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 Compton scattering, 

 Inclusive neutrino-nucleus scattering,

 Neutrinoless double beta decay 

…

All can be defined as:      𝒯 ∼ ∫ d4x eix⋅q ⟨nf | T [𝒥2,M(t) 𝒥1(0) ] |ni⟩∞

long-range
amplitudes

q

Pi Pf

Pf + q − Pi

Inclusive scattering



If exclusive and interesting

 After developing increasingly complex formalism…

 Lattice QCD will always win [see talks by David Wilson, Max Hansen…]

Exclusive vs. inclusive reactions
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If exclusive and interesting

 After developing increasingly complex formalism…

 Lattice QCD will always win

Inclusive reactions, QC methods may be needed and worth investigating. 

Exclusive vs. inclusive reactions

Infinite-volume reactions 

complex functions

 kinematic singularities

Finite-volume quantities 

real functions

 power-law finite-volume errors

For “large” volumes, shouldn’t 
these be simply related?

🤔…🤷



never free
no asymptotic states
no scattering

lattice spacing
finite volume:  
quark masses: 

L
mq → mphys

q

Real-time QFT calculations



see talk by Raúl Briceño 
on Friday 🤓

Long-range processes in a finite volume

Alessandro Baroni
LANL Postdoc

Max Hansen
Edinburgh

Zohreh Davoudi
Maryland

Matthias Schindler
South Carolina

Alex Sturzu
New College 

Juan Guerrero 
JLab

Max Hansen
Edinburgh

 BBDHS formalism for finite-volume long range matrix elements: 

implication for 3+1 
Euclidean lattice QCD 

implication for 1+1 
real-time correlators

TL = T �H(s,Q2)
1

F�1(P,L) +M(s)
H

0(s,Q2
if )
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“take an  step away from the poles”ϵ

 For large enough 
 and small enough  

L
ϵ

Three silver bullets 

this is what would be accessed via a 
quantum computer or a real-time 
calculation



Three silver bullets 

 Introduce an  by hand

Exploit symmetry:

 The physical amplitudes depend on a finite number of Lorentz scalars.

 Boost average

 Binning/wave packets 

iϵ

𝒯L(ϵ) ∼ ∫
∞

−∞
dτ eiq0 t−ϵ|t| ⟨nf | T[𝒥2(t) 𝒥1(0)] |ni⟩L

TL = T �H(s,Q2)
1

F�1(P,L) +M(s)
H

0(s,Q2
if )
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Toy model investigation

time

In principle

                               

 Do we really need to take the  limit?

 How quickly do we recover the asymptotic behavior?

 Does this depend on the dynamics of the system?

ℳ = lim
ϵ→0

lim
L→∞

ℳL(ϵ) 𝒯 = lim
ϵ→0

lim
L→∞

𝒯L(ϵ)

L → ∞

no quantum simulations were performed



In a finite-volume, the spectrum and all observables depend on the total 
momentum , where  is discrete. P = 2πd /L d
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Purely “hadronic” amplitude



In a finite-volume, the spectrum and all observables depend on the total 
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 - dependence(ϵ, L)

percentage systematic error

Purely “hadronic” amplitude
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Compton-like amplitudes
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Toy model results
By averaging over  boost with , 

and binning in energy and virtualities…

mL = [20,25,30] d ≤ mL
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By averaging and binning…

Model 1, Q2 = 2 m2 Model 1, Q2 = 5 m2 Model 1, Q2 = 10 m2

Model 2, Q2 = 2 m2 Model 2, Q2 = 5 m2 Model 2, Q2 = 10 m2
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Toy model results



Summary and Outlook
 Inclusive scattering observables are in principle accessible 

 No sophisticated formalism is needed

 existing formalism serves as diagnostic tool

 Optimal choices of smearing/binning/boosting?

 Inelastic processes? 

 Does life get harder or easier in D?

 Test on toy theory [quantum simulation vs. lattice]
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Spectra
Infinite-volume Hamiltonian  

Asymptotic states satisfy: 

 

No gap between states [continuum of states]

Ĥ∞ = ∫∞
d3xℋ

Ĥ∞,0 |p1, p2, ⋯pn⟩0 = |p1, p2, ⋯pn⟩0

n

∑
i=0

p2
i + m2

Im[s]

Re[s]

This is what the interaction picture 
buys us. At asymptotically large 
separations in space/time, we have 
nearly free states — which are the 
only ones we can generally define. 🤓



Spectra
Infinite-volume Hamiltonian  

Asymptotic states satisfy: 

 

No gap between states [continuum of states]

Ĥ∞ = ∫∞
d3xℋ

Ĥ∞,0 |p1, p2, ⋯pn⟩0 = |p1, p2, ⋯pn⟩0

n

∑
i=0

p2
i + m2

Im[s]

Re[s]

Finite-volume Hamiltonian  

No asymptotic states: 

 

  Intrinsic gap between states:

ĤL = ∫V=L3

d3xℋ

ĤL |n⟩L = |n⟩LEn

En+1(L) − En(L) ∼
1
L#

Im[s]

Re[s]



Toy model
Scattering amplitude parametrization 

no quantum simulations were performed

M =
1

K�1 � i⇢
, K(s) = m2q2

g2

m2
R � s
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Toy model
Scattering amplitude parametrization 

All-order perturbation theory implies that the Compton-like amplitudes satisfy 

A perfectly reasonable parametrization: 

no quantum simulations were performed

M =
1

K�1 � i⇢
, K(s) = m2q2

g2

m2
R � s
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real and “smooth” for 
space-like virtualities 

w2(s,Q
2, Q2

if ) = 0, A12(s,Q
2) = A0

21(s,Q
2) =

1

1 +Q2/M2
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Boost averaging 

TL = T �H(s,Q2)
1

F�1(P,L) +M(s)
H

0(s,Q2
if )
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The volume effects are encoded in , which is not a Lorentz scalar. 

Asymptotic behavior   

Averaging over different boosts, volume effects are expected to reduce. 

F(P, L)

F ∼ e−Lϵα0 (−1)d

0.00

0.05

0.10

0.15

0.20

|F
/Ω

|

0.00

0.01

|F
/Ω

|

10 15 20 25 30 35 40 45 m L
°1

0

1

co
s[

¡
]

d = 0
d = 6

E⋆ = 2.2 m, ϵL = 1

eF
<latexit sha1_base64="VZMqZpiz9TEWZgo7EhzWg5pRyi0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiwK4rGC/YA2lM1m2i7dbOLuplJCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/WbI1Sax/LBjBP0I9qXvMcZNVbyO088RMNFiNntpFsquxV3BrJMvJyUIUetW/rqhDFLI5SGCap123MT42dUGc4EToqdVGNC2ZD2sW2ppBFqP5sdPSGnVglJL1a2pCEz9fdERiOtx1FgOyNqBnrRm4r/ee3U9K78jMskNSjZfFEvFcTEZJoACblCZsTYEsoUt7cSNqCKMmNzKtoQvMWXl0njvOK5Fe/+oly9zuMowDGcwBl4cAlVuIMa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gfP4AIOOSUQ==</latexit><latexit sha1_base64="VZMqZpiz9TEWZgo7EhzWg5pRyi0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiwK4rGC/YA2lM1m2i7dbOLuplJCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/WbI1Sax/LBjBP0I9qXvMcZNVbyO088RMNFiNntpFsquxV3BrJMvJyUIUetW/rqhDFLI5SGCap123MT42dUGc4EToqdVGNC2ZD2sW2ppBFqP5sdPSGnVglJL1a2pCEz9fdERiOtx1FgOyNqBnrRm4r/ee3U9K78jMskNSjZfFEvFcTEZJoACblCZsTYEsoUt7cSNqCKMmNzKtoQvMWXl0njvOK5Fe/+oly9zuMowDGcwBl4cAlVuIMa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gfP4AIOOSUQ==</latexit><latexit sha1_base64="VZMqZpiz9TEWZgo7EhzWg5pRyi0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiwK4rGC/YA2lM1m2i7dbOLuplJCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/WbI1Sax/LBjBP0I9qXvMcZNVbyO088RMNFiNntpFsquxV3BrJMvJyUIUetW/rqhDFLI5SGCap123MT42dUGc4EToqdVGNC2ZD2sW2ppBFqP5sdPSGnVglJL1a2pCEz9fdERiOtx1FgOyNqBnrRm4r/ee3U9K78jMskNSjZfFEvFcTEZJoACblCZsTYEsoUt7cSNqCKMmNzKtoQvMWXl0njvOK5Fe/+oly9zuMowDGcwBl4cAlVuIMa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gfP4AIOOSUQ==</latexit><latexit sha1_base64="VZMqZpiz9TEWZgo7EhzWg5pRyi0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiwK4rGC/YA2lM1m2i7dbOLuplJCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/WbI1Sax/LBjBP0I9qXvMcZNVbyO088RMNFiNntpFsquxV3BrJMvJyUIUetW/rqhDFLI5SGCap123MT42dUGc4EToqdVGNC2ZD2sW2ppBFqP5sdPSGnVglJL1a2pCEz9fdERiOtx1FgOyNqBnrRm4r/ee3U9K78jMskNSjZfFEvFcTEZJoACblCZsTYEsoUt7cSNqCKMmNzKtoQvMWXl0njvOK5Fe/+oly9zuMowDGcwBl4cAlVuIMa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gfP4AIOOSUQ==</latexit>

Nd
eF

<latexit sha1_base64="Acj8Dk2hfHlJf9eiUP0H+Qj9U5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUQEPRYF8SQV7Ae0IWw203bpZhN2N5US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMadf9tlZW19Y3Nktb5e2d3b19++CwqZJMUmzQhCeyHRKFnAlsaKY5tlOJJA45tsLhzdRvjVAqlohHPU7Rj0lfsB6jRBspsO37IOo+sQg14xHmt5PArrhVdwZnmXgFqUCBemB/daOEZjEKTTlRquO5qfZzIjWjHCflbqYwJXRI+tgxVJAYlZ/PLp84p0aJnF4iTQntzNTfEzmJlRrHoemMiR6oRW8q/ud1Mt278nMm0kyjoPNFvYw7OnGmMTgRk0g1HxtCqGTmVocOiCRUm7DKJgRv8eVl0jyvem7Ve7io1K6LOEpwDCdwBh5cQg3uoA4NoDCCZ3iFNyu3Xqx362PeumIVM0fwB9bnD7Rrk7E=</latexit><latexit sha1_base64="Acj8Dk2hfHlJf9eiUP0H+Qj9U5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUQEPRYF8SQV7Ae0IWw203bpZhN2N5US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMadf9tlZW19Y3Nktb5e2d3b19++CwqZJMUmzQhCeyHRKFnAlsaKY5tlOJJA45tsLhzdRvjVAqlohHPU7Rj0lfsB6jRBspsO37IOo+sQg14xHmt5PArrhVdwZnmXgFqUCBemB/daOEZjEKTTlRquO5qfZzIjWjHCflbqYwJXRI+tgxVJAYlZ/PLp84p0aJnF4iTQntzNTfEzmJlRrHoemMiR6oRW8q/ud1Mt278nMm0kyjoPNFvYw7OnGmMTgRk0g1HxtCqGTmVocOiCRUm7DKJgRv8eVl0jyvem7Ve7io1K6LOEpwDCdwBh5cQg3uoA4NoDCCZ3iFNyu3Xqx362PeumIVM0fwB9bnD7Rrk7E=</latexit><latexit sha1_base64="Acj8Dk2hfHlJf9eiUP0H+Qj9U5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUQEPRYF8SQV7Ae0IWw203bpZhN2N5US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMadf9tlZW19Y3Nktb5e2d3b19++CwqZJMUmzQhCeyHRKFnAlsaKY5tlOJJA45tsLhzdRvjVAqlohHPU7Rj0lfsB6jRBspsO37IOo+sQg14xHmt5PArrhVdwZnmXgFqUCBemB/daOEZjEKTTlRquO5qfZzIjWjHCflbqYwJXRI+tgxVJAYlZ/PLp84p0aJnF4iTQntzNTfEzmJlRrHoemMiR6oRW8q/ud1Mt278nMm0kyjoPNFvYw7OnGmMTgRk0g1HxtCqGTmVocOiCRUm7DKJgRv8eVl0jyvem7Ve7io1K6LOEpwDCdwBh5cQg3uoA4NoDCCZ3iFNyu3Xqx362PeumIVM0fwB9bnD7Rrk7E=</latexit><latexit sha1_base64="Acj8Dk2hfHlJf9eiUP0H+Qj9U5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUQEPRYF8SQV7Ae0IWw203bpZhN2N5US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMadf9tlZW19Y3Nktb5e2d3b19++CwqZJMUmzQhCeyHRKFnAlsaKY5tlOJJA45tsLhzdRvjVAqlohHPU7Rj0lfsB6jRBspsO37IOo+sQg14xHmt5PArrhVdwZnmXgFqUCBemB/daOEZjEKTTlRquO5qfZzIjWjHCflbqYwJXRI+tgxVJAYlZ/PLp84p0aJnF4iTQntzNTfEzmJlRrHoemMiR6oRW8q/ud1Mt278nMm0kyjoPNFvYw7OnGmMTgRk0g1HxtCqGTmVocOiCRUm7DKJgRv8eVl0jyvem7Ve7io1K6LOEpwDCdwBh5cQg3uoA4NoDCCZ3iFNyu3Xqx362PeumIVM0fwB9bnD7Rrk7E=</latexit>

0.00

0.05

0.10

0.15

0.20

|F
/Ω

|

0.00

0.01

|F
/Ω

|

10 15 20 25 30 35 40 45 m L
°1

0

1

co
s[

¡
]


