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Quick recap
• We consider a non relativistic Hamiltonian of the kind 
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X
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Vijk + . . .

• Variational Monte Carlo approximately solves the many-body Schrödinger equation assuming a 
given form of the trial wave function
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• The energy expectation value can be estimated using the central limit theorem
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• Where the configurations (walkers) are sampled from 
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Quick recap
• We use the M(RT)^2 algorithm to sample walkers from the distribution 
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| T (x)|2

• The walkers are sampled from an initial distribution

• Random Gaussian move 

• Accept/reject the move according to 

• Iterate until enough configurations are sampled

xi+1 = xi + ⇣

xi+1 = yi+1
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Quick recap
• Since we use the M(RT)^2 algorithm, some of the configurations that we generate must be 

disregarded 

 Neq ~ 1000 equilibrium step 

 Nvoid steps

 Nvoid steps

 Nvoid steps

 Nvoid steps

 Nvoid steps

The initial configurations are disregarded while 
we wait for the Markov chain to equilibrate
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The quantum Harmonic Oscillator
Let us consider the prototypal problem of a collection of A independent (decoupled) quantum 
Harmonic oscillators, in N dimensions 

<latexit sha1_base64="JufyrdoPgo2IpDnGFCJvUcUeJug="></latexit>

H = �1

2

AX

i=1

r2
i +

AX

i=1

r2i
2

We assume a trial wave function of the form
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So that the exact ground-state wave function is recovered for 
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The quantum Harmonic Oscillator
The local energy is the sum of the kinetic and potential contributions

The kinetic energy involves the second derivative of the trial wave function 

The potential energy is more immediate to evaluate 
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Question: What happens for                  ?
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HO notebook
https://github.com/coreyjadams/AI4NP_School/blob/main/HO_analytic_derivatives.ipynb

https://github.com/coreyjadams/AI4NP_School/blob/main/HO_analytic_derivatives.ipynb


Neural-network quantum states
• Artificial neural networks (ANNs) can compactly represent complex high-dimensional functions;

• Variational representations of spin-systems quantum 
states based on ANNs have been found to outperform 
conventional variational ansatz;

G. Carleo et al. Science 355, 602 (2017)

G. Carleo et al. Nat. Commun. 9, 532 (2018)

• Applications to the continuum to few-body systems and quantum chemistry problems have 
followed shortly thereafter;

Pfau et al., arXiv:1909.02487 (2019)

 Hermann et al., arXiv:1909.08423 (2019)

input !ðXÞ ¼ ð!1ðXÞ; !2ðXÞ; . . . ; !Nin ðXÞÞ into the neural net-
work, where !iðXÞ are functions of the particle positions. The
functions !iðXÞ are chosen to facilitate the representation of
many-body states in the neural network and depend on the
problem, which will be specified later. The many-body wave
function is given by the output unit as

 ðXÞ ¼ expðuoutÞ: ð3Þ

This wave function is not normalized. Our aim is to optimize
the network parameters in such a way that if we input
!ðXÞ into the neural network, the output  ðXÞ ¼ expðuoutÞ
provides an approximate ground-state wave function. In
other words, we use neural networks as variational wave
functions. Since the ground-state wave functions of bosons
can be taken to be positive everywhere, we only use a single
output unit that gives a positive wave function  ðXÞ ¼
expðuoutÞ. If we use a network with two output units,
complex-valued wave functions can be represented.9,12)

The expectation value of a quantity Â is calculated as
follows. To deal with a large Hilbert space, we calculate
the integral

R
dX using the Monte Carlo method. Through

Metropolis sampling, we obtain a series of samples ðX1;
X2; . . . ;XNsampleÞ, where the probability PðXÞ of X being
sampled is proportional to  2ðXÞ. Using these samples, the
expectation value is calculated as

hÂi ¼

Z
 ðXÞÂ ðXÞ dX
Z
 2ðXÞ dX

¼
Z
PðXÞ $1ðXÞÂ ðXÞ dX

’ 1

Nsample

XNsample

i¼1
 $1ðXiÞÂ ðXiÞ

% h $1Â is: ð4Þ
To minimize the energy E of the system, we need to calculate
the derivative of energy with respect to the network
parameters as

@E

@W
¼ @

@W

Z
 ðXÞĤ ðXÞ dX
Z
 2ðXÞ dX

’ 2h $1OWĤ is $ 2h $1Ĥ ishOWis; ð5Þ

where W is one of the network parameters (W ð1Þ
ji , bð1Þi , and

W ð2Þ
i ), Ĥ is the Hamiltonian of the system, and OW ¼

 $1@ =@W. Using the gradient in Eq. (5), the network
parameters are updated using the Adam scheme,26) by which
energy converges faster than the steepest descent method.12)

Typically, 104–105 updates are needed for energy con-
vergence with Nsample & 104 samples taken in each update.

It is important to choose initial values of the network
parameters because if we use random numbers for this
purpose and start the update procedure, the network state
strongly fluctuates and the calculation breaks down in most
cases. This is different from previous cases focusing on lattice
systems,9,12) in which random numbers in the initial network
parameters worked well. To prepare appropriate initial
network parameters, we train the network so that it represents
a wave function !train. We train the network to maximize the
overlap integral K given by

K ¼

Z
!trainðXÞ ðXÞ dX

! "2

Z
!2

trainðXÞ dX
Z
 2ðXÞ dX

’ hAi2s
hA2is

; ð6Þ

where A ¼ !train= . This is accomplished by using the
gradient of K with respect to network parameters as

@K

@W
’ 2K

hAOWis
hAis

$ hOWis
# $

: ð7Þ

Using the Adam scheme with Eq. (7), K is maximized and ψ
converges toward !train. The initial values of the network
parameters in this training process can be random numbers
with an appropriate magnitude.27) For example, !train is
chosen to be a noninteracting ground state, and the
interaction is introduced adiabatically.

We demonstrate that the above procedure increases K, and
hence a wave function ψ that is close to !train can be
prepared. We take the target wave function as

!trainðXÞ ¼
YN

i¼1
e$x

2
i =2; ð8Þ

which is the ground state of N bosons in a one-dimensional
harmonic potential. The neural network inputs are simply the
positions of the particles,

!ðXÞ ¼ ðx1; x2; . . . ; xNÞ; ð9Þ

and therefore, the number of input units is Nin ¼ N.
Figure 2(a) shows how K changes in the process of
optimizing the network parameters. The value of K
approaches unity as the update steps proceed, and the wave
function represented by the neural network approaches the
target wave function !train. The finally obtained overlap K
decreases with increasing number of atoms N, and increases
with the number of hidden units Nhid. Figure 2(b) shows the
Nhid dependence of 1 $ K after 20000 updates, indicating that
precision improves with an increase in Nhid.

3. Results

3.1 Interacting bosons in one dimension
First, we apply our method to one-dimensional problems

that have exact solutions to evaluate the precision of our
proposed method. We consider the Calogero–Sutherland
model,28,29) in which bosons are confined in a harmonic

Fig. 1. (Color online) Schematic illustration of the fully connected
feedforward neural network to obtain the few-body ground states. The
positions of particles X or their functions are input into the network. Units in
the hidden layer are connected to all input units and the output unit. The
output uout of the network gives the wave function as  ðXÞ ¼ expðuoutÞ.

J. Phys. Soc. Jpn. 87, 074002 (2018) H. Saito
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Neural-network quantum states
• In our examples, we will solve the quantum harmonic oscillator and the hydrogen atom using an 
ANN representation of the wave function
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z̄A

• The center of mass contributions to the kinetic energy are removed by
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r̄i = ri �RCM

• The kinetic energy requires computing the derivatives of    . We use differentiable activation functions, 
typically sofplus or tanh.
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 T (X) = eU(x)



Energy minimization
Minimizing the energy corresponds to training the neural network. Let us recall the derivative of 
the energy 

A Metropolis walk correspond to a “batch” of walkers, and the SGD update reads
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@ET
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⌧ ' 0.001

The SGD and its variant (ADAM, RMSprop, momentum…) are greatly successful in training 
neural networks, but exhibit slow convergence in quantum Monte Carlo applications;

Ultimately, the reason is that sometimes a small change of the variational parameters 
correspond to a large change of the wave function;
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Stochastic reconfiguration
We perform an imaginary-time diffusion in the space spanned by the trial wave function and its 
derivatives
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Multiplying from the left by                              and                                   we obtain  
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Solving the first line for          and inserting back in the second line, we arrive at
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S. Sorella, Phys. Rev. B 71, 241103 (2005)



Stochastic reconfiguration
The stochastic reconfiguration update rule is then given by 
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The SGD is recovered for diagonal       , but in general this matrix is not diagonal. This method is 
a close relative to the “natural gradient approach”.
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Sij

Simple Gradient: Euclidean distance 
in the space of parameters  
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ds2 =
X

ij

Sij�pi�pj

Natural Gradient: Riemannian distance in 
the space of distributions

Effectively, the stochastic reconfiguration method “flattens” the space locally and can be 
considered a 2nd order approach. 

Caveat: storing the matrix       can be memory consuming for large networks, but the conjugate-
gradient method largely overcomes this limitation 
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Sij

S. I. Amari, Neural Computation 10, 251 (1998).
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