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Lattice QCD = QCD in a box

[J The finite volume...

O Discretizes the spectrum
O Eliminates the branch cuts and multiple sheets
O Hides the resonance poles

Finite-volume analytic structure Infinite-volume analytic structure
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The volume as a tool

Our task is relate F,, (L) and (Ey,/|J(0)|E,,) to experimental observables

Hadron resonances from lattice QCD David Wilson @&

17:00-17:30

exotic pottomonium spectrum 1rom iatti

Integral equations for relativistic three-hadron scattering
Andrew Jackura

Three-body interactions from the finite-volume QCD
spectrum
_Ruairi Brett

Long-range processes in QCD Raul Briceno

19:50 - 20:10




3-particle amplitudes

2-to-2 only samples J¥ 0t 1= 2% ...

=

Jefferdon Lab = B=rci= {68 BESTT

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

A?C 6\‘

many interesting resonances have significant 3-body decays
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Applications...
exotic resonance pole positions, couplings, quantum numbers

w(782), a1(1420) — mrw X (3872) — J/ymm N(1440) — N7, Nrnm

form factors and transitions

and much more!... (3-body forces, weak transitions, gluons content)
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Complication: degrees of freedom

6\/6 |2 momentum

components

| p1+p2 — P34+ pg ——> Mandelstam S, 1
L) L -10 Poincare generators

2 degrees of freedom

/6 18 momentun?c ., ® 5 momentwum
components components
D) ) -10 Poincaré generators ®, _|0 Poincaré generators

8 degrees of freedom 5 degrees of freedom




Complication: on-shell states

[ Classical pairwise scattering

= = i i i Three-Particle Scattering Amplitudes. I*
formi=m;=ms up to 3 Dispersion Relations for Three-Particle Scattering Amp

S —— T
binary collisions are possible (ma-+ms) (mat+ms)
b=
./ TE—— ———t——
/‘\ It follows that if
b2 b—1)>1, (1V.18)
then 2%+-1 successive binary collisions are kinematically
— impossible.

/‘\

[ Correspond to Landau singularities

’ — fully connected —
tM33 correlator

difficult to disentangle kinematic
singularities from resonance poles

complicate analyticity & unitarity

mp =mz2=ms3 - &
4 collisions possible

T K

b<?2
5 collisions possible

TK K




Two key observations

[J Intermediate Ky ; removes singularities

__ fully connected diagrams 3 E .
K dt,3 =/ py pole prescription \,_/\/\‘: " "

same degrees of freedom as M3 smooth real function relation to M3 = known

1 K3 has a systematic low-energy expansion

2
] 1s0,0 1so,1 S — (Sm)
de,3(p37p27p17 k37 k27 kl) — de,S T de,S A T A= (3m)2
analogous to effective range expansion gives handle on many degrees of freedom

pcotd = —% + % rp® + O(ph) (DOFs enter order by order)

=
*
i
-
i



Status...

0

General relation between energies and two-and-three scalar scattering

No 2-to-3, no sub-channel resonance

Ey(L)

.:@i L
finite volume L L unitarity

B g > s < >
Eo(L) ’h}‘

o o

« MTH, Sharpe (2014, 2015) -

S0

S

2-to-3, no sub-channel resonance

e Bricefio, MTH, Sharpe (2017) -

Including sub-channel resonances + different isospins + non-degenerate

TAT — PT — W — PT — TAT
* Bricefio, MTH, Sharpe (2018) ¢ MTH, Romero-Lopez, Sharpe (2020) ¢ Blanton, Sharpe (2020)




Status...

[J General relation between energies and two-and-three scalar scattering

No 2-to-3, no sub-channel resonance

ho . 4
Es(L) finite volume L L unitarity
(L) < > ) ) < >
Ey(L) ‘%}‘
« MTH, Sharpe (2014, 2015) -
® ®
L 2N > ® y >® 0. >® N > ®
o 0~
?Eg o re o e o e o e
P ) o, @ o e ¢
~ w .4 0. > 4 . ¥
Eo(L) >0 Oo- > @ >0 © > ®

e Bricefio, MTH, Sharpe (2017) -

TAT — PT — W — PT — TAT
* Bricefio, MTH, Sharpe (2018) ¢ MTH, Romero-Lopez, Sharpe (2020) ¢ Blanton, Sharpe (2020)




Many toy results

Spectrum with no 3-particle interaction Finite-volume effects on a 3-particle bound state
R e AT R e ———
5.0 a=—10 — 3.00] ==mmmmmmmmm e
- L5 509 = infinite-volume energy
4.0 =

finite-volume energy

= large-L prediction

Z(L)
J /

1

Ep(L

8 20 25 30 35 A0
mL mL

Model of a 3-particle resonance

- — c = ().0
360 — (), (1
\ ——— () O
3.99 1 — ] 4
\ . — 3 ()
3-50 7 : = = j . .
- N
3.40 - - - - -
4.5 5.0 5.9 0.0 0.5 7.0
mL

e Briceno, MTH, Sharpe (2018) -




Related work

[J Finite-volume unitarity method J All methods

Doring, Mai (2016,2017 , ,
. ( : Rely on intermediate, scheme-

Gives connection to unitarity relations dependent quantity

Hold up to ¢ ™" and for EJ < 5m,

[J Non-relativistic EFT method
Hammer, Pang, Rusetsky (2017)

Equivalent where comparable
Simplified derivation + integral equations k P

Do not yet include non-identical and non-generate,
angular momentum mixing, 2-to-3

Review: Lattice QCD and Three-

particle Decays of Resonances
MTH and Sharpe, 1901.00483




Not covered here

[J Activity extracting and fitting three-hadron energies

« Horz, Hanlon -
« Blanton, Romero-Lopez, Sharpe
e Alexandru, Brett, Culver, Doring, Guo, Lee, Ma1
» Fischer, Kostrzewa, Liu, Romero-Lopez, Ueding, Urbach

] Activity connecting and extending formalisms

Relating infinite-volume equations « Jackura et al. (2019) -
Alternative derivations  Blanton, Sharpe (2020) -

Equivalence of formalisms (where comparable)  Blanton, Sharpe (2020) -

Three-hadron decays  Miiller, Rusetsky (2021) ¢ MTH, Romero-Lopez, Sharpe (2021)
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Energy-Dependent #*7*z* Scattering Amplitude from QCD

Maxwell T. Hansen®,1’2’* Raul A. Briceﬁo,3’4’T Robert G. Edwards(E>,3’i
Christopher E. Thomas®,”* and David J. Wilson®”!

(for the Hadron Spectrum Collaboration)

EDITORS' SUGGESTION

Energy-Dependent z#* ™ z ™ Scattering

Amplitude from QCD

A three-hadron scattering amplitude is computed using lattice QCD
for the first time.

Maxwell T. Hansen et al.
Phys. Rev. Lett. 126, 012001 (2021)
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| | |
mtrtat > atetat
lattice details ® ® ® ®
o o ® o
— a./ar = 3.444(6 -
Np=2+1 ad/a O Ljai=2020 @l T
m,. ~ 400MeV as ~ 0.12fm g
O Workflow outline
| Np— )
I
4 Es(L) finite volume Q/‘Q unitarity
Ei(L) & > < >
Eo(L)
Determine

finite-volume
energy spectrum

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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Two types of spectroscopy

20T
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Explore the spectrum of compact
QCD excited states
(via quark-model inspired operators)
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Edwards, Dudek, Richards, Wallace (2011)

B

Extract the honest finite-volume
energy spectrum

0.08 0.10 0.12 0.14 ‘0.16 atFem

Wilson, Bricenio, Dudek, Edwards, Thomas (2015)




Two types of lattice spectroscopy

Explore the spectrum of compact
QCD excited states
(via quark-model inspired operators)

Extract the honest finite-volume
energy spectrum

local operator spectrum =

i * Ry, N ' i
207 o ]y ™ot suitable for phase shift
| | S extraction
|
|
|
| p— . 180
I ()
: =3 150}
|
| 120
|
| o
| = > 90t
I Lo
: 60!
|
[ |
0.8 i : 0f
= I = 1 ! i ! !
| |
06F 1+ s+ s+ 7+1 1— 3- 5— 71— 0.08 0.10 0.12 0.14 0.16 a;Ecm
[ 2 2 2 2 1 2 2 2 2
Edwards, Dudek, Richards, Wallace (2011) Wilson, Bricenio, Dudek, Edwards, Thomas (2015)
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Extracting the finite-volume spectrum

[ Derivatives + gamma matrices + smearing — basis of single-hadron operators
qlq, ql'Dq, ql'D---Dq
[ Variational method — optimized single hadron

W:clﬁFq+CQGFDq+--°

[ Group theory + individual momentum projection — two- and three-pion operators
(mrm) (P, A) = Z CG7(p1)7(p2)7(Ps3)

[ Second variational method — multi-pion finite-volume energies

[ Validate extraction... U) 5
* Quality of energy plateaus 3 Ao s ’ G\g\\
 Stability under change of operators | %V\ 0&“
. e . oW AN
* Consistent with finite-volume formalism @< é:“%&u

Peardon ef al. (2009)
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[=3(rtntxt), P=1[000], A=A], L/as = 24
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- n=0 n=1 n =2 - n=3
. @B, =0.2137£0.00141 131 a B, = 0.2858 4 0.00091 13| a, E, = 0.3377 4 0.0009 1 '3 - ayE,, = 0.3483 £ 0.0011
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n=4 n=2>5 n==~06 n="17
a:E, = 0.3758 £ 0.0008 | "°[ aFE, =0.377240.0011 7 "*| a:F,, = 0.3891 +0.0008 1 * a:F,, = 0.3983 + 0.0008 |
x?/dof = 16/16 { 12t x?/dof = 7.3/11 4 12t x?/dof = 11/15 {12 x?/dof = 14/15 -

)t/at

5 10 15 20 0 10 15 20 5 10 15 20 5 10 15 20
. , 14 -
} n—==8 n=9
. @B, =0.4091 £0.0014 ] [ a B, = 0.4244 £ 0.0009 | ePalt=t) ) (1 40)
L x%/dof =16/14 1 12f x*/dof =12/14 1 0 |

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001



T T energies
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MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




nt T energies

1l i
b Jo11] [111]
i =
5 K \0“
= S
KN

e

20 24 20 24 20 24 20 24
L/ag

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




7TI7T{7TI%7T+7T+7T—|—
lattice details O o ® o
- — 3 444(6) - : : : :
Np=2+1  asfar=3 Ly/as = 20,24 e o o o
| |

m,. ~ 400MeV a, ~ 0.12fm

0 Workflow outline

S

4 Es(L) finite volume unitarity
T < > ™) < >
L] L
Determine
finite-volume Fit to constrain
energy spectrum two- and three-

body K matrices

v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




K matrix fits

0 20° [000] e 24% [000]
0.5 = 20° [001]  » 24° [001]
o 20% [011] w243 [011]
v 20° [111] v 243 [111]
A 20° [002] A 24% [002]

\ A
\ \\q x. % x n

2.0 2.5 3.0 3.5
E3/m;

LO
3,10
o1
-
G
i IR
|

3.0 3.5 4.0 4.5

Finite-volume formalism
relates energies to K matrices

One-to-one for K5
depending only on E__ = E*

Fit both two and three-body
K to various polynomials

Cut on the CM
energy in the fits

K¢ 5 is scheme

dependent (removed
upon converting to )




| | |
Tt rt > ptatat
lattice details ® ® o o
Jay = 3.444(6) . e e .
Neg=2+1 As/Qr = O. - e o o e
f Ls/as — 207 24 —t o ® o o
m, ~ 400MeV  as ~ 0.12fm | Qg
[ Workflow outline
0 @
R J/h:: o/
Es(L) finite volume L 9, unitarity
Ei(L) < > !}\ ng < >
Eo(L) ®— —> @,
7/ N
) )
Determine :
: , , Solve integral
finite-volume Fit to constrain :
equations to
energy spectrum two- and three-

extract 3 — 3

body K matrices :
scattering

v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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Integral equation

M3"(E3,p, k) = D" (L3, p, k) +E (LS, p)T (E3)E™ (L], k)
A

| k | Vanishes for K~ = 0
@ @-@ df,3 —
5 —|_ x —I_ o
. (M) (M)

D(N,e) =—M -G(e) M —-M-G(e) - P-D(N,e)

D" (E3,p,k) =lim lim D, (N,e)

e—0 N—o0

[J See also...

Solving relativistic three-body integral equations in the presence of bound states

Andrew W. Jackura,"?* Ratl A. Bricefio,""?/|! Sebastian M. .
Dawid,®% ¥ Md Habib E Islam,? and Connor McCarty® ¥ 4" Xiv: 2010.09820
s

=
-



Integral equation

. Re [pk/\/ly\

O —
— 500+
1.8 1.9 2.0 2.1 9.9 2.3
Egk/mﬂ
10001 Tm [pk M 5"]
500-
0 \ K —
1.8 1.9 2.0 2.1 2.9 2.3
Egk/mﬂ

Total angular momentum =0

Two-particle sub-system
angular momentum = 0

Plot at fixed £ and p

Both two- and three-body
uncertainties estimated

Still need to symmetrize

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




40 45 50 55 60 65 7.0

m%z/ mi

7.5

7 x 108

5 x 108

3 x 108

1 x 108

7.5

7.01

6.51

6.01

0.57

.07

4.51

4.0

40 45 50 55 60 65 7.0

m%2/ m721'

7.5

5 x 108

4 % 108

3 x 108

2 % 108

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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3.444(6 . e e .
Ny=2+1  as/a; =3.444(6) Ls/as = 20,24 e e e .
m,. ~ 400MeV as ~ 0.12tm a1

O Workflow outline

.:@i L :@i L
A E5(L) finite volume L) () unitarity [ )

21 < > ™ < > ~ ™)
. e

L L L L
Determine :
: : . Solve integral
finite-volume Fit to constrain :
equations to
energy spectrum two- and three-

extract 3 — 3
scattering

v v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

body K matrices

v
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160

Outlook for resonances

-y
N
o

[J Exotics are challenging for many reasons 1o

80
60

Candidates per 1 MeV

incredible hierarchy of scales

40

MX — MDODO* = 0.01 £0.18 MeV 22 :
I'(X) < 1.2MeV

A WP T Y TP |
740 760 780 800 820
AM =Mt dly) - M(J/y) [MeV]

. LHCb (PRD92, 2015) -
many open channels X — w]/¢7 7777(]/770, l)*ol_)o7 e

] Baryonic resonances are challenging as well

need spin in multi-particle formalism

signal-to noise degradation

] My speculative outlook

should be possible to derive N-particle volume formalism

then relate K-matrices to spectra to identify LQCD strategy

hierarchy of scales = not always a problem /CQ X a — OO
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Conclusions

[ LQCD is in the era of ‘rigorous resonance spectroscopy’

[ The finite-volume = a useful tool

[ Challenges and progress

formal analysis was technical — ground work is now set

scattering demands high precision excited states — advanced algorithms make this possible

3-body amplitude is highly singular — intermediate K matrix is not

] Next steps...

complete 3-particle formalism — extend to N-particle formalism
extend studies involving an external current

push more channels into the precision regime

The Roper! & (frontier requiring 2-to-3, non-degenerate, spin)




Big Picture
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A thriving field, with much more to come...
Thanks for listening!
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