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Renormalize fields, coupling and masses is not enough.

We must also renormalize the operators:

O1 = �Fµ↵F ⌫
↵ , O2 = gµ⌫F↵�F↵� ,

O3 =
i

4
 ̄ �{µ

$
D⌫}  , O4 = gµ⌫m ̄ ,
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Lagrangian renormalization is understood

Tµ⌫ = O1 +
O2

4
+O3 .
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O1,R = ZTO1 + ZMO2 + ZLO3 + ZSO4 ,

O2,R = ZFO2 + ZCO4 ,

O3,R = Z O3 + ZKO4 + ZQO1 + ZBO2 ,

O4,R = O4 .
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The Energy-Momentum Tensor



O1 +
1

4
O2 = �Fµ↵F ⌫

↵ +
gµ⌫

4
F 2

<latexit sha1_base64="m7vhoZ+gmlGufvRYKxKYGpIwzo4="></latexit>

Trd(O1 +
1

4
O2) = �Trd(F

µ↵F ⌫
↵) +

d

4
F 2 = �F 2 +

d

4
F 2
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Tr4(O1 +
1

4
O2) = �Tr4(F

µ↵F ⌫
↵) + F 2
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We work in 1 + (3� 2✏)
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We can consider the 00 component of a bare operator without problems 

E2 = �
X

i

F 0i
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F 2 = 2(B2 � E2)
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A few simple definitions



The total EMT is not affected by the additional renormalization

However, in general, trace and renormalization do not commute

Tr[Oµ⌫
R ] 6= (Tr[Oµ⌫ ])R
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Tµ⌫
R = Tµ⌫
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Tµ
µ = (TR)

µ
µ = (Tµ

µ)R = (1 + �m)(m ̄ )R +
�

2g
(F↵�F↵�)R ,
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(Tq,R)
µ
µ = (1 + y)(m ̄ )R + x (F↵�F↵�)R ,

(Tg,R)
µ
µ = (�m � y)(m ̄ )R +

✓
�

2g
� x

◆
(F↵�F↵�)R .
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In particular Tµ⌫
q,R = O3,R
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Tµ⌫
g,R = O1,R +

O1,R

4
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ZL,T,Q, 

<latexit sha1_base64="nJWa/WfReCqcARTwPULjb80HFYk="></latexit>

Are given by the evolution equations 

for the second moment of the 

flavor-singlet unpolarized parton distributions.

Tanaka, JHEP 01 (2019) 120

ZF,C
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Are known from R. Tarrach, Nucl. Phys. B 196 (1982) 45

How to fix the counterterms (1)

Average Moment Fractions (AMF) 

from PDFs

AMF(R[q]) = Z1AMF(q) + Z2AMF(g)

AMF(R[g]) = Z3AMF(q) + Z4AMF(g)
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Average Moment Fractions (AMF) 

from EMT (++ components)

R[AMF(q)] = Z AMF(q) + ZQAMF(g)

R[AMF(g)] = ZLAMF(q) + ZTAMF(g)

<latexit sha1_base64="kIEQJDNojXM/uBIv60Ky6sRc45A="></latexit>

Z [✏]
 = Z [✏]

1 Z [✏]
Q = Z [✏]

2

Z [✏]
T = Z [✏]

3 Z [✏]
L = Z [✏]

4
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The counterterms have 

the same divergent part



How to fix the counterterms (2)

ZM =
ZT

d
� ZF

d

✓
1� �

2g
+ x

◆
,

ZS = �ZL

d
� ZC

d

✓
1� �

2g
+ x

◆
� y � �m

d
,

ZB =
ZQ

d
+

x

d
ZF ,

ZK = �Z 
d

+
x

d
ZC +

1 + y

d
,
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The other counterterms are not independent!

ZT + ZQ = 1 ZL + Z = 1

ZM + ZB +
ZF

4
=

1

4
ZS + ZK +

ZC

4
= 0
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Fixing x and y it corresponds to choose a scheme

MS-like schemes: Tanaka, JHEP 01 (2019) 120 Hatta et al., JHEP 12 (2018) 008

eO1,R = O1,R +
1

4

✓
1�

�

2g
+ x

◆
O2,R +

y � �m
4

O4,R,

eO3,R = O3,R �
x

4
O2,R �

1 + y

4
O4,R
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e
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Diagonal schemes: 

x = 0 y = �m
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x = 0 y = 0
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Alternative construction of MSbar scheme Metz et al., Phys. Rev. D102 (2020) 114042



MS-like schemes

Impose vanishing finite contributions to the derived counterterms

ZX = �X,T + �X, + �X,F +
aX
✏

+
bX
✏2

+
cX
✏3

+ . . . ,
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ZM,S
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From the definition of

1

32


(8 + 4aT + 2bT + cT + . . .)�

✓
1 + x� �

2e

◆
(8 + 4aF + 2bF + cF + . . .)

�
= 0

1

32


� (4aL + 2bL + cL + . . .)�

✓
1 + x� �

2e

◆
(4aC + 2bC + cC + . . .) + 8(�m � y)

�
= 0
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hOi = hP |O|P i
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Ji, Phys. Rev. Lett. 78 (1997) 610 

Two form factors for the forward limit

hTµ⌫
i,R i = 2PµP ⌫Ai(0) + 2M2gµ⌫C̄i(0) ,
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i = q, g
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X

i

Ai(0) = 1
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X

i

C̄i(0) = 0
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hp0, s0|Tµ⌫
i |p, si

=ū(p0, s0)

✓
Ai(t)

PµP ⌫

M
+ Ji(t)

iP {µ�⌫}⇢�⇢

2M

+Di(t)
�µ�⌫ � gµ⌫�2

4M
+M C̄i(t) g

µ⌫

◆
u(p, s)
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EMT matrix elements



How to obtain the form factors

�u + �d = �⇡N =
hP | m̂ ūu |P i

2M
, �s =

hP |ms s̄s |P i
2M

, �c =
hP |mc c̄c |P i

2M
,
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Alarcon et al., Phys.Rev.D 85 (2012) 051503
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�⇡N

��
ChPT

= (59± 7)MeV , �s

��
ChPT

= (16± 80)MeV .
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Hoferichter et al., Phys.Rev.Lett. 115 (2015) 092301
 scattering data analysed with ChPT⇡N
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�⇡N

��
LQCD

= (41.6± 3.8)MeV , �s

��
LQCD

= (39.8± 5.5)MeV ,

�c

��
LQCD

= (107± 22)MeV .
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 Lattice QCD

CT18NNLO µ = 2 GeV
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Aq(0) ⌘ aq = 0.586± 0.013

Ag(0) ⌘ ag = 1� aq = 0.414± 0.013
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Hatta et. al., JHEP 12 (2018) 008

M = M̄q + M̄g =
1

hP |P i

Z
d3x

⇣
h (Tq,R(x))

µ
µ i+ h (Tg,R(x))

µ
µ i

⌘
.
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In a moving frame

M̄i =
M2

E

�
Ai(0) + 4C̄i(0)

�
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In the rest frame

M̄i = M
�
Ai(0) + 4C̄i(0)

�
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MS scheme

M
as

s 
(G

eV
)

-0,3

0

0,3

0,6

0,9

1,2

Mq Mg

M̄q
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M̄g
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Hatta sum rule



T 00
q,R = (m ̄ )R + ( † iD ·↵ )R ,

T 00
g,R =

1

2
(E2 +B2)R ,
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Lorcé two terms sum rule

Ui = M
�
Ai(0) + C̄i(0)

�
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Hi =

Z
d
3
x T

00
i (x) =

Z
d
3
x Hi(x)

<latexit sha1_base64="bQ6c5319uLh+R3Hu5vNCijnVfOY="></latexit>
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M = Uq + Ug =
1

hP |P i

⇣
hHq,R i+ hHg,R i

⌘
.
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M
as

s 
(G

eV
)

0

0,15

0,3

0,45

0,6

MS scheme and Scenario A

Uq
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⌧
( † iD ·↵ )R +

1

2
(E2 +B2)R

�

=

⌧
�m(m ̄ )R +

�

2g
(F↵�F↵�)R

�

<latexit sha1_base64="00mYuyA5+S/WDWNZR8h999iMRr0="></latexit>

Rodini et al., JHEP 09 (2020) 067

Metz et al., Phys. Rev. D102 (2020) 114042



Ji, Phys.Rev.Lett. 74 (1995) 1071

Ji, Phys.Rev. D52 (1995) 271

H
0
q = T̄ 00

q,R = ( † iD ·↵ )R + (m ̄ )R �
1 + y

4
(m ̄ )R �

x

4
(F↵�F↵�)R

H
0
m = T̂ 00

q,R =
1 + y

4
(m ̄ )R +

x

4
(F↵�F↵�)R

H
0
g = T̄ 00

g,R =
1

2
(E2 +B2)R +

y � �m
4

(m ̄ )R �
1

4

✓
�

2g
� x

◆
(F↵�F↵�)R

H
0
a = T̂ 00

g,R =
�m � y

4
(m ̄ )R +

1

4

✓
�

2g
� x

◆
(F↵�F↵�)R
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Tµ⌫ = T̄µ⌫ + T̂µ⌫
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T̂µ⌫ =
gµ⌫

4
T↵

↵
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Ji sum rule



Hq = ( † iD ·↵ )R

Hm = (m ̄ )R

Hg =
1

2
(E2 +B2)R

Ha = 0
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M = Mq +Mm +Mg +Ma =
hHq i
hP |P i +

hHm i
hP |P i +

hHg i
hP |P i +

hHa i
hP |P i ,
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MS scheme

M
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s 
(G

eV
)

0

0,15

0,3

0,45

0,6

Mq
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Reshuffle of the terms to obtain simple-looking operators

(Hq)Ji =
�
 †iD ·↵ 

�
R

(Hm)Ji =
⇣
1+

�m
4

⌘ �
m ̄ 

�
R

(Hg)Ji =
1

2

�
E2 +B2

�
R

(Ha)Ji =
1

4

�

2g

�
F 2

�
R
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Mismatch due to difference in computation 

of the traceless part T̄ 00
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Or to some difference in meaning 

of (some) operators
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How strong the scheme dependence is?
Metz et al., Phys. Rev. D102 (2020) 114042



Conclusions

Renormalisation of multiple local operators

Form factors as fundamental building blocks  
for all the decompositions

Different decompositions

videbis nihil in hoc mundo extingui

Summary

The specific terms in the mass sum rules are scheme-dependent


