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2Quantum Monte Carlo

Method: why Quantum Monte Carlo?

i. Solve the many-body problem for strongly correlated systems in a non-
perturbative fashion (exact, ab-initio) 

ii. Bare interactions + controlled approximations + uncertainty quantification 
iii.Accurate description of ground-state properties
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3Nuclear Hamiltonians

Model: non-relativistic nucleons interacting with an effective two-body (NN) and three- 
           body (NNN) nucleon force
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Model: non-relativistic baryons interacting with an effective two-body (BB) and three- 
           body (BBB) baryon force

not many data:  new info?
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Idea: revisit the problem of the hyperon-nucleon interaction using Quantum Monte Carlo
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Idea: revisit the problem of the hyperon-nucleon interaction using Quantum Monte Carlo
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8Results: Hypernuclei

AFDMC: ⇤-hypernuclei

D. L. and F. Pederiva, arXiv:1711.07521
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AFDMC: ⇤-hypernuclei

D. L. and F. Pederiva, arXiv:1711.07521
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AFDMC

Exp

D. L. and F. Pederiva, arXiv:1711.07521

Results: Hypernuclei
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AFDMC

Exp

D. L. and F. Pederiva, arXiv:1711.07521

Results: Hypernuclei
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P. H. Pile et al., Phys. Rev. Lett 66, 2585 (1991)
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plets is small. Because the A hyperon is uninhibited by the Pauli principle, it is free to occupy any shell-model orbital,
and it is therefore an unsurpassed probe of nuclear single-particie states.
The experiment described here was performed using the low-energy separated beam (LESB1) at the Brookhaven Na-
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Table 5
Partial list of differential cross sections (in µb/sr) utilized at the 40Ca target.

[p-hole] sΛ
1/2 pΛ

3/2 pΛ
1/2 dΛ

5/2 dΛ
3/2 1sΛ

1/2 f Λ
7/2 1pΛ

Sum f Λ
5/2

(0d−1
3/2) J = 0 – 0.0 – – 0.0 – – 0.1 –

J = 1 13.7 8.1 2.5 6.6 19.7 0.9 – 43.0 2.7
J = 2 41.0 15.3 31.4 30.2 0.1 2.7 2.7 7.3 24.4
J = 3 – 90.8 – 27.2 47.1 – 50.6 2.5 2.5
J = 4 – – – 108.1 – – 36.9 – 42.0
J = 5 – – – – – – 86.3 – –

(1s−1
1/2) J = 0 0.2 – 0.0 – – 0.0 – 0.0 –

J = 1 63.0 11.2 22.2 – 0.9 16.7 – 3.0 –
J = 2 – 33.3 – 1.7 2.7 – – 2.9 5.3
J = 3 – – – 3.5 – – 9.0 – 11.7
J = 4 – – – – – – 14.9 – –

Fig. 6. Excitation function for the 40Ca(γ ,K+)40
ΛK reaction calculated in DWIA at Eγ = 1.3 GeV and θL

K = 3◦ using the
Saclay–Lyon A model. For simplicity to draw pronounced doublet peaks, the artificial spin–orbit splitting is introduced
as 0.17(2l + 1) in MeV. In actual case such multiplet may be seen as a degenerate one. The hypernuclear energy is
measured from the 39K(g.s.) + Λ threshold, so it is expressed in terms of the hyperon energy EΛ .

stand that the series of major peaks is based on the conversion of 0f7/2 protons into a Λ particle
sitting in the s-, p-, d-, and f -orbits. In fact, the dominant peaks are due to the unnatural parity
[f −1

7/2j
Λ
> ]J=Jmax states with Jmax = j> + jΛ

> = lp + lΛ +1 = Lmax +1 where jΛ
> = sΛ

1/2(J = 4−),
pΛ

3/2(J = 5+), dΛ
5/2(J = 6−), and f Λ

7/2(J = 7+), respectively. On the other hand, the Λ spin–

orbit partner states [f −1
7/2j

Λ
< ]J=Lmax (J = 3−,4+,5−,6+) have about 60% of the production rate

of the corresponding biggest peak within each multiplet. The spin–orbit splitting is expected to
be of the order of 0.8 MeV for dΛ

5/2,3/2 based on the experimental data from 13
ΛC. Therefore,

if the energy resolution is good enough, there will be a chance to get direct information on the
spin–orbit splitting in this medium-mass region. It is interesting to note that another series of well
separated peaks are obtained based on the proton d3/2 hole. It should be also mentioned that, if
we improve the description of the 51V nuclear excited states, we will get very weakly excited
side peaks among the strong peaks shown here.

P. Bydžovský et al., Nucl. Phys. A 881 (2012) 199-217 

Bs
⇤ ' 18.0MeV Bp

⇤ ' 10.7MeV Bd
⇤ ' 3.3MeV
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Results: Hypernuclei

AFDMC: ⇤-hypernuclei



14

A
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48Ca
�
e, e0K+

�48
⇤
K

� = 0.188

40Ca
�
e, e0K+

�40
⇤
K

� = 0.025

� =
N � Z

A
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Results: Hypernuclei

AFDMC: ⇤-hypernuclei



12

15

18

21

24

17
ΛO

41
ΛCa

49
ΛCa

B
Λ

 (
M

eV
)

CT = −2.0 

CT = −1.0 

CT = 0.0 

CT = 0.5 

12

15

18

21

24

17
ΛO

41
ΛCa

49
ΛCa

AFDMC
Exp.

15

D. L. and F. Pederiva, arXiv:1711.07521
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⇤
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⇤
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⇤
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⇤

TN = 0, 1 TN = 1

Results: Hypernuclei

is AFDMC sensitive to a

nucleon-isospin dependence

of the ⇤NN force?
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AFDMC: ⇤-hypernuclei

relevant in NS
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AFDMC: ⇤-hypermatter

Results: Neutron Star Matter

Mmax = 2.45(1)M�
PSR J0348+0432

PSR J1614-2230

⇢th⇤ = 0.37(5) fm�3

Mmax = 1.45(8)M�

⇢th⇤ > 0.56 fm�3

Mmax > 2.07M�

CT=0:  D. L. et al., Phys. Rev. Lett. 114, 092301 (2015) 
CT=1:  preliminary results!
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phenomenological potentials
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Note: the energy contribution of a many-body force is scheme (and scale) dependent
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⇡
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⇡
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N
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3b

nucleons & pion exchange 
AV18 + UIX

nucleons/lambda & pion exchange 
Bodmer/Usmani

1⇡ � exchange
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Results: Hypernuclei & Neutron Star Matter



20

Y. Yamamoto et al., Phys. Rev. C 90, 045805 (2014)

AFDMC: Argonne + Urbana G-Matrix: ESC08 + MPa

Results: Hypernuclei & Neutron Star Matter
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TABLE II: Values of UΛ at normal density and partial wave
contributions in 2S+1LJ states for ESC and MPa/b/c from the
G-matrix calculations with CON prescriptions (in MeV). The
value specified by D gives the sum of 2S+1DJ contributions.

1S0
3S1

1P1
3P0

3P1
3P2 D UΛ

ESC −13.3 −26.7 2.6 0.2 1.8 −3.2 −1.6 −40.0

MPa −13.6 −25.9 3.4 0.4 2.1 −1.7 −2.7 −38.1

MPb −13.6 −26.0 3.4 0.4 2.1 −1.8 −2.7 −38.3

MPc −13.4 −25.1 3.2 0.3 2.0 −2.1 −2.4 −37.4

state, and substituted into G-matrices. The energy spec-
tra of Λ hypernuclei (13ΛC,

28
ΛSi,

51
ΛV,

139
Λ La, 208

Λ Pb) are
calculated with the G-matrix interactions obtained from
MPa and ESC. In Fig.3, the calculated values shown by
solid (MPa) and dashed (ESC) lines are compared with
the experimental values marked by open circles, where
the horizontal axis is given as A−2/3. Here, the experi-
mental data are shifted by 0.5 MeV from the values given
in Ref.[21], which has been recently proposed according
to the improved calibration [22]. Our G-matrix folding
models turn out to reproduce the energy spectra of Λ hy-
pernuclei systematically with no free parameter in both
cases of ESC and MPa. The results for MPb and MPc
are very similar to that for MPa. It should be noted that
reasonable Λ binding energies are obtained by taking the
(MPP+TBA) parts equally to those in nucleon matter.

The similar results for MPa and ESC mean that the
MPP and TBA contributions are rather canceled in eval-
uations of Λ binding energies. Here, the important point
is that the results for (ESC+MPP+TBA) reproduce well
the experimental values. This is considered as a necessity
condition which our MPP+TBA should satisfy at normal
density region.

When the results for MPa and ESC are compared
carefully, we find are some interesting differences. In Ta-
ble III, the calculated values of the energy spectra of 89

ΛY
for MPa and ESC are compared with the experimental
values. Values in parentheses are averaged values 〈kF 〉
which are evaluated self-consistently with solved Λ wave
functions. The 89

ΛY data has been measured with high
statistics and the obtained energy spectrum are very re-
liable. In this case the result for MPa is found to be
of better fitting than that for ESC. The reason is that
the stronger density-dependent interaction of the former
works more attractively in the upper states with smaller
values of 〈kF 〉. As found in Fig.3, the same effect brings
about the larger binding energies in light systems such as
13
ΛC with smaller values of 〈kF 〉, where the low-density
contributions are dominant.

The stronger density dependence of MPa is due to
the density-dependent contributions of the (MPP+TBA)
part. It is expected that more systematical studies of
Λ binding energies in future experiments elucidate the
strength of the density dependence more quantitatively.

FIG. 3: (Color online) Energy spectra of Λ hypernuclei (13ΛC,
28
ΛSi,

51
ΛV, 139

Λ La, 208
Λ Pb) derived from MPa (solid lines) and

ESC (dotted lines). Experimental values are marked by open
circles

TABLE III: Energy spectra (in MeV) of 89
ΛY calculated with

MPa and ESC in comparison with experimental values. Av-
eraged values of kF (in fm−1) are in parentheses.

s p d f

MPa −23.8 −17.4 −10.6 −3.8

(1.27) (1.23) (1.16) (1.08)

ESC −23.7 −16.8 −9.8 −3.0

(1.28) (1.23) (1.17) (1.09)

exp −23.7 −17.6 −10.9 −3.7

IV. EOS AND NEUTRON STARS

A. Hyperonic nuclear matter

Let us derive here the EoS of baryonic matter com-
posed of nucleons (N = n, p) and hyperons (Y = Λ,Σ−)
on the basis of the Brueckner theory.

We start from baryon single particle potentials. From
G-matrix elements in momentum space, a single particle

D. L. et al., Phys. Rev. C 89, 014314 (2014) 
D. L. and F. Pederiva, arXiv:1711.07521

Note: the energy contribution of a many-body force is scheme (and scale) dependent
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Results: Neutron Star Matter

D. L. et al., Phys. Rev. Lett. 114, 092301 (2015) & preliminary

Note: the energy contribution of a many-body force is scheme (and scale) dependent
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‣ Quantum Monte Carlo calculations are feasible for medium-mass hypernuclei, and 
the accuracy of numerical predictions is comparable to that of currently available 
experimental data. 

‣ Phenomenological potentials developed in a pion exchange model with nucleons and 
lambdas as explicit degrees of freedom can describe the ground-state physics of 
hypernuclei in a wide mass range and for different hyperon orbits. 

‣ A sensitivity study suggests the possibility to investigate the nucleon-isospin 
dependence of the three-body hyperon-nucleon-nucleon force in the medium-mass 
region of the hypernuclear chart using QMC methods. 

‣ Future hypernuclear experiments on medium-mass targets (and others) will provide 
the opportunity to develop more accurate many-body hypernuclear interactions, 
crucial for the prediction of neutron star properties and for the solution of the 
hyperon puzzle.

Thank you!!


