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hybrid mesons 2

one hypothesis to go beyond the qq picture of mesons — add an excitation of the gluonic field
_

— can give rise to JPC not allowed for qq
_

e.g.

qqG
_

long history of study within QCD-motivated models — constituent gluon 
— bag model 
— flux-tube model 

more recently studied in (incomplete) lattice QCD calculations …

all have exotic JPC mesons,  
              but spectra differ
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(incomplete) lattice QCD spectrum of mesons 3
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(incomplete) lattice QCD spectrum of mesons 4
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experimental situation 5

a recent JPAC analysis of COMPASS data on πp→πη p , πp→πη′ p

2++

1−+

a2

a2

a2′

pole singularity of a π1 resonance

mR=1564(89) MeV, ΓR=492(115) MeV

ΓR

mR

a rather broad resonance
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a resonance in QCD ? 6

how would an unstable resonance appear in lattice QCD ?

the lattice has a finite-volume ⇒ spectrum is discrete 

but the mapping discrete-spectrum ⟷ scattering matrix is known
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coupled-channel resonances 7
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resonances decaying to hadrons with spin — b1→ωπ 8
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but a π1 resonance potentially  
has a very large set of decay modes …

several successful calculations 
with mπ~391 MeV

ω is stable at mπ~391 MeV
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mu=md=ms SU(3)F point 9
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mu=md=ms SU(3)F point 10
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lattice QCD spectrum computed in 6 volumes 11
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LQCD spectrum computed in 6 volumes 12
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an ‘eight’ channel scattering amplitude 13
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describe scattering by a unitarity-preserving K-matrix featuring a pole 
(11 free parameters)

a good description of the spectrum …
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an ‘eight’ channel scattering amplitude 14
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‘eight’ channel scattering amplitudes - varying parameterization 15
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octet 1−+ resonance pole & couplings 16
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at the SU(3)F point:  
mR=2144(12) MeV, ΓR=21(21) MeV

resonance below h18η8 threshold, but with a large coupling

(a narrow resonance)
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crude extrapolation to physical point 17

core assumption: couplings scale only with the relevant barrier factor kℓ

use PDG masses & COMPASS/JPAC π1 mass

generates for a π1 at 1564 MeV:

ΓTOT ~ 140-600 MeV 

Γ(πη) ≲ 1 MeV 

Γ(πη′) ≲ 20 MeV 

Γ(πρ) ≲ 12 MeV 

Γ(πb1) ~ 140-530 MeV

JPAC/COMPASS candidate:

ΓTOT ~ 492(115) MeV

Kopf et al analysis:

ΓTOT ~ 388(10) MeV

Γ(πη′) / Γ(πη) ~ 6.5(1)

if correct, suggests prior observations in πη, πη′, πρ  
are in heavily suppressed decay channels  

πb1 →ππω→πππππ

?
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summary 18

first ever calculation of an exotic hybrid meson as a resonance in QCD

simplified scattering system using exact SU(3)F and mπ~700 MeV

flavor octet 1−+ state appears as a narrow resonance

crude extrapolation to physical kinematics  
suggests a potentially broad resonance

what about other exotic JPC ?

can we build a phenomenology of hybrid decays starting from QCD ?

challenge of reducing quark mass really the challenge of including three-meson decays

progress in this direction, see Max Hansen’s talk …
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19
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extrapolation 20
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example ‘success’ — f2,f2′ calculated at mπ~400 MeV
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illustrative K-matrix form 21
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resonances in a finite volume ? 22
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but in a periodic volume …
E

discrete 
spectrum
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applying the boundary conditions

solved by discrete
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non-resonant elastic scattering — π+π+ (isospin=2) 23

 0.15

0.20

0.25

0.30

0.35

0.40

 16  20  24  16  20  24  16  20  24  16  20  24
-30

-25

-20

-15

-10

-5

 0
 0.1  0.2  0.3  0.4

<latexit sha1_base64="20Di0RdLqTf06aYn7K1pz0ltdHg=">AAACEHicbVDLSsNAFJ34rPUVdeHCzWARXJSalIIuCy50WcE+oEnLZDpth85MwsxEKCE/4S+41b07cesfuPVLnLRZ2NYDFw7n3Mu99wQRo0o7zre1tr6xubVd2Cnu7u0fHNpHxy0VxhKTJg5ZKDsBUoRRQZqaakY6kSSIB4y0g8lt5refiFQ0FI96GhGfo5GgQ4qRNlLfPp30qtArX3lljyM9ljy5I620V+3bJafizABXiZuTEsjR6Ns/3iDEMSdCY4aU6rpOpP0ESU0xI2nRixWJEJ6gEekaKhAnyk9mD6TwwigDOAylKaHhTP07kSCu1JQHpjO7Ui17mfif14318MZPqIhiTQSeLxrGDOoQZmnAAZUEazY1BGFJza0Qj5FEWJvMigtrAp6aUNzlCFZJq1pxnYr7UCvVa3k8BXAGzsElcME1qIN70ABNgEEKXsAreLOerXfrw/qct65Z+cwJWID19QuRAZvy</latexit>

repulsive scattering, no resonances
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an elastic resonance — the ρ in ππ (isospin=1) 24
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ππ isospin=0 25
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heavier quark mass — a bound-state

lighter quark mass — attraction, maybe a broad resonance ?

c.f. the experimental σ resonance …
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excited states as unstable resonances 26

in the case of coupled-channel scattering it’s more challenging …

e.g. some energy region where ππ, KK accessible
_
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lattice QCD  
gives you thisyou want to  

know this

an approach:  
parameterize the energy dependence  
of the scattering matrix

an important observation  
— not like experiment  
— can’t study ‘channel-by-channel’ 
— all channels contribute, have to solve the ‘whole problem’
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physical pion masses = low-lying multipion channels 27
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coupling resonances to currents 28
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<latexit sha1_base64="s3HOf57taoueriEEm/e9Q0sP5Dc=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZKeiyIIrLCvYB7TBk0kwbmskMSUYpYz/FjQtF3Pol7vwb03YW2npIuIdz7iU3J0g4U9pxvq3C2vrG5lZxu7Szu7d/YJcP2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxlczv/NApWKxuNeThHoRHgoWMoK1kXy7fOP3E1a99jNTzJme+XbFqTlzoFXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LptNRPFU0wGeMh7RkqcESVl81Xn6JTowxQGEtzhUZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh5dexkSSairI4qEw5UjHaJYDGjBJieYTQzCRzOyKyAhLTLRJq2RCcJe/vEra5zXXqbl39UqjnsdRhGM4gSq4cAENuIUmtIDAIzzDK7xZT9aL9W59LFoLVj5zBH9gff4AhqyTeA==</latexit>

Feng et al | u,d,s | mπ~290 MeV

PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )

γ *  →  ππ

2.5 3.0 3.5 4.0

Eππ / GeV

Eππ / mπ

Bulava et al | u,d,s | mπ~280 MeV

con f .  p r o c .  LAT  ‘ 1 5

γ *π  →  ππ

Briceno et al | u,d,s | mπ~391 MeV

PRL 1 1 5  2 4 2 0 0 1  ( 2 0 1 5 )
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what do you calculate 29

calculate correlation functions

e.g.
<latexit sha1_base64="Tj2ARiDeEhEAkoj4pLCZ9HGcS10=">AAACMnicbVDLSsNAFJ34rPUVdelmsAjtpiQi2GXBja6sYB/QhDCZTtqxk0mYmQgl9pvc+CWCC10o4taPcJJmYVsvDJw59xzuvcePGZXKst6MldW19Y3N0lZ5e2d3b988OOzIKBGYtHHEItHzkSSMctJWVDHSiwVBoc9I1x9fZv3uAxGSRvxOTWLihmjIaUAxUpryzGvHp0OHIT5kBFow+z1CJ0RqhBFLb6YeraraHHFftWqFbqZ3RO72zIpVt/KCy8AuQAUU1fLMF2cQ4SQkXGGGpOzbVqzcFAlFMSPTspNIEiM8RkPS15CjkEg3zU+ewlPNDGAQCf24gjn715GiUMpJ6Gtltrtc7GXkf71+ooKGm1IeJ4pwPBsUJAyqCGb5wQEVBCs20QBhQfWuEI+QQFjplMs6BHvx5GXQOavbGt+eV5qNIo4SOAYnoApscAGa4Aq0QBtg8ARewQf4NJ6Nd+PL+J5JV4zCcwTmyvj5BQ3hqWA=</latexit>

where the operators are constructed from quark and gluon fields 
and have the quantum numbers of the hadronic system you want to study

<latexit sha1_base64="oFpAAyhLnaZwlZXljvVpuVTFgEE="></latexit>

a superposition of the (finite-volume) eigenstates of QCD

— use a large basis of operators* 
— form a matrix of correlation functions 
— diagonalize this matrix

powerful approach: [ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

* could give a whole interesting talk on the 
construction of these operators 

e.g.
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operator basis — I=0 ππ, KK, ηη 30

operator basis:     ‘single-meson’                +     ‘meson-meson’

( & if you like, 
    tetraquark & … )

maximum momentum  
guided by non-interacting 
energies

solutions of the det equation 
when t = 0

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

at mπ = 0.069 
at mK = 0.097 
at mη = 0.104

_
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operator basis 31

operator basis:     ‘single-meson’                +     ‘meson-meson’

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

at mπ = 0.069 
at mK = 0.097 
at mη = 0.104

<latexit sha1_base64="WGL3O4jUPbGrgUAf+MT9wI4m1To="></latexit>

sampling the whole 
lattice volume

prefer to use  
optimized single-meson operators …
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‘dropping’ ops in ρ→ππ 32

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

exclude the 
KK operator

_ exclude all 
meson-meson

exclude 
all ψΓψ

_

PRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )
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what’s happening here ? 33

focus on the lowest two states
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an avoided level crossing
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coupled-channel Riemann sheet structure 34

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels

sheet II sheet III

sheet I

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

Re[s]

Im[s]

sheet IV
sheet I

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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f2 resonances — decay couplings & OZI 35
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<latexit sha1_base64="5mQHOdWLIa48C7zpKzkJwCJMkKM="></latexit>

couplings from pole residue

zero in ‘OZI’ limit  
— requires ss annihilation

_

OZI ‘allowed’

OZI ‘forbidden’

<latexit sha1_base64="mlEGWIN2GLJY+F40ALboX4NOaVM=">AAACEHicbZDLSsNAFIYnXmu9RV26GSyiIJSkCHZZcOOygr1AE8tkMmmHziRhLkIJeQQ3voobF4q4denOt3GaZqGtPwx8/Occ5pw/SBmVynG+rZXVtfWNzcpWdXtnd2/fPjjsykQLTDo4YYnoB0gSRmPSUVQx0k8FQTxgpBdMrmf13gMRkibxnZqmxOdoFNOIYqSMNbTPomHj3uNIjWWUoRx6knKovQCJTOfwAoYFhvnQrjl1pxBcBreEGijVHtpfXphgzUmsMENSDlwnVX6GhKKYkbzqaUlShCdoRAYGY8SJ9LPioByeGieEUSLMixUs3N8TGeJSTnlgOovVF2sz87/aQKuo6Wc0TrUiMZ5/FGkGVQJn6cCQCoIVmxpAWFCzK8RjJBBWJsOqCcFdPHkZuo26a/j2stZqlnFUwDE4AefABVegBW5AG3QABo/gGbyCN+vJerHerY9564pVzhyBP7I+fwBqg5zI</latexit> <latexit sha1_base64="9O2GcDhe+s3lAyIEAXgNHrlyhAQ=">AAACBXicbVDLSsNAFJ34rPUVdamLwVJwVZIi2GXBjcsK9gFNDJPppB06MwkzE6GEbNz4K25cKOLWf3Dn3zhNs9DWAwOHc+Zyzz1hwqjSjvNtra1vbG5tV3aqu3v7B4f20XFPxanEpItjFstBiBRhVJCuppqRQSIJ4iEj/XB6Pff7D0QqGos7PUuIz9FY0IhipI0U2GdR0Lz3ONITFWVhDj1FOVReiGSm8sCuOQ2nAFwlbklqoEQnsL+8UYxTToTGDCk1dJ1E+xmSmmJG8qqXKpIgPEVjMjRUIE6UnxVX5LBulBGMYmme0LBQf09kiCs14yZkvci77M3F/7xhqqOWn1GRpJoIvFgUpQzqGM4rgSMqCdZsZgjCkpqsEE+QRFib4qqmBHf55FXSazZcw28va+1WWUcFnIJzcAFccAXa4AZ0QBdg8AiewSt4s56sF+vd+lh8XbPKmRPwB9bnD5wRmJs=</latexit>

PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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Luescher finite-volume functions 36

“spinless” Luescher functionsto respect the lattice symmetries,  
need to subduce into irreducible representations

<latexit sha1_base64="NZ6KHzHkMba+Pw0eUxQX5ozeV0c="></latexit>
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zeroes of the determinant 37

e.g. a two-channel Flatté form — [000] A1+ irrep in L=2.4 fm box

Re[det]

Im[det]
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