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The Electron-Ion Collider
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• Precision 3D imaging of protons and nuclei 
• Solving the proton spin puzzle 
• Search for saturation 
• Quark and gluon confinement 
• Quarks and gluons in nuclei

“A machine that will unlock the secrets of the strongest force in Nature”

Image credit, BNL.
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• Large-momentum effective theory

• Hybrid renormalization scheme


• Lattice calculation

• Wilson line mass renormalization

• Fourier transform and perturbative matching

• Final results
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Large-Momentum Effective Theory (LaMET)
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• X. Ji, PRL 110 (2013); SCPMA57 (2014); 
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, 

arXiv: 2004.03543.
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• Large-momentum expansion:


• Matching coefficient:

Large-momentum effective theory (LaMET)

5

f(x, μ) = ∫
∞

−∞

dy
|y |

C ( x
y

,
μ

yPz ) f̃(y, Pz, μ)+𝒪 (
Λ2

QCD

(xPz)2
,

Λ2
QCD

((1 − x)Pz)2 )
• X. Ji, PRL 110 (2013); SCPMA57 (2014); 
• X. Xiong, X. Ji, J.-H. Zhang and YZ, PRD 90 (2014); 
• Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018); 
• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and YZ, PRD98 (2018). 
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, 2004.03543. 
• X. Ji, YZ, et al., Nucl.Phys.B 964 (2021).

ξ =
x
y

where the matching coefficient is

C(1)

(
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µ

yP z

)
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(1.2)

In the limit of ξ → 1, we have

lim
ξ→1

C

(
ξ,

µ

|y|P z

)
=
αsCF

2π

[
2 ln |1− ξ|
|1− ξ| − 2
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(yP z)2
θ(1− ξ) +

3

2|1− ξ|

]
, (1.3)

which are similar to the structures that lead to threshold logs in DIS and DY cross sections.
To better illustrate this, let us look at the coordinate space factorization of the matrix

element in the ratio scheme,

h̃(λ = zP z, z2) =

∫ 1

0
dα C(α, z2µ2) h(αλ, µ) + ... , (1.4)

where
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− ln
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4
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]

−
(
4 ln(1− α)
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)

+

+2(1− α)+

}
θ(α)θ(1− α) . (1.5)

If we perform an OPE, then for each Mellin moment, we have

h̃n(λ, z
2) =

(−iλ)n

n!
CN (µ2z2)an(µ) + · · · , (1.6)

where

Cn(µ
2z2) = 1 +

αs(µ)CF

2π

[( 3+2n

2+3n+n2
+2Hn

)
ln

µ2z2e2γE

4

+
5+2n

2+3n+n2
+ 2(1−Hn)Hn − 2H(2)

n − 5

2

]
, (1.7)

where the Harmonic numbers are Hn =
∑n

i=1 1/i and H(2)
n =

∑n
i=1 1/i

2.
Hn diverges logarithmically as lnN as N → ∞, and H2

n constitutes a double log in
this limit. They originate from the Mellin moments of terms proportional to

(
ln(1− α)

1− α

)

+

,
1

(1− α)+
, (1.8)

which is robust in the matching coefficient. The leading logs are αk
s ln

k+1 n, and the
subleading logs are αk

s ln
k n.
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State-of-the-art: next-to-next-to-
leading order (NNLO) matching for 
the non-singlet quark quasi-PDF.

• L.-B. Chen, R.-L. Zhu and W. Wang, PRL126 (2021); 
• Z.-Y. Li, Y.-Q. Ma and J.-W. Qiu, PRL126 (2021).
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ln
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= ln
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+ ln
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dC(ξ, μ /(xPz))
d ln(xPz)

=
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3
2

δ(1 − ξ)]
X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, arXiv: 2004.03543.

Similar to DGLAP evolution:
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which are similar to the structures that lead to threshold logs in DIS and DY cross sections.
To better illustrate this, let us look at the coordinate space factorization of the matrix

element in the ratio scheme,

h̃(λ = zP z, z2) =

∫ 1

0
dα C(α, z2µ2) h(αλ, µ) + ... , (1.4)

where

C(1)(α, z2µ2) = δ(1− α)
αsCF

2π

[
3

2
ln

z2µ2e2γE

4
+

5

2

]

+
αsCF

2π

{(
1 + α2

1− α

)

+

[
− ln

z2µ2e2γE

4
− 1

]

−
(
4 ln(1− α)

1− α

)

+

+2(1− α)+

}
θ(α)θ(1− α) . (1.5)

If we perform an OPE, then for each Mellin moment, we have

h̃n(λ, z
2) =

(−iλ)n

n!
CN (µ2z2)an(µ) + · · · , (1.6)

where

Cn(µ
2z2) = 1 +

αs(µ)CF

2π

[( 3+2n

2+3n+n2
+2Hn

)
ln

µ2z2e2γE

4

+
5+2n

2+3n+n2
+ 2(1−Hn)Hn − 2H(2)

n − 5

2

]
, (1.7)

where the Harmonic numbers are Hn =
∑n

i=1 1/i and H(2)
n =

∑n
i=1 1/i

2.
Hn diverges logarithmically as lnN as N → ∞, and H2

n constitutes a double log in
this limit. They originate from the Mellin moments of terms proportional to

(
ln(1− α)

1− α

)

+

,
1

(1− α)+
, (1.8)

which is robust in the matching coefficient. The leading logs are αk
s ln

k+1 n, and the
subleading logs are αk

s ln
k n.

– 2 –

C(ξ, μ /(yPz)) ∼
αsCF

2π [ 2 ln |1 − ξ |
|1 − ξ |

−
2

1 − ξ
ln

μ2

P2
z

−
2

1 − ξ ]
+

Threshold logarithms:

X. Gao, YZ et al., 2102.01101.

Large-x behavior of the 
extracted PDF is sensitive to 

the large threshold logarithms.
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Hybrid renormalization scheme

6

OΓ
B(z, a) = ψ̄0(z)ΓW0[z,0]ψ0(0) = eδm|z| Zj1(a)Zj2(a)OΓ

R(z)

See X. Ji, YZ, et al., NPB 964 
(2021) and references therein.

h̃(z, Pz, a)

zzS zL

Ratio-type schemes:
• RIMOM

• Hadron matrix 
elements

• Vacuum expectation 
value

ZX = ⟨q |OΓ(z) |q⟩

ZX = ⟨Pz
0 = 0 |OΓ(z) |Pz

0 = 0⟩

ZX = ⟨Ω |OΓ(z) |Ω⟩
a ≪ zS ≪ Λ−1

QCD

A minimal subtraction:
• Wilson-line mass subtraction

• Overall renormalization

OΓ
R(z, μR) = Zhybrid(a, μR)e−δm|z|OΓ

B(z, a)

Physical 
extrapolation

zL ∼ Λ−1
QCD



YONG ZHAO, 04/13/2021

• Methodology

• Large-momentum effective theory

• Hybrid renormalization scheme


• Lattice calculation

• Wilson line mass renormalization

• Fourier transform and perturbative matching

• Final results

Outline

7
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• Wilson-clover fermion on 2+1 flavor HISQ configurations.

Lattice data

8

3

ensemble mqa m⇡Lt nz z range #cfgs (#ex,#sl)

a, Lt ⇥ L3

a = 0.06 fm, -0.0388 5.85 0,1 [0,15] 100 (1, 32)

64⇥ 483 2,3,4,5 [0,8] 525 (1, 32)

[9,15] 416 (1, 32)

[16,24] 364 (1, 32)

a = 0.04 fm, -0.033 3.90 0,1 [0,32] 314 (3, 96)

64⇥ 643 2,3 [0,32] 314 (4, 128)

4,5 [0,32] 564 (4, 128)

TABLE I. Details of the measurements on two lattice ensem-
bles used in this paper. For each ensemble, we have specified
the bare Wilson fermion quark mass mqa corresponding to
a 300 MeV pion mass m⇡, the temporal extent Lt of the
lattice in m⇡ units. We specify the number of gauge config-
urations used (#cfgs) and the number of exact and sloppy
inversions per configurations (#ex,#sl) for di↵erent Wilson-
line lengths z used in three-point functions and the pion mo-
mentum Pz = 2⇡nz/(La).

tadpole improved Wilson-Clover valence quarks. That
is, we used the Wilson-Clover quark propagator in the
Wick contractions required in the computations of the
three-point and two-point functions, and the gauge links
that went into the construction of the propagator were
smoothened using 1 step of HYP smearing [57]. We set

the clover coe�cient csw = u�3/4

0
, where u0 is the average

plaquette with 1-HYP smearing; we used csw = 1.02868
and 1.0336 for a = 0.06 fm and 0.04 fm respectively.
We tuned the Wilson-Clover quark mass mqa in both
the ensembles so that the valence pion mass, m⇡, is 300
MeV. Through an initial set of tuning runs we determined
mqa = �0.0388 for a = 0.06 fm and mqa = �0.033 for
a = 0.04 fm lattices. For this pion mass, the values of
m⇡Lt on the a = 0.06 fm and 0.04 fm lattices are 5.85
and 3.89 respectively. Thus it would be more important
to take care of wrap around e↵ects in the finer lattice
and we do so in the analysis. With the usage of 1-HYP
smeared gauge links in the Wilson-Clover operator, we
did not find any exceptional configurations at both the
lattice spacings, as noted by absence of any anomaly in
the convergence of the Dirac operator inversions. We
used the a = 0.06 fm ensemble in our previous analysis
of the valence PDF of pion [42]. With this work, we have
increased the statistics used in this ensemble by more
than two times.

The most basic element of this computation is the
Wilson-Dirac quark propagator inverted over boost
smeared sources and sinks [58] as we discuss more in the
next section on two-point functions. We used the multi-
grid algorithm [59] for the Wilson-Dirac operator inver-
sions to get the quark propagators. These calculations
were performed on GPU using the QUDA suite [60–62].

We used boosted quark source [58] and sink with Gaus-
sian profile, as we discussed in detail in [42]. Instead of
using the gauge-covariant Wuppertal smearing [63] to im-

nz Pz (GeV) ⇣

a = 0.06 fm a = 0.04 fm

0 0 0 0

1 0.43 0.48 0

2 0.86 0.97 1

3 1.29 1.45 2/3

4 1.72 1.93 3/4

5 2.15 2.42 3/5

TABLE II. Table of momenta Pz in GeV at the two lattice
spacings. The values of the ⇣ used in the boosted Gaussian
sources used for each Pz is also shown.

plement the Gaussian profiled quark sources, we gauge-
fixed the configurations in the Coulomb gauge to con-
struct the sources as we found it to be computationally
less expensive. We fixed the radius of the Gaussian pro-
file on a = 0.06 fm and a = 0.04 fm ensembles to be
0.312 fm and 0.208 fm respectively. We discussed the de-
tails of tuning the Gaussian smearing parameters in the
Appendix of [42]. Using these quark propagators, we are
able to compute hadron two-point and three-point func-
tions in hadrons boosted to momentum Pz = 2⇡nz/(La).
We tabulate the details of the statistics used in the

two ensembles in Table I. We increased the statistics in
two ways (a) using statistically uncorrelated gauge field
configurations, which are labeled as #cfg in Table I, and
(b) by using All Mode Averaging (AMA) [64] on each
gauge configuration. In order to mitigate the reduction in
the signal-to-noise ratio in both the three-point and two-
point functions as one increases Pz / nz, we used more
gauge field configurations for larger nz than at smaller
ones. In a = 0.06 fm ensemble, we e↵ectively increased
the statistics 32 times by using 1 exact Dirac operator
inversion and 32 sloppy inversions in the AMA per con-
figuration. In the a = 0.04 fm ensemble, we increased the
number of exact and sloppy solves for nz = 2, 3 and more
for nz = 4, 5. We used a stopping criterion of 10�10 and
10�4 for the exact and sloppy inversions respectively.

III. ANALYSIS OF EXCITED STATES IN THE
TWO-POINT FUNCTION OF BOOSTED PION

In this section, we discuss the computation of boosted
pion correlators and the extraction of the excited state
contributions. Using a smeared (s) pion source ⇡s(P, t)

⇡s(P, t) =
X

x

ds(x, t)�5us(x, t)e
�iP.x, (3)

for pion ⇡+ that is moving with spatial momentum P =
(0, 0, Pz) along the z-direction, we computed the two-
point function of pions

Css
0

2pt
(ts;Pz) =

⌦
⇡s0(P, ts)⇡

†
s
(P, 0)

↵
. (4)

mπ = 300 MeV mπ = 140 MeV

a = 0.076 fm

Pz = 0 GeV

483 × 64 643 × 64

0.51 GeV
0.76 GeV
1.02 GeV

1.27 GeV

1.78 GeV

1.53 GeV

2.04 GeV
2.29 GeV

643 × 64

0.25 GeV

• X. Gao, YZ, et al., PRD102 (2020). 
• X. Gao, YZ, et al., 2102.01101.
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• Polyakov loop


• Renormalization condition:

Wilson-line mass renormalization

9

⟨Ω | |Ω⟩
T → ∞

R ∝ exp[−V(R)T]

Vlat(r, a)
r=r0

+ 2δm(a) = 0.95/r0

δm(a) =
1
a ∑

n

cnαn
s (1/a) + δm lat

0

C. Bauer, G. Bali and A. Pineda, PRL108 (2012).

aδm(a = 0.04 fm) = 0.1508(12)

δm lat
0 ∼ ΛQCD

aδm(a = 0.06 fm) = 0.1586(8)

aδm(a = 0.076 fm) = 0.1597(16)
A. Bazavov et al., TUMQCD, PRD98 (2018).
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• Check of continuum limit:

Wilson-line mass renormalization

10

lim
a→0

e−δm(z−z0)
h̃(z, a, Pz = 0)
h̃(z0, a, Pz = 0)

=
h̃(z, Pz = 0, μ)
h̃(z0, Pz = 0, μ)

a=0.04 fm, z0=6a
a=0.06 fm, z0=4a
a=0.076 fm, z0=3a

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

1.0

OΓ
B(z, a) = eδm|z| Zj1(a)Zj2(a)OΓ

R(z)

z, z0 ≫ a

Preliminary
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• Matching to the MSbar scheme:

Wilson-line mass renormalization

11

eδmMS
0 (z−z0) lim

a→0
e−δm(z−z0)

h̃(z, a, Pz = 0)
h̃(z0, a, Pz = 0)

=
h̃(z, Pz = 0, μ)
h̃(z0, Pz = 0, μ)

z, z0 ≫ a

h̃MS(z, Pz = 0, μ) = [C0(αs(μ), z2μ2) + 𝒪(z2Λ2
QCD)] z ≪ Λ−1

QCD

Perturbative:
• Known to NNLO

• 3-loop anomalous 
dimension available.

• L.-B. Chen, R.-L. Zhu and W. Wang, PRL126 (2021); 
• Z.-Y. Li, Y.-Q. Ma and J.-W. Qiu, PRL126 (2021).

• V. Braun and K. G. Chetyrkin, JHEP 07 (2020).

Non-perturbative:
• Leading infrared renormalon 

contribution is quadratic

∝ z2Λ2
QCD

• V. Braun, A. Vladimirov and J.-H. Zhang, PRD99 (2019).

Renormalon in the Wilson-line mass correction.
C. Bauer, G. Bali and A. Pineda, PRL108 (2012); 
C. Alexandrou et al. (ETMC), 2011.00964.
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• Matching to the MSbar scheme:


• Use both fixed-order and renormalization-group improved (RGI) 
NNLO OPE formulae;


• Two parameter fit to a wide range of z.

Wilson-line mass renormalization

12

e−δm(z−z0)
h̃(z, a, Pz = 0)
h̃(z0, a, Pz = 0)

= e−δmMS
0 (z−z0)

C0(αs(μ), z2μ2) + Λz2

C0(αs(μ), z2
0 μ2) + Λz2

0
z0 ≫ a

X. Gao, YZ et al., 2102.01101.
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• Matching to the MSbar scheme:


• Fixed-order OPE leads to excellent fits, while RGI OPE does not;


• The a-dependences of the parameters are negligible.

Wilson-line mass renormalization

13

zmax = 0.48 fm zmax = 0.60 fm zmax = 0.72 fm
a = 0.04 fm,
µ = 2.0 GeV

�
2

dof = 0.33,
�m0 ! 0.166,
⇤ ! �0.0475

�
2

dof = 0.26,
�m0 ! 0.164,
⇤ ! �0.0485

�
2

dof = 0.45,
�m0 ! 0.167,
⇤ ! �0.0472

a = 0.06 fm,
µ = 2.0 GeV

�
2

dof = 0.0015,
�m0 ! 0.169,
⇤ ! �0.0485

�
2

dof = 0.024,
�m0 ! 0.173,
⇤ ! �0.0468

�
2

dof = 0.24,
�m0 ! 0.179,
⇤ ! �0.044

zmax = 0.532 fm zmax = 0.608 fm zmax = 0.684 fm
a = 0.076 fm,
µ = 2.0 GeV

�
2

dof = 0.011,
�m0 ! 0.171,
⇤ ! �0.0449

�
2

dof = 0.11,
�m0 ! 0.174,
⇤ ! �0.0436

�
2

dof = 0.38,
�m0 ! 0.178,
⇤ ! �0.0421

Table 4: �m0 in unit of GeV, ⇤ in unit of GeV2, and � in unit of GeV4.

FO: d, f = 0 zmax = 0.48 fm zmax = 0.60 fm zmax = 0.72 fm
a = 0.04 fm, µ = 3.2 GeV �

2

dof = 0.10,
�m0 ! 0.212,
⇤ ! �0.014,
� ! �0.0019

�
2

dof = 0.28,
�m0 ! 0.188,
⇤ ! �0.036,
� ! �0.0006

�
2

dof = 0.47,
�m0 ! 0.174,
⇤ ! �0.047,
� ! 0.00004

a = 0.06 fm, µ = 3.2 GeV �
2

dof = 0.003,
�m0 ! 0.184,
⇤ ! �0.043,
� ! �0.0003

�
2

dof = 0.004,
�m0 ! 0.171,
⇤ ! �0.052,
� ! 0.0002

�
2

dof = 0.011,
�m0 ! 0.163,
⇤ ! �0.058,
� ! 0.0005

a = 0.04 fm, µ = 2.0 GeV �
2

dof = 0.0820578,
�m0 ! 0.192154,
⇤ ! �0.0246183,
� ! �0.00145695

�
2

dof = 0.225421,
�m0 ! 0.171378,
⇤ ! �0.0428862,
� ! �0.000288993

�
2

dof = 0.359858,
�m0 ! 0.159807,
⇤ ! �0.0521447,
� ! 0.00020983

a = 0.06 fm, µ = 2.0 GeV �
2

dof = 0.00298467,
�m0 ! 0.170215,
⇤ ! �0.0478955,
� ! �0.0000331282

�
2

dof = 0.0032011,
�m0 ! 0.15968,
⇤ ! �0.0555803,
� ! 0.000381338

�
2

dof = 0.0076984,
�m0 ! 0.153209,
⇤ ! �0.0598694,
� ! 0.000576705

Table 5: �m0 in unit of GeV, ⇤ in unit of GeV2, and � in unit of GeV4.
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• Extrapolation with models featuring an exponential decay:

Fourier transform

14

2 4 6 8

0.2

0.4

0.6

0.8

1.0

a = 0.04 fm, Pz = 1.45 GeV, zS = 6a, zL = 19a .

DFT

-2 -1 1 2

0.5

1.0

1.5

2.0

Extrapolation does not affect the moderate x region, where 
the LaMET expansion has control over power corrections.

We are still in the process of finishing the hybrid scheme analysis, so to show 
some preliminary results, we opt to use the ratio scheme for now. 

Preliminary
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• Taking advantage of the fact that the NNLO OPE with leading 
IR renormalon contribution can fit to a wide range of z:

Temporary choice: ratio scheme

15

lim
a→0

h̃(z, a, Pz)
h̃(z, a, Pz = 0)

=
h̃(z, Pz, μ)

h̃(z, Pz = 0, μ)
=

h̃(z, Pz, μ)
C0(αs(μ), z2μ2) + Λz2

Ratio scheme. But strictly speaking, the factorization formula is in doubt at large z.

• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and YZ, PRD98 (2018); 
• A. Radyushkin, Phys.Lett.B 781 (2018).

z ≤ 0.72 fm

lim
a→0

h̃(z, a, Pz)
h̃(z, a, Pz = 0)

C0(αs(μ), z2μ2)+Λz2

C0(αs(μ), z2μ2)
=

h̃(z, Pz, μ)
C0(αs(μ), z2μ2)
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• Perturbative correction shows good convergence.

Perturbative matching at NNLO

16

LO
NLO
NNLO

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5 a=0.04 fm, Pz=1.45 GeV, μ=2.0 GeV LO
NLO
NNLO

LO
NLO
NNLO

0.0 0.2 0.4 0.6 0.8 1.0

0.1

0.2

0.3

0.4

0.5

0.6
a=0.04 fm, Pz=1.45 GeV, μ=2.0 GeV

Error band only includes statistical uncertainty.

Preliminary
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Dependence on Pz and a

17

a=0.04 fm, Pz=1.93 GeV
a=0.06 fm, Pz=1.72 GeV
a=0.076 fm, Pz=1.78 GeV

0.0 0.2 0.4 0.6 0.8 1.0

0.1

0.2

0.3

0.4

0.5

0.6
μ=2.0 GeV

Pz=1.45 GeV
Pz=1.93 GeV
Pz=2.42 GeV

0.0 0.2 0.4 0.6 0.8 1.0

0.1

0.2

0.3

0.4

0.5

a=0.04 fm, μ=2.0 GeV

Preliminary
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Comparison with previous analysis and phenomenology

18

OPE
x-space
JAM
ASV
xFitter
FNAL

0.2 0.4 0.6 0.8 1.0

0.1

0.2

0.3

0.4

0.5

0.6
a=0.04 fm, Pz=2.42 GeV, μ=3.2 GeV

OPE
x-space
JAM
ASV
xFitter
FNAL

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

2.5

3.0 a=0.04 fm, Pz=2.42 GeV, μ=3.2 GeV

Better agreement with experimental fits for 0.1<x<0.5 compared 
to our previous analysis using OPE in coordinate space.

Preliminary
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• We have implemented the hybrid scheme renormalization and 
NNLO matching correction to obtain the the pion valence PDF;


• The Wilson-line mass renormalization can be well determined 
from lattice and matched to the MSbar scheme by using the 
NNLO OPE formula with renormalon-inspired model;


• Compared to the hybrid-scheme matching, the ratio-scheme 
matching shows excellent perturbative convergence;


• Our final results with ratio scheme show better agreement 
with phenomenology for 0.1<x<0.5 compared to previous 
calculations with same lattice data. 

Conclusion

19


