−−

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

+ �sn
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KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s
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Resonance interpretation



Write dispersively 


 can add poles to D(s) that feature as zeros in t(s)


 create nearby poles in t(s)


 these “CDD” poles have an interpretation that they would be 
stable particles if there were not lighter mesons for which it to 
decay

t(s) =
N(s)
D(s)

1
2πi ∮

D(s′￼)
s′￼− s

= D(s0) −
s − s0

π ∫
∞

sthr

N(s′￼)ρ(s′￼)
(s′￼− s)(s′￼− s0)

ds′￼

⇒

⇒

⇒



Vector states are mixtures of the singlet and octet states


 ; 


Pseudoscalar states have little mixing from SU(3) eigenstates , 


If we assume excited  have the same quark content as the vector states, we need to know the 
result of the octet couplings to find the partial width of the isoscalar resonances to 
pseudoscalar-vector final states.


We can still guess what the result of the octet calculation would be by assuming an exact OZI 
symmetry.


ω =
2
3

ω1 +
1
3

ω8 ϕ =
1
3

ω1 −
2
3

ω8

η ∼ η8 η′￼ ∼ η1

J−−

Comparing to the ω*J , ϕ*J



We first re-write the couplings in the basis of familiar meson states:


 








OZI disallowed decays:


  





Leads to the constraints:


|η8 ⊗ ω8 → 1⟩ =
1

2 2
(K+K̄*− + K−K̄* − K0K̄*0 − K̄0K*0 + π+ρ− + π−ρ+ − π0ρ0 − η8ω8) : g1

|η8 ⊗ ω8 → 8⟩ =
1
20 (K+K*− + K−K̄* − K0K̄*0 − K̄0K*0) −

1
5 (π+ρ− + π−ρ+ − π0ρ0 − η8ω8) : g8

|η8 ⊗ ω1 → 8⟩ = η8ω1 =
2
3

ηω +
1
3

ηϕ : h8

ϕ* → ρπ ∼
1
3

1

2 2
g1 + (−

2
3 ) (−

1
5 ) g8

ϕ* → ηω ∼
1
3 (−

1

2 2 ) 1
3

g1 + (−
2
3 ) (−

1
5 ) 1

3
g8 + (−

2
3 ) 2

3
h8

g8 = −
5

4
g1; h8 = −

1

2 2
g1

Comparing to the ω*J , ϕ*J



We write the partial widths as 


OZI relations together with a sum over the charged states give us the following partial widths:


                                                         We attempt to rescale the angular momentum barrier factors:


                             g1 =
kphys(Mphys)

k(M)

ℓ

|cη8ω8 |

Comparing to the ω*J , ϕ*J
� = g2

⇢

M
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Comparing to the ω*J , ϕ*J

�⇡!
⇢3

⇠ 30(10) MeV
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�KK̄⇡
⇢3

⇠ 7 MeV
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Prediction Experiment

�tot
!3(1670)

⇠ 168(10) MeV
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�tot
�3(1850)

⇠ 87(25) MeV
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Comparing to the ω*J , ϕ*J
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Prediction Experiment

�tot
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Prediction Experiment

�⇡⇢
!(1650) ⇠ 84 MeV

<latexit sha1_base64="+q5CV7FJSoQ6nctyuUhBUbob2IU="></latexit>

�⇡!
⇢(1700) ⇠ 0 MeV

<latexit sha1_base64="PVIF9nB6rP5QN9xIW4SPWijvskg="></latexit>

�⇡!
⇢(1450) ⇠ 52� 78 MeV

<latexit sha1_base64="6pIbM3Zrz3viF1zh+NFZ2iLhxIE="></latexit>

�⇡⇢
!(1420) ⇠ 240 MeV

<latexit sha1_base64="Kb2XBN+yEVVfdBfuGnTlVz8UxAc="></latexit>



Only 4 levels with large  overlap.


Only real difference in fit-1 which features two  parameters.


Potentially a small coupling  does not change overall width.


Statistical uncertainties on  energy levels prevent a proper C.C. analysis with this channel.

η1ω1

η1ω1

cη1ω1 ≲ 0.04

f1
0ω1

Coupled-Channel η8ω8 − η1ω1



Mild changes in the amplitude.


 is small and comparable to 
F-wave coupling.

at |cη1ω1 | ∼ 0.07(2)

C.C. ,  2−− η8ω8 − η1ω1



Unphysical sheet real axis pole  on many 
parameterizations


 wanders a bit and remains far from physical scattering


Additional real axis pole  for simple phase space 
parameterization


 not surprising this parameterization has poorer analytic 
properties 


 residue is real, a true p-wave bound state has imaginary 
coupling

at s ∼ 0.23

⇒

at s ∼ 0.24

⇒

⇒

Additional singularities



The full scattering amplitude T(s,t) relates all scattering channels s,t,u- through an analytic 
continuation. 


s-channel unitarity constrains the “right hand cut” to form  Riemann sheets


 built into our parameterizations


Analyticity requires poles off axis real valued poles be on unphysical sheets.


 reject parameterizations that have these


t,u-channel unitarity manifests themselves in the form of a “left hand cut”


 not described but we know where they are


 hope is we remain far enough away

2Nchan

⇒

⇒

⇒

⇒

Amplitude analytic structure



Cross Channels

⌘8(p1)

<latexit sha1_base64="7xIcQAQIDTSFOe5o5Me7iC/TmK4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB+wXUs2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFx26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHtzO/88S04Uo+wCRhQUyGkkecErCS32NAHuuVpO9d9Etlt+rOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OI6kHGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWiDcFbfnmVtC+rXq16dV8rN27yOAroFJ2hCvLQNWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz8Bp5Bt</latexit>

⌘8(p3)

<latexit sha1_base64="1izZYwJiRLON0WiYlarRrT2Oqkg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXK/ZY9OKxgv2A7VqyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrW9sbuW3Czu7e/sHxcOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8gHHCgpgMJI84JWAlv8uAPNbKSe/yvFcsuRV3DrxKvIyUUIZGr/jV7SuaxkwCFcQY33MTCCZEA6eCTQvd1LCE0BEZMN9SSWJmgsn85Ck+s0ofR0rbkoDn6u+JCYmNGceh7YwJDM2yNxP/8/wUolow4TJJgUm6WBSlAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb+8SloXFa9aubqvluo3WRx5dIJOURl56BrV0R1qoCaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPBLGQbw==</latexit>

!8(p2)

<latexit sha1_base64="LDgoyY8JVrPsT7m1Zj10tEfmXcg=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHIkevGIiXwksJJu6UJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777WQ2Nre2d7K7ub39g8Oj/PFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDv3W2OqNIvkg5nE1Bd4IFnICDZW8ruRoAP8WC3GvfJlL19wS+4CaJ14KSlAinov/9XtRyQRVBrCsdYdz42NP8XKMMLpLNdNNI0xGeEB7VgqsaDany6OnqELq/RRGClb0qCF+ntiioXWExHYToHNUK96c/E/r5OYsOpPmYwTQyVZLgoTjkyE5gmgPlOUGD6xBBPF7K2IDLHCxNiccjYEb/XlddIsl7xK6eq+UqjdpHFk4QzOoQgeXEMN7qAODSDwBM/wCm/O2Hlx3p2PZWvGSWdO4Q+czx+QQJFR</latexit>

!8(p4)

<latexit sha1_base64="g+xBeeCfc6Ak72Uvak8w/Y3Nvkw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB/QriWbzrah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubed28rt7+weHhaPjppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHodua3xqA0k+LBTGLwIzIQLGSUGCv5XRnBgDxWS3GvctErFN2yOwdeJV5GiihDvVf46vYlTSIQhnKidcdzY+OnRBlGOUzz3URDTOiIDKBjqSARaD+dHz3F51bp41AqW8Lgufp7IiWR1pMosJ0RMUO97M3E/7xOYsKqnzIRJwYEXSwKE46NxLMEcJ8poIZPLCFUMXsrpkOiCDU2p7wNwVt+eZU0L8tepXx1XynWbrI4cugUnaES8tA1qqE7VEcNRNETekav6M0ZOy/Ou/OxaF1zspkT9AfO5w+TSpFT</latexit>

⌘8(p1)

<latexit sha1_base64="7xIcQAQIDTSFOe5o5Me7iC/TmK4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB+wXUs2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFx26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHtzO/88S04Uo+wCRhQUyGkkecErCS32NAHuuVpO9d9Etlt+rOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OI6kHGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWiDcFbfnmVtC+rXq16dV8rN27yOAroFJ2hCvLQNWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz8Bp5Bt</latexit>

⌘8(p3)

<latexit sha1_base64="1izZYwJiRLON0WiYlarRrT2Oqkg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXK/ZY9OKxgv2A7VqyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrW9sbuW3Czu7e/sHxcOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8gHHCgpgMJI84JWAlv8uAPNbKSe/yvFcsuRV3DrxKvIyUUIZGr/jV7SuaxkwCFcQY33MTCCZEA6eCTQvd1LCE0BEZMN9SSWJmgsn85Ck+s0ofR0rbkoDn6u+JCYmNGceh7YwJDM2yNxP/8/wUolow4TJJgUm6WBSlAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb+8SloXFa9aubqvluo3WRx5dIJOURl56BrV0R1qoCaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPBLGQbw==</latexit>

!8(p2)

<latexit sha1_base64="LDgoyY8JVrPsT7m1Zj10tEfmXcg=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHIkevGIiXwksJJu6UJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777WQ2Nre2d7K7ub39g8Oj/PFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDv3W2OqNIvkg5nE1Bd4IFnICDZW8ruRoAP8WC3GvfJlL19wS+4CaJ14KSlAinov/9XtRyQRVBrCsdYdz42NP8XKMMLpLNdNNI0xGeEB7VgqsaDany6OnqELq/RRGClb0qCF+ntiioXWExHYToHNUK96c/E/r5OYsOpPmYwTQyVZLgoTjkyE5gmgPlOUGD6xBBPF7K2IDLHCxNiccjYEb/XlddIsl7xK6eq+UqjdpHFk4QzOoQgeXEMN7qAODSDwBM/wCm/O2Hlx3p2PZWvGSWdO4Q+czx+QQJFR</latexit>

!8(p4)

<latexit sha1_base64="g+xBeeCfc6Ak72Uvak8w/Y3Nvkw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB/QriWbzrah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubed28rt7+weHhaPjppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHodua3xqA0k+LBTGLwIzIQLGSUGCv5XRnBgDxWS3GvctErFN2yOwdeJV5GiihDvVf46vYlTSIQhnKidcdzY+OnRBlGOUzz3URDTOiIDKBjqSARaD+dHz3F51bp41AqW8Lgufp7IiWR1pMosJ0RMUO97M3E/7xOYsKqnzIRJwYEXSwKE46NxLMEcJ8poIZPLCFUMXsrpkOiCDU2p7wNwVt+eZU0L8tepXx1XynWbrI4cugUnaES8tA1qqE7VEcNRNETekav6M0ZOy/Ou/OxaF1zspkT9AfO5w+TSpFT</latexit>

⌘8(p1)

<latexit sha1_base64="7xIcQAQIDTSFOe5o5Me7iC/TmK4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB+wXUs2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFx26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHtzO/88S04Uo+wCRhQUyGkkecErCS32NAHuuVpO9d9Etlt+rOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OI6kHGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWiDcFbfnmVtC+rXq16dV8rN27yOAroFJ2hCvLQNWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz8Bp5Bt</latexit>

⌘8(p3)

<latexit sha1_base64="1izZYwJiRLON0WiYlarRrT2Oqkg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXK/ZY9OKxgv2A7VqyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrW9sbuW3Czu7e/sHxcOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8gHHCgpgMJI84JWAlv8uAPNbKSe/yvFcsuRV3DrxKvIyUUIZGr/jV7SuaxkwCFcQY33MTCCZEA6eCTQvd1LCE0BEZMN9SSWJmgsn85Ck+s0ofR0rbkoDn6u+JCYmNGceh7YwJDM2yNxP/8/wUolow4TJJgUm6WBSlAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb+8SloXFa9aubqvluo3WRx5dIJOURl56BrV0R1qoCaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPBLGQbw==</latexit>

!8(p2)

<latexit sha1_base64="LDgoyY8JVrPsT7m1Zj10tEfmXcg=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHIkevGIiXwksJJu6UJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777WQ2Nre2d7K7ub39g8Oj/PFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDv3W2OqNIvkg5nE1Bd4IFnICDZW8ruRoAP8WC3GvfJlL19wS+4CaJ14KSlAinov/9XtRyQRVBrCsdYdz42NP8XKMMLpLNdNNI0xGeEB7VgqsaDany6OnqELq/RRGClb0qCF+ntiioXWExHYToHNUK96c/E/r5OYsOpPmYwTQyVZLgoTjkyE5gmgPlOUGD6xBBPF7K2IDLHCxNiccjYEb/XlddIsl7xK6eq+UqjdpHFk4QzOoQgeXEMN7qAODSDwBM/wCm/O2Hlx3p2PZWvGSWdO4Q+czx+QQJFR</latexit>

!8(p4)

<latexit sha1_base64="g+xBeeCfc6Ak72Uvak8w/Y3Nvkw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB/QriWbzrah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubed28rt7+weHhaPjppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHodua3xqA0k+LBTGLwIzIQLGSUGCv5XRnBgDxWS3GvctErFN2yOwdeJV5GiihDvVf46vYlTSIQhnKidcdzY+OnRBlGOUzz3URDTOiIDKBjqSARaD+dHz3F51bp41AqW8Lgufp7IiWR1pMosJ0RMUO97M3E/7xOYsKqnzIRJwYEXSwKE46NxLMEcJ8poIZPLCFUMXsrpkOiCDU2p7wNwVt+eZU0L8tepXx1XynWbrI4cugUnaES8tA1qqE7VEcNRNETekav6M0ZOy/Ou/OxaF1zspkT9AfO5w+TSpFT</latexit>

S-Channel

T-Channel

U-Channel



Cuts

0.1 0.2

-0.05

0.05

U-channel

T-channel circular cut

S-channel

R = m2
!8 �m2

⌘8

<latexit sha1_base64="0I0TEZQA0AF0pK3SaqoG9kmahXY=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAhuLEmp2I1QdOOyin1Am4bJ9KYdOpOEmYlQQldu/BU3LhRx6ze482+ctF1o64GBc8+5lzv3+DGjUtn2t7G0vLK6tp7byG9ube/smnv7DRklgkCdRCwSLR9LYDSEuqKKQSsWgLnPoOkPrzO/+QBC0ii8V6MYXI77IQ0owUpLnnl0d8m9tBNx6ONuZdwtnWUlqGnhmQW7aE9gLRJnRgpohppnfnV6EUk4hIowLGXbsWPlplgoShiM851EQozJEPehrWmIOUg3nZwxtk600rOCSOgXKmui/p5IMZdyxH3dybEayHkvE//z2okKKm5KwzhREJLpoiBhloqsLBOrRwUQxUaaYCKo/qtFBlhgonRyeR2CM3/yImmUik65eH5bLlSvZnHk0CE6RqfIQReoim5QDdURQY/oGb2iN+PJeDHejY9p65IxmzlAf2B8/gBJ0Jhg</latexit>

�1 < s  (m!8 �m⌘8)2

<latexit sha1_base64="ZSk5ci0lXdvv3fuBG4eMD2Qt4pM=">AAACEXicbZC9TsMwFIUdfkv5KzCyRFRIZaBKEAgGBgQLY5EoIDWlctyb1qrtBPsGqYr6Ciy8CgsDCLGysfE2OG0HKBzJ0udz75V9T5gIbtDzvpyp6ZnZufnCQnFxaXlltbS2fmXiVDOos1jE+iakBgRXUEeOAm4SDVSGAq7D3llev74HbXisLrGfQFPSjuIRZxSt1SpVdgOuIuwfm0DAXUW2siCW0KG3R4Pd/AKY487tXqtU9qreUO5f8MdQJmPVWqXPoB2zVIJCJqgxDd9LsJlRjZwJGBSD1EBCWY92oGFRUQmmmQ03Grjb1mm7UaztUegO3Z8TGZXG9GVoOyXFrpms5eZ/tUaK0VEz4ypJERQbPRSlwsXYzeNx21wDQ9G3QJnm9q8u61JNGdoQizYEf3Llv3C1V/X3qwcX++WT03EcBbJJtkiF+OSQnJBzUiN1wsgDeSIv5NV5dJ6dN+d91DrljGc2yC85H9/QNZ0A</latexit>

s > (m!8 +m⌘8)2

<latexit sha1_base64="/cNfs0uBqXlY+9JvQVbZX2W9RuU=">AAACBnicbZDLSsNAFIYn9VbrLepShGARKkJJSsWupOjGZQV7gTYNk+lpO3QmCTMToYSu3Pgqblwo4tZncOfbOGm70NYfBr75zznMnN+PGJXKtr+NzMrq2vpGdjO3tb2zu2fuHzRkGAsCdRKyULR8LIHRAOqKKgatSADmPoOmP7pJ680HEJKGwb0aR+ByPAhonxKstOWZx/KqwL2kE3IY4G5lcp5eQKV41i15Zt4u2lNZy+DMIY/mqnnmV6cXkphDoAjDUrYdO1JugoWihMEk14klRJiM8ADaGgPMQbrJdI2JdaqdntUPhT6Bsqbu74kEcynH3NedHKuhXKyl5n+1dqz6FTehQRQrCMjsoX7MLBVaaSZWjwogio01YCKo/qtFhlhgonRyOR2Cs7jyMjRKRadcvLgr56vX8ziy6AidoAJy0CWqoltUQ3VE0CN6Rq/ozXgyXox342PWmjHmM4foj4zPHxqDmEE=</latexit>



Stable particles in cross-channels add additional singularities

Cuts

0.1 0.2

-0.05

0.05

Stable  in U-channelω1

Stable  in T-channelf1
0

Right-most part of additional cuts at 
 compared to threshold of at s = 0.299

at s = 0.3632



Physical sheet pole at  wrong residue.


 asses this as a “ghost” occurring from improper treatment 
of the LHC

at s = 0.278(26)

⇒

Additional Singularities

Noisy third unphysical sheet pole lies beyond 
region of constraint .


 artifact not present in all 
parameterizations


 could be feeling presence of a hybrid  
meson we expect in that region

atE ∼ 0.46

⇒

⇒ 1−−


