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Ab-initio nuclear theory
•  Atomic nuclei are strongly interacting many-body systems exhibiting self emerging properties 

including: shell structure, pairing and superfluidity, deformation, and clustering.

• Understanding their structure, reactions, and electroweak properties within a unified framework 
well-rooted in quantum chromodynamics has been a long-standing goal of nuclear physics. 



From QCD to nuclear observables
In the low-energy regime, quark and gluons are confined within hadrons. The relevant degrees 
of freedoms are protons, neutrons, and pions
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Effective field theories are the link between quantum chromodynamics and nuclear observables.

Nucleons can treated as point-like particles interacting through a non-relativistic Hamiltonian 



A pion-less nuclear Hamiltonian
A prototypal nuclear Hamiltonian can be obtained within pionless effective field theory, where 
nucleons interact via two- and three-body contact potentials. At leading order:

v12 = C1v⇤(r12) + C2v⇤(r12)�12 V123 = D0
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C1 and C2 are determined on nucleon-
nucleon scattering data

The parameter D0 is fixed on the binding 
energy of 3H and prevent its collapse

Despite its simplicity, solving this Hamiltonian entails most of the difficulties encountered when 
dealing with sophisticated chiral effective field theory potentials; 



The nuclear many-body problem
Non relativistic many body theory is aimed at solving the Schrödinger equation

H n(x1, . . . , xA) = En n(x1, . . . , xA)

An exact solution of this equation is an exponentially hard problem

<latexit sha1_base64="Owcd4+qFIy0ojCiHoa16CxyKntE="></latexit>

xi = {ri, si,z, ti,z}

<latexit sha1_base64="iTPPjrzN49ZOjkBqIdSr67iEyFw="></latexit>

| i = c"""...| """ . . . i+ c#""...| #"" . . . i+ · · ·+ c###...| ### . . . i

The majority of quantum states of interest for have distinctive features and intrinsic structure. 
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Mean-field approximations
• Mean field theory: nucleons are independent 
particles subject to an average nuclear potential

✴  The average procedure depends upon the (large) system of interest
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✴  There is no clear way to derive effective currents

✴  Nucleon-nucleon scattering data and deuteron properties are ignored

•  The interaction is usually fitted on nuclear 
binding energies and charge radii of stable nuclei
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Many-body wave function
Mean field methods assume the ground-state wave function to be a Slater determinant of single-
particle waves functions

Extreme “single-particle” representations can be obtained using harmonic oscillator or Wood-Saxon 
single-particle potentials 

�0(x1, . . . , xA) = A[�n1(x1) . . .�nA(xA)]
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Many-body wave function
Excited states are constructed removing n occupied states from the Slater determinant and replacing 
them with n virtual (unoccupied) states

�pi,hi(x1 . . . xA) = A[�n1(x1) . . .�pi(xi) . . .�nA(xA)]

The eigenstate of the Hamiltonian is a linear combination of n-particles n-holes states
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Many-body wave function
Methods relying on single-particle basis expansions include the no-core shell model, the coupled-
cluster theory, the in-medium similarity renormalization group method

Nuclei with up to to A=100 protons and neutrons can be described starting from the individual 
interactions among their constituents
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FIG. 1. (Color online) Ground-state energies per nucleon E/A
for selected closed-shell nuclei computed with the closed-shell
IMSRG [34] using the interactions of Ref. [41] in comparison
with experiment (black horizontal lines).

The two low-energy constants of the short-range part of
theNNN forces are adjusted to binding energy of the tri-
ton and the radius of the ↵ particle, following Ref. [59].
These interactions are quite soft (due to the relatively
small cuto↵s), which allows us to achieve reasonably well
converged binding energies and spectra in nuclei up to
neutron-rich 78Ni [47, 50], and in the neutron-deficient
tin isotopes considered in this work.

Figure 1 shows the computed ground-state energies per
nucleon for 4He, 16O, 40,48Ca, 56Ni, 90Zr, and 100Sn with
the single-reference IMSRG [34, 36]. The 1.8/2.0(EM)
interaction consistently yields the best agreement with
data. Presently, it is unclear what distinguishes this in-
teraction from the other similarly obtained interactions;
however this soft interaction puts us in a fortuitous situa-
tion to make theoretical predictions (albeit without rigor-
ous uncertainty quantification) for binding energies and
spectra in nuclei as heavy as 100Sn.

Coupled-cluster calculations use a Hartree-Fock basis
constructed from a harmonic-oscillator basis of up to 15
major oscillator shells. For VS-IMSRG we use a simi-
lar basis, except that the Hartree-Fock reference is con-
structed with respect to an ensemble state above the 80Zr
core following Ref. [52]. All calculations are performed
at oscillator frequencies in the range ~! = 12� 16 MeV,
which include the minimum in energy for the largest
model space we consider. We use the normal-ordered
two-body approximation [35, 40, 60] for the NNN in-
teraction with an additional energy cut on three-body
matrix elements e1 + e2 + e3  E3max. When E3max

is increased from 16 to 18, the binding energy of 100Sn
changes by 2% for the hardest interaction 2.0/2.0(PWA),
while for the softest interaction, 1.8/2.0(EM), the change
is less than 1%.

Method – The coupled-cluster method is an ideal
tool to compute doubly magic nuclei and their neigh-
bors [26, 29, 30, 32, 33, 38, 61–63]. This method com-
putes the similarity transform H ⌘ exp (�T )HN exp (T )
of the Hamiltonian HN , obtained by normal order-
ing the free-space Hamiltonian (1) with respect to the
closed-shell Hartree-Fock reference of 100Sn. The clus-

ter operator T includes particle-hole excitations and is
truncated at the coupled-cluster singles-doubles (CCSD)
level. Usually CCSD accounts for about 90% of the corre-
lation energy (i.e., the energy beyond Hartree Fock) [51].
For a higher precision of the ground-state energy, we in-
clude triples excitations of the cluster operator T per-
turbatively within the ⇤-CCSD(T) method [64]. Excited
states in 100Sn are computed with an equation-of-motion
(EOM) method including 3p-3h corrections via a general-
ization of the ground state ⇤-CCSD(T) approximations
to excited states with EOM-CCSD(T) [65]. The neigh-
boring nuclei 101,102Sn are computed as one- and two-
particle attached states [66–68] of the 100Sn similarity
transformed Hamiltonian H. The two-particle attached
states of 102Sn are truncated at the 3p-1h level, while
the particle-attached states of 101Sn are computed at the
2p-1h level with perturbative 3p-2h corrections included
(described below). Further details of the coupled-cluster
approach to nuclei are presented in a recent review [26].
We briefly describe our new approach to include

perturbative 3p-2h corrections to the particle-attached
states of 101Sn. Generalizing the completely renormal-
ized (CR) EOM-CCSD(T) approximation from quantum
chemistry [69, 70] and nuclear physics [38, 62, 71] to
particle-attached excited states yields the correction
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Here ⌫ denotes the state of interest, i, j (and a, b, c) are
occupied (and unoccupied) orbitals in the 100Sn refer-
ence |�i, L⌫ and M⌫ represent the left and right 3p-2h
moments
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Here !
2p-1h
⌫ is the 2p-1h energy corresponding to the

states L
2p-1h
⌫ and R

2p-1h
⌫ of 101Sn. We draw the

reader’s attention to the similar structure between the
bi-variational expression (2) and second-order perturba-
tion theory. This method is the completely renormalized
particle-attached equation-of-motion (CR-PA-EOM). In
our results for 101Sn, we used three di↵erent approxi-
mations (labeled A,B,C) for the energy denominator in
Eq. (3). Approximation A uses in place ofH the Hartree-
Fock single-particle energies, approximation B uses the
one-body part of H, and approximation C uses both the
one- and two-body parts of H. Thus, approximation C
is the most complete choice for the resolvent and most
accurately approximates the full calculation [62].
The IMSRG and its VS-IMSRG variant are e↵ective

tools for computing doubly magic nuclei and for con-
structing valence-space interactions from NN and NNN

T. D. Morris at al., PRL 120, 152503 (2018)

Single-particle basis expansion methods have difficulties in modeling nuclear short-range 
dynamics, relevant for electron- and neutrino-nucleus scattering; 



Variational Monte Carlo
Variational Monte Carlo uses the stochastic integration method to evaluate the expectation value of 
the Hamiltonian for a chosen trial wave function

The interaction between 4He atoms 
forming an homogeneous liquid can be 
parametrized by means of the two-body 
Lennard-Jones potential

A reasonable trial wave function is small 
where the potential is repulsive and 
large where the potential is attractive
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Variational Monte Carlo

Computing the trial energy for a given set of variational parameters requires evaluating a high-
dimensional integral

The variational principle guarantees that the trial energy is greater than or equal to the ground-
state energy with the same quantum numbers

The variational parameters are found minimizing the energy. In the liquid 4He case, where the 
wave-function is determined by a single parameters, this amounts to finding b such that
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Multi-dimensional integrals

In the one-dimensional case, we can divide the area below to the curve into rectangles

Goal: compute the D-dimensional integral

ba xxi

F (x)

How many points do we need to achieve a given precision ? 
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Multi-dimensional integrals
In the D-dimensional case, the following relations hold: 

Suppose we want to compute the expectation value of the Hamiltonian for a 12-particles system 
with a precision 0.1               

In this case we are dealing with 12 x 3 = 36-dimensional integral

I(D) ' hD
X

i

F (xi){�(D) = h
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ND
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D = 36 N / 1036

Clearly, numerical quadrature cannot be used to compute the Hamiltonian expectation values of 
many-particle systems



The central limit theorem
Suppose that the N continuum random variables                      are drawn from the probability 
distribution           and consider the function         . We may define a new random variable

x1, . . . , xN

P (x) f(x)
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If the samples are statistically independent, the central limit theorem states that the probability 
distribution of        is GaussianSN

where the average and the variance of        are given by
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These results hold true for any dimensionality of the space in which the variable     is definedx



The central limit theorem
The central limit theorem provides a recipe to evaluate multi-dimensional integrals of the form 

• Since the probability density has to be positive definite, rewrite the integral as:

I =

Z
dxf(x)

I =

Z
dxP (x)

f(x)

P (x)

• Sample N (with N “large”) points from the probability density P (x)

• Average the N values of            and f(xi) f2(xi)
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This method provides an estimate of both the integral and of its uncertainty



Variational Monte Carlo
The expectation value of the Hamiltonian for a system of A particles is given by 
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Using the central limit theorem, we can estimate the energy expectation value as 
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Where the walkers are sampled from 
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P (R) =
| T (R)|2R
dR| T (R)|2

The integration error can also be readily estimated by 
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M(RT)2 algorithm
The algorithm was first described in a paper by Metropolis, Rosenbluth, Rosenbluth, Teller and 
Teller M(RT)2. It shares common features to the rejection techniques because:

• It involves explicitly proposing a tentative value of the variable we want to sample, 
which may be rejected.

• The normalization of the sampled function is irrelevant.

M(RT)2  algorithm has its own advantages and disadvantages:

Pros Cons

• It can be used to sample essentially 
any density function regardless of 
analytic complexity in any number of 
dimensions

•   It is of very great simplicity.

•  Sampling is correct only asymptotically

• Consecutive variables produced are 
often very strongly correlated

• Many sampled configurations are 
disregarded•   It “embarrassingly parallel”



M(RT)2 algorithm

The M(RT)2 algorithm is based on the idea of random walk. A set of random configurations (or 
walkers) are generated by applying the transformation.

Our goal is to sample the probability distribution described by

P (x) ⌘ | T (x)|2

By recursively applying the same transformation we get

Transition 
probability

Under some very general conditions it can be proven that

lim
n!1

Pn(xn) = P (x)                      only depends on P (x) T

Pi+1(xi+1) =

Z
dxiPi(xi)T (xi ! xi+1)

Pn(xn) =

Z
dx1 . . . dxn�1P1(x1)T (x1 ! x2) . . . T (xn�1 ! xn)



It tells wether the 
proposed move is 
accepted or rejected.

It describes the probability of 
moving the walker from             .

M(RT)2 algorithm
Let us impose a further condition, i.e. that the asymptotic distribution is an “equilibrium” state:

P (x)T (x ! y) = P (y)T (y ! x)

The latter is called detailed balance condition, because it does not hold only on average, but it 
tells that point by point there is no net flux of probability

We can arbitrarily split the transition probability in two terms

T (x ! y) = G(x ! y)A(x ! y)

x ! y

The detailed balance then reads
A(y ! x)

A(x ! y)
=

P (x)G(x ! y)

P (y)G(y ! x)

It can be easily checked that the following acceptance probability satisfies the above requirement

A(y ! x) = min

✓
1,

P (x)G(x ! y)

P (y)G(y ! x)

◆



M(RT)2 algorithm
A common choice for                     is a Gaussian distribution centered in zero. In this case, at 
each step of the propagations, the walkers are moved by  

G(x ! y) = G(y ! x)

G(x ! y)

ԧ�ᅼ
In the multiple-particle case, the one dimensional gaussian is replaced by a three-dimensional 
gaussian for each particle. 

Since the probability of going from x to y is equal to the one of going from y to x, it turns out that 

xi

A(y ! x) = min

✓
1,

P (x)

P (y)

◆

xi+1 = xi + ⇣

xi + ⇣



M(RT)2 applied to VMC
At this point, we can describe the Metropolis algorithm for a VMC calculation

Step 0 - Start from an arbitrary distribution of walkers on the coordinate x

Step 1 - Move the walkers according to                           , i.e. 

Step 2 - Compute the acceptance probability                  A(xi ! yi+1) = min

✓
1,

| T (yi+1)|2

| T (xi)|2

◆

Step 3 - Accept or reject the proposed move                 

xi+1 = yi+1
| T (yi+1)|2

| T (xi)|2
> ⇠

| T (yi+1)|2

| T (xi)|2
 ⇠ xi+1 = xi

G(xi ! yi+1) yi+1 = xi + ⇣



M(RT)2 applied to VMC
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| T (x)|2

• The walkers are sampled from an initial distribution

• Random Gaussian move 

• Acceptance/rejection of the move 

• Random Gaussian move 

• Acceptance/rejection of the move 

• Iterate until enough configurations are sampled



M(RT)2 applied to VMC
A set of subsequent samplings will be correlated with each other and not correctly reflect the 
desired distribution

• To tame this problem, we can pick walkers every “Nvoid” steps, (where Nvoid is ideally 
larger than the correlation time of the chain) 

• The correlation time can be reduced by increasing the size of the Gaussian step, but 
this will also increase the likelihood of rejecting the proposed move;

• A good choice for the size of the step is such that the acceptance probability is ~ 0.5

It typically takes ~1000 steps for the chain to equilibrate to the desired distribution. These 
samples must be disregarded (burn-in time). 

Keeping these caveats into account, we now know how to sample our walkers from 
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M(RT)2 applied to VMC
Let us recall the trial energy definition: 
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Using the central limit theorem, we can estimate the energy expectation value as 
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Where the walkers are sampled from 
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P (R) =
| T (R)|2R
dR| T (R)|2

The integration error can also be readily estimated by 
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Energy minimization
The trial wave function depends on a set of variational parameters
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| T (p)i

It is convenient to introduce the state corresponding to the derivative of the wave function with 
respect to the i-th variational parameter 
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Assuming a real trial wave function, the energy derivative reads 

The variational parameters can be updated in the spirit of the stochastic gradient descent as 
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The quantum Harmonic Oscillator
Let us consider the prototypal problem of a collection of A independent (decoupled) quantum 
Harmonic oscillators, in N dimensions 
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We assume a trial wave function of the form
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So that the exact ground-state wave function is recovered for 
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The quantum Harmonic Oscillator
The local energy is the sum of the kinetic and potential contributions

The kinetic energy involves the second derivative of the trial wave function 

The potential energy is more immediate to evaluate 
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Question: What happens for                  ?
<latexit sha1_base64="osYg7zyM8Jp1UmKxf43O/Jbq9C4="></latexit>

↵ = 1/2

<latexit sha1_base64="7qSm3cPFTOfeg9/sslyJW8f7HyM="></latexit>

EL(R) =
1

2
⇥A⇥N


