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What is a proton mass? 

• Mass is the energy in the rest frame. 
𝑀𝑀 = 𝐸𝐸0/𝑐𝑐2

Other ways of defining are either equivalent or 
unacceptable. 

This is how lattice QCD calculates mass!

𝑀𝑀 = 𝑝⃗𝑝=0 �𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄 𝑝⃗𝑝=0
⟨𝑝⃗𝑝=0|𝑝⃗𝑝=0⟩



Scalar and tensor mass

• Since H is proportional to 𝑇𝑇00, and the energy-
momentum tensor (EMT) which can

• Mass can be decomposed into scalar and tensor 
parts           𝑀𝑀 = 𝑀𝑀𝑇𝑇 + 𝑀𝑀𝑆𝑆

• Virial theorem:   𝑀𝑀𝑇𝑇 = 3 𝑀𝑀𝑆𝑆 3: space dimension



QCD energies in the nucleon

 Four different types (X. Ji, PRL, 1995) 

Quark energy

Quark mass

Gluon energy

Quantum Anomalous 
Energy (QAE)



Quantum anomalous energy 
(QAE)
• Is similar to the MIT bag model constant and dark 

energy in Cosmology (Ji, 1995, K.F. Liu, 2021)

• Is at the origin of the proton mass (Ji & Y. Liu, 2021)

• Can measured in threshold heavy quarkonium 
production (D. Kharzeev, 1996)

• Has been recently calculated in lattice QCD (Y. B. 
Yang et al, 2021)

• Can also be related to the momentum fractions 
carried by partons (Ji, 2021) 





Frame-independent mass? 

• Frame-independence 

𝑀𝑀2 = 𝐸𝐸𝑃𝑃2 − 𝑃𝑃2 = M + P2

2M
+ ⋯

2
− P2

checking the relativity is obeyed
and boosted nucleon can be well created on lattice. 

• But it does not provide any additional insight about 
the mass itself!



A frame independent mass 
decomposition? 
• Mass relation

M2 = quark + gluon contributions
• Why  𝑚𝑚 �𝜓𝜓𝜓𝜓, F2 are related to mass-squared? 
• A correct way to look at this 

𝑀𝑀 = 𝑃𝑃 1 + 𝛾𝛾𝑚𝑚 𝑚𝑚 �𝜓𝜓𝜓𝜓 + 𝛽𝛽
2𝑔𝑔
𝐹𝐹2 𝑃𝑃 /2𝑀𝑀

scalar part of the Hamiltonian!
= 4 × Ms (rest frame)



Boosting mass components 

• Frame-independent mass

• When H and P are separated into different pieces

• Individual contributions are frame independent! 



Gluon contributions to mass

• There are two terms:
1
2
𝐸𝐸2 + 𝐵𝐵2 as defined from traceless 

part of the gluon EMT
𝛽𝛽
8𝑔𝑔
𝐹𝐹2 anomaly contribution

• They can be mixed under renormalization in certain 
Lorentz-symmetry-breaking renormalization scheme, 
like in DIM-REG,  O(d-1,1)  is not O(3,1)

• Due to anomaly, order ε mixing will generate a finite 
term: the 2nd order tensor is mixed with scalar! 



Mass decomposition using GFF 
separation of mass
• Quark and gluon part of  gravitational form factors  

Then 𝑇𝑇00 matrix element is related A & ̅𝐶𝐶 (ji96)

• Decomposition of mass into quark and gluon 
contributions

𝑀𝑀 = 𝑀𝑀𝑞𝑞 + 𝑀𝑀𝑔𝑔

Mq = 𝐴𝐴𝑞𝑞 + ̅𝐶𝐶𝑞𝑞; Mg= 𝐴𝐴𝑔𝑔 + ̅𝐶𝐶𝑔𝑔



Splitting the scalar contribution 

• One needs to split the scale-independent scalar 
contribution into quark’s and gluon’s

𝑃𝑃 1 + 𝛾𝛾𝑚𝑚 𝑚𝑚 �𝜓𝜓𝜓𝜓 + (𝛽𝛽/2𝑔𝑔)𝐹𝐹2 𝑃𝑃
• Such a separation is most natural in terms of the 

above, with both terms nearly scale-independent
• Separation in terms of EMT in the literature is 

highly scheme-dependent! Even in DIM-REG, it 
depends on the detailed procedure. 

• The value of the scheme-dependent splitting for 
scalar contribution is limited. 



There is no pressure effect in 
mass decomposition 
• It has been claimed separating the energy operator 

into trace and traceless part will introduce the 
pressure effects!

• Not a problem: 
the pressure  𝑇𝑇𝑖𝑖𝑖𝑖 = 𝜓𝜓+𝛼𝛼 ⋅ 𝐷𝐷𝐷𝐷 which is part of the 

Hamiltonian 



Mass or scalar radius 

• Form factors

• Scalar and mass radius  



Conclusion 

• Much confusions exist in the literature about the 
proton mass. 

• More papers and ideas but less discussions
• Hope things will improve after COVID-19
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