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2First principles or ab initio nuclear theory

Genuine Ab Initio

Quantum Chromodynamics
(QCD)



3

Chiral Effective 
Field Theory

(parameters fitted 
to NN data)

First principles or ab initio nuclear theory – what we do at present

Quantum Chromodynamics
(QCD)

Current ab anitio
nuclear theory

HΨ(A) = EΨ(A)

• Ab initio
² Degrees of freedom: Nucleons  
² All nucleons are active
² Exact Pauli principle
² Realistic inter-nucleon interactions

² Accurate description of NN (and 3N) data

² Controllable approximations



4Chiral Effective Field Theory

§ Inter-nucleon forces from chiral effective field theory
§ Based on the symmetries of QCD

§ Chiral symmetry of QCD (mu»md»0), spontaneously 
broken with pion as the Goldstone boson

§ Degrees of freedom: nucleons + pions
§ Systematic low-momentum expansion to a given order 

(Q/Λχ)
§ Hierarchy
§ Consistency
§ Low energy constants (LEC)

§ Fitted to data
§ Can be calculated by lattice QCD

Lawrence Livermore National Laboratory 4 LLNL#PRES#XXXXXX 

To develop such an ab initio nuclear theory we: 
 1) Start with accurate nuclear forces (and currents) 

+ ... + ... + ... 

NN force NNN force NNNN force 

Q0 

LO 

Q2 

NLO 

Q3 

N2LO 

Q4 

N3LO 

Worked out by Van Kolck, Keiser, 
Meissner, Epelbaum, Machleidt, ... 

"  Two- plus three-nucleon (NN+3N) 
forces from chiral effective field 
theory (EFT) 

 

Λχ~1 GeV : 
Chiral symmetry breaking scale
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Abstract

Results for the ΛN and ΣN interactions obtained at next-to-leading order in chiral effective field the-
ory are reported. At the order considered there are contributions from one- and two-pseudoscalar-meson
exchange diagrams and from four-baryon contact terms without and with two derivatives. SU(3) flavor
symmetry is imposed for constructing the hyperon–nucleon interaction, however, the explicit SU(3) sym-
metry breaking by the physical masses of the pseudoscalar mesons (π , K , η) and of the involved baryons
is taken into account. An excellent description of the hyperon–nucleon system can be achieved at next-to-
leading order. It is on the same level of quality as the one obtained by the most advanced phenomenological
hyperon–nucleon interaction models.
 2013 Elsevier B.V. All rights reserved.
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Abstract

We construct the leading order hyperon–nucleon potential in chiral effective field theory. We show that a
good description of the available data is possible and discuss briefly further improvements of this scheme.
 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The derivation of nuclear interactions from chiral effective field theory (EFT) has been dis-
cussed extensively in the literature since the work of Weinberg [1,2]. For reviews we refer to
[3,4]. The main advantages of this scheme are the possibilities to derive two- and three-nucleon
forces as well as external current operators in a consistent way and to improve calculations sys-
tematically by going to higher orders in the power counting.

Recently the nucleon–nucleon (NN ) interaction has been described to a high precision using
chiral EFT [5] (see also [6]). In this reference, the power counting is applied to the NN poten-
tial, as originally proposed in [1,2]. The NN potential consists of pion-exchanges and a series of
contact interactions with an increasing number of derivatives to parameterize the shorter ranged
part of the NN force. A regularized Lippmann–Schwinger equation is solved to calculate ob-

* Corresponding author.
E-mail address: h.polinder@fz-juelich.de (H. Polinder).

0375-9474/$ – see front matter  2006 Elsevier B.V. All rights reserved.
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Fig. 1. Lowest order contact terms for hyperon–nucleon interactions.

potentials in only 5 different combinations. These 5 contact terms need to be determined by a
fit to the experimental data. Since the NN data cannot be described with a LO EFT, see [1,14],
we will not consider the NN interaction explicitly. Therefore, we consider the YN partial wave
potentials

V ΛΛ
1S0 = CΛΛ

1S0 , V ΛΛ
3S1 = CΛΛ

3S1 ,

V ΣΣ
1S0 = CΣΣ

1S0 , V ΣΣ
3S1 = CΣΣ

3S1 ,

Ṽ ΣΣ
1S0 = 9CΛΛ

1S0 − 8CΣΣ
1S0 , Ṽ ΣΣ

3S1 = CΛΛ
3S1 ,

V ΛΣ
1S0 = 3

(
CΛΛ

1S0 − CΣΣ
1S0

)
, V ΛΣ

3S1 = CΛΣ
3S1 . (2.13)

We have chosen to search for CΛΛ
1S0 , CΛΛ

3S1 , CΣΣ
1S0 , CΣΣ

1S0 , and CΛΣ
3S1 in the fitting procedure. The

other partial wave potentials are then fixed by SU(3)f -symmetry.

2.3. One pseudoscalar-meson exchange

The lowest order SU(3)f -invariant pseudoscalar-meson–baryon interaction Lagrangian with
the appropriate symmetries is given by (see, e.g., [15]),

L=
〈
iB̄γ µDµB − M0B̄B + D

2
B̄γ µγ5{uµ,B} + F

2
B̄γ µγ5[uµ,B]

〉
, (2.14)

with M0 the octet baryon mass in the chiral limit. There are two possibilities for coupling the
axial vector uµ to the baryon bilinear. The conventional coupling constants F and D, used here,
satisfy the relation F + D = gA " 1.26. The axial-vector strength gA is measured in neutron
β-decay. The covariant derivative acting on the baryons is

DµB = ∂µB + [Γµ,B],

Γµ = 1
2

[
u†∂µu + u∂µu†],

u2 = U = exp(2iP/
√

2Fπ ), (2.15)

where Fπ is the weak pion decay constant, Fπ = 92.4 MeV, and P is the irreducible octet repre-
sentation of SU(3)f for the pseudoscalar mesons (the Goldstone bosons)

P =





π0√
2

+ η√
6

π+ K+

π− −π0√
2

+ η√
6

K0

−K− K̄0 − 2η√
6



 . (2.16)
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Table 1
The isospin factors for the various one-pseudoscalar-meson exchanges

Channel Isospin π K η

NN → NN 0 −3 0 1

1 1 0 1

ΛN → ΛN 1
2 0 1 1

ΛN → ΣN 1
2 −

√
3 −

√
3 0

ΣN → ΣN 1
2 −2 −1 1
3
2 1 2 1

Fig. 2. One-pseudoscalar-meson-exchange diagrams for hyperon–nucleon interactions.

3. Scattering equation and observables

In this section, we briefly comment on the used scattering equation and the evaluation of
observables. The calculations are done in momentum space, the scattering equation we solve is
the (nonrelativistic) Lippmann–Schwinger equation. For completeness we briefly discuss it here.
The coupled channels partial wave Lippmann–Schwinger equation is

T ν′′ν′,J
ρ′′ρ′ (p′′,p′;√s)

= V ν′′ν′,J
ρ′′ρ′ (p′′,p′) +

∑

ρ,ν

∞∫

0

dp p2

(2π)3 V ν′′ν,J
ρ′′ρ (p′′,p)

2µν

q2
ν − p2 + iη

T νν′,J
ρρ′ (p,p′;√s).

The label ν indicates the particle channels and the label ρ indicates the partial wave. The on-

shell momentum in the intermediate state, qν , is defined by
√

s =
√

M2
Yν

+ q2
ν +

√
M2

Nν
+ q2

ν .

J. Haidenbauer et al. / Nuclear Physics A 915 (2013) 24–58 27

Fig. 1. Relevant Feynman diagrams up-to-and-including next-to-leading order. Solid and dashed lines denote octet
baryons and pseudoscalar mesons, respectively. The square symbolizes a contact vertex with two derivatives. From left
to right: LO contact term, one-meson exchange, NLO contact term, planar box, crossed box, left triangle, right triangle,
football diagram.

2. Chiral potential at next-to-leading order

The derivation of chiral baryon–baryon potentials for the strangeness sector at LO using the
Weinberg power counting has been outlined in Refs. [21,44–46]. The NLO contributions for the
NN case are described in detail in Ref. [33], while the extension to baryon–baryon systems with
any combination of octet baryons has been worked out in Ref. [47]. The LO potential consists
of four-baryon contact terms without derivatives and of one-pseudoscalar-meson exchanges. At
NLO contact terms with two derivatives arise, together with loop contributions from (irreducible)
two-pseudoscalar-meson exchanges. The corresponding Feynman diagrams are shown in Fig. 1.

2.1. Contact terms

The spin dependence of the potentials due to leading order contact terms is given by [33]

V
(0)
BB→BB = CS + CT σ 1 · σ 2, (1)

where the parameters CS and CT are low-energy constants (LECs), depending on the considered
baryon–baryon channel, which need to be determined in a fit to data. At next-to-leading order
the spin and momentum dependence of the contact terms reads

V
(2)
BB→BB = C1q2 + C2k2 +

(
C3q2 + C4k2)σ 1 · σ 2 + i

2
C5(σ 1 + σ 2) · (q × k)

+ C6(q · σ 1)(q · σ 2) + C7(k · σ 1)(k · σ 2) + i
2
C8(σ 1 − σ 2) · (q × k), (2)

where Ci (i = 1, . . . ,8) are additional LECs. The transferred and average momenta, q and k,
are defined in terms of the final and initial center-of-mass momenta of the baryons, p′ and p, as
q = p′−p and k = (p′+p)/2. When performing a partial-wave projection, these terms contribute
to the two S-wave (1S0, 3S1) potentials, the four P -wave (1P1, 3P0, 3P1, 3P2) potentials, and
the 3S1–3D1 and 1P1–3P1 transition potentials in the following way [29]:

V
(1S0

)
= 4π(CS − 3CT ) + π(4C1 + C2 − 12C3 − 3C4 − 4C6 − C7)

(
p2 + p′ 2)

= C̃1S0
+ C1S0

(
p2 + p′ 2), (3)

V
(3S1

)
= 4π(CS + CT ) + π

3
(12C1 + 3C2 + 12C3 + 3C4 + 4C6 + C7)

(
p2 + p′ 2)

= C̃3S1
+ C3S1

(
p2 + p′ 2), (4)

V
(1P1

)
= 2π

3
(−4C1 + C2 + 12C3 − 3C4 + 4C6 − C7)pp′ = C1P1

pp′, (5)

V
(3P1

)
= 2π

3
(−4C1 + C2 − 4C3 + C4 + 2C5 − 8C6 + 2C7)pp′ = C3P1

pp′, (6)

LO contacts
LO one-boson exchange 

NLO
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Rapid developments in nuclear ab initio calculations 



7

Oxygen chain with interactions from chiral EFT



8Conceptually simplest ab initio method: No-Core Shell Model (NCSM)

§ Basis expansion method
§ Harmonic oscillator (HO) basis truncated in a particular way (Nmax)
§ Why HO basis? 

§ Lowest filled HO shells match magic numbers of light nuclei 
(2, 8, 20 – 4He, 16O, 40Ca)

§ Equivalent description in relative(Jacobi)-coordinate and 
Slater determinant basis

§ Short- and medium range correlations
§ Bound-states, narrow resonances

1max += NN

NCSM

ΨSD
A = cSDNjΦSDNj

HO (!r 1,
!r 2 , ... ,

!r A )
j
∑

N=0

Nmax

∑ =ΨA ϕ000 (
!
RCM )

ΨA = cNiΦNi
HO ( !η 1,

!
η 2 ,...,

!
η A−1)

i
∑

N=0

Nmax

∑ Author's personal copy

Progress in Particle and Nuclear Physics 69 (2013) 131–181
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Review

Ab initio no core shell model

Bruce R. Barrett a, Petr Navrátil b, James P. Vary c,⇤

a Department of Physics, University of Arizona, Tucson, AZ 85721, USA
b Theory Group, TRIUMF, Vancouver, BC V6T 2A3, Canada
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a r t i c l e i n f o

Keywords:
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Theory
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Reactions

a b s t r a c t

Motivated by limitations of the Bloch–Horowitz–Brandow perturbative approach to
nuclear structure we have developed the non-perturbative ab initio no core shell model
(NCSM) capable of solving the properties of nuclei exactly for arbitrary nucleon–nucleon
(NN) and NN + three-nucleon (NNN) interactions with exact preservation of all
symmetries. We present the complete ab initio NCSM formalism and review highlights
obtained with it since its inception. These highlights include the first ab initio nuclear-
structure calculations utilizing chiralNNN interactions, which predict the correct low-lying
spectrum for 10B and explain the anomalous long 14C �-decay lifetime. We also obtain the
small quadrupole moment of 6Li. In addition to explaining long-standing nuclear structure
anomalies, the ab initio NCSM provides a predictive framework for observables that are
not yet measured or are not directly measurable. For example, reactions between short-
lived systems and reaction rates near zero energy are relevant to fusion research but may
not be known from experiment with sufficient precision. We, therefore, discuss, in detail,
the extension of the ab initio NCSM to nuclear reactions and sketch a number of promising
future directions for research emerging from theNCSM foundation, including amicroscopic
non-perturbative framework for the theorywith a core. Having a parameter-free approach,
we can construct systems with a core, which will provide an ab initio pathway to heavier
nuclei.

© 2012 Elsevier B.V. All rights reserved.
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9In-Medium Similarity Renormalization Group – Flow equation

The Hamiltonian 
matrix is never 

constructed explicitly!
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Abstract
The nuclear shell model has perhaps been the most important concep-
tual and computational paradigm for the understanding of the structure
of atomic nuclei. While the shell model has been used predominantly in
a phenomenological context, there have been efforts stretching back more
than half a century to derive shell model parameters based on a realis-
tic interaction between nucleons. More recently, several ab initio many-
body methods—in particular, many-body perturbation theory, the no-core
shell model, the in-medium similarity renormalization group, and coupled-
cluster theory—have developed the capability to provide effective shell
model Hamiltonians. We provide an update on the status of these methods
and investigate the connections between them and their potential strengths
and weaknesses, with a particular focus on the in-medium similarity renor-
malization group approach. Three-body forces are demonstrated to be im-
portant for understanding the modi!cations needed in phenomenological
treatments. We then review some applications of these methods to com-
parisons with recent experimental measurements, and conclude with some
remaining challenges in ab initio shell model theory.
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The nuclear shell model has perhaps been the most important concep-
tual and computational paradigm for the understanding of the structure
of atomic nuclei. While the shell model has been used predominantly in
a phenomenological context, there have been efforts stretching back more
than half a century to derive shell model parameters based on a realis-
tic interaction between nucleons. More recently, several ab initio many-
body methods—in particular, many-body perturbation theory, the no-core
shell model, the in-medium similarity renormalization group, and coupled-
cluster theory—have developed the capability to provide effective shell
model Hamiltonians. We provide an update on the status of these methods
and investigate the connections between them and their potential strengths
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malization group approach. Three-body forces are demonstrated to be im-
portant for understanding the modi!cations needed in phenomenological
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The In-Medium Similarity Renormalization Group:
A novel ab initio method for nuclei
H. Hergert a,b,c,⇤, S.K. Bogner a,b, T.D. Morris b,a, A. Schwenkd,e, K. Tsukiyama f
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a r t i c l e i n f o

Article history:
Available online 7 January 2016
editor: S. Reddy

a b s t r a c t

We present a comprehensive review of the In-Medium Similarity Renormalization Group
(IM-SRG), a novel ab initio method for nuclei. The IM-SRG employs a continuous uni-
tary transformation of the many-body Hamiltonian to decouple the ground state from
all excitations, thereby solving the many-body problem. Starting from a pedagogi-
cal introduction of the underlying concepts, the IM-SRG flow equations are devel-
oped for systems with and without explicit spherical symmetry. We study different
IM-SRG generators that achieve the desired decoupling, and how they affect the details
of the IM-SRG flow. Based on calculations of closed-shell nuclei, we assess possible trunca-
tions for closing the system of flow equations in practical applications, as well as choices of
the reference state. We discuss the issue of center-of-mass factorization and demonstrate
that the IM-SRG ground-state wave function exhibits an approximate decoupling of intrin-
sic and center-of-mass degrees of freedom, similar to Coupled Cluster (CC) wave functions.
To put the IM-SRG in contextwith othermany-bodymethods, in particularmany-body per-
turbation theory and non-perturbative approaches like CC, a detailed perturbative analysis
of the IM-SRG flow equations is carried out. We conclude with a discussion of ongoing de-
velopments, including IM-SRG calculations with three-nucleon forces, the multi-reference
IM-SRG for open-shell nuclei, first non-perturbative derivations of shell-model interac-
tions, and the consistent evolution of operators in the IM-SRG. We dedicate this review
to the memory of Gerry Brown, one of the pioneers of many-body calculations of nuclei.

© 2016 Elsevier B.V. All rights reserved.
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SRG transformations of nuclear forces speed up convergence
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11Binding energies of light and selected medium mass nuclei from chiral NN+3N forces

§ Quite reasonable description of binding energies across the nuclear charts becomes feasible
§ The Hamiltonian fully determined in A=2 and A=3,4 systems

§ Nucleon–nucleon scattering, deuteron properties, 3H and 4He binding energy, 3H half life
§ Light nuclei – NCSM
§ Medium mass nuclei – Self-Consistent Green’s Function method 
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FIG. 21. Ratio of expectation values of three- (V3N) and
two-body (V2N) operators in the NNLOsat and NN+3N(lnl)
Hamiltonians. For the latter, the two-body part of the
centre-of-mass kinetic energy has been subtracted. For the
NN+3N(lnl) interaction, V3N contains original (i.e. SRG-
unevolved) three-body forces while induced three-body op-
erators have been included in V2N. Calculations are per-
formed at the ADC(2) level. Results are shown for N =
Z = {2, 8, 16, 20, 24, 40} nuclei (full symbols), plus 48S and
78Ni (empty symbols).

applied only to specific cases [18, 54], but never tested
in a systematic way. In the present work its main
ground-state properties as well as some selected excita-
tion spectra have been studied extensively in light and
medium-mass nuclei. Results in light systems are very
encouraging, with NCSM calculations in overall good
agreement with experiment even for spectra that are
known to be particularly sensitive to nuclear forces. To-
tal energies are well reproduced across the whole light
sector of the nuclear chart. In medium-mass nuclei,
present calculations focused on three representative iso-
topic chains. Total binding energies are found to be in
remarkable agreement with experimental values all the
way up to nickel isotopes once ADC(3) correlations are
included, thus correcting for the overbinding generated
with NN+3N(400). ADC(2) calculations of di↵erential
quantities, where ADC(3) contributions essentially can-
cel out, are also very satisfactory and are able to cap-
ture main trends and magic gaps in two-neutron sepa-
ration energies along all three chains. As evidenced in
Fig. 20, although largely improving on NN+3N(400),
rms charge radii obtained with the NN+3N(lnl) inter-
action still underestimate experiment and do not reach
the quality of NNLOsat. On the other hand this interac-
tion yields an excellent spectroscopy, also where NNLOsat

strives to give even a qualitatively correct account of
experimental data. One-nucleon addition and removal
spectra in neutron-rich calcium are well reproduced. Im-
pressively, the evolution of the energy di↵erences between
the ground and first excited states along potassium iso-
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FIG. 22. Binding energy per particle for a set of doubly
closed-shell nuclei computed with three di↵erent NN + 3N
interactions and compared to available experimental data.
NNLOsat andNN+3N(lnl) values come from the present work
and refer to ADC(3) calculations. 1.8/2.0 (EM) results were
obtained via full-space IM-SRG(2) calculations and originally
published in Ref. [30].

topes follows closely the experimental measurements.
Further insight can be gained by gauging the impor-

tance of 3N operators in the two interactions. In Fig. 21
the ratio of 3N over 2N contributions to the total en-
ergy is displayed for a selection of nuclei as a function of
mass number A for NNLOsat and NN+3N(lnl). In the
former, 3N operators are much more relevant, reaching
almost 20% of the 2N contribution in heavier systems.
On the contrary, the ratio stays rather low, around 5%,
for NN+3N(lnl). This has first of all practical conse-
quences, as in the majority of many-body calculations
the treatment of 3N operators is usually not exact, fol-
lowing either a normal-ordered two-body approximation
(see e.g. [27]) or some generalisation of it [70]. Hence a
strong 3N component is in general not desirable. On top
of that, one might worry about the hierarchy of many-
body forces from the standpoint of EFT, and possible
need to include subleading 3N or 4N operators that could
have a sizeable e↵ect.
Finally, let us compare NN+3N(lnl) and NNLOsat to

an interaction that has been extensively employed in nu-
clear structure studies in the last few years. Usually la-
belled as 1.8/2.0 (EM) and first introduced in Ref. [32], it
has proven to yield an accurate reproduction of ground-
state energies (as well as low-energy excitation spectra)
over a wide range of nuclei [30, 54, 112, 113]. Further-
more, it leads to a satisfactory description of infinite nu-
clear matter properties [11, 32, 114]. In Fig. 22 bind-
ing energies per particle obtained within in-medium simi-
larity renormalisation group (IM-SRG) calculations with
the 1.8/2.0 (EM) interaction [30] are compared, for a
set of closed-shell systems, to the ones computed at the
ADC(3) level withNN+3N(lnl) and NNLOsat. The three
sets of calculations achieve an overall excellent reproduc-
tion of experimental data. While NNLOsat results supe-
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p-shell nuclei were performed. In the NCSM, nuclei are
considered to be systems of A nonrelativistic point-like
nucleons interacting via realistic two- and three-body in-
teractions. Each nucleon is an active degree of freedom
and the translational invariance of observables, the an-
gular momentum, and the parity of the nucleus are con-
served. The many-body wave function is expanded over
a basis of antisymmetric A-nucleon harmonic oscillator
(HO) states. The basis contains up to Nmax HO exci-
tations above the lowest possible Pauli configuration, so
that the the motion of the center of mass is fully de-
coupled and its kinetic energy can be subtracted exactly.
The basis is characterised by an additional parameter ⌦,
the frequency of the HO well, and may depend on either
Jacobi relative [56] or single-particle coordinates [57].
The convergence of the HO expansion can be greatly ac-
celerated by applying an SRG transformation on the 2N
and 3N interactions [58–62]. Except for A=3, 4 nuclei,
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FIG. 4. Ground-state energies of s-shell and selected p-
shell nuclei calculated with theNN+3N(lnl) Hamiltonian (red
lines) compared to experiment (blue lines). The error bars
indicate uncertainties of the NCSM extrapolation. SRG evo-
lution with �=2 fm�1 and HO frequency of ~⌦=20 MeV were
used.

here and in the following of the paper an SRG evolution
is applied to the NN+3N(400) and NN+3N(lnl) inter-
actions down to a scale of �=2 fm�1. On the contrary,
calculations with NNLOsat are performed with the bare
Hamiltonian.

In Figs. 1, 2 and 3 the excitation energy spectra of se-
lected Li, Be, B, and C isotopes are displayed. A correct
ordering of low-lying levels is found for all the consid-
ered lithium and beryllium isotopes, namely 6,7,9Li and
8,9Be. The 2+0 and 1+2 0 states in 6Li as well as some
of the excited states in 7Li and 8,9Be are broad reso-
nances. Here a more realistic description of 6Li and 9Be
would require a better treatment of continuum e↵ects,
see Refs. [63] and [64], respectively, in this regard. Let
us note that all excited states of 6Li are unbound with
respect to the emission of an ↵ particle and that 7Li has
only one excited state below the ↵-separation threshold.
Similarly, 8Be is never bound and even its ground state
in unstable against decay into two ↵. The lowest states
in 10B are known to be very sensitive to the details of
nuclear forces, and the 3N interaction in particular [65].
Here a good description is achieved by NN+3N(lnl), with
only the 1+2 0 state resulting incorrectly placed. The cor-
rect level ordering is also found in 11B, with the spectrum
being overall too compressed as compared to the experi-
mental one. Finally, worth-noting is the correct ordering
of T=1 states in 12C, also known to be sensitive to the 3N
interaction. On the other hand, the alpha-cluster dom-
inated 0+0 Hoyle state in 12C cannot be reproduced in
the limited NCSM basis employed here [66]. In general,
NN+3N(lnl) yields spectra that are in good agreement
with experiment. Some underestimation of level-splitting
in 9Li, 11B, and 13C emerges, and could be associated
with a weaker spin-orbit interaction strength. This is
comparable to what has been found with earlier param-
eterisations of chiral 3N forces (see, e.g. [65]).

Ground-state energies of 3H, 3,4He, and selected p-shell
nuclei from 6He to 16O are shown in Fig. 4. The calcu-
lated values (red lines) obtained with theNN+3N(lnl) in-
teraction are compared to experiment (blue lines). Theo-

1.8/2.0 (EM) results: J. Simonis, S. R. Stroberg, K. Hebeler, 
J. D. Holt, and A. Schwenk, Phys. Rev. C 96, 014303 (2017). 
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Background: Recent advances in nuclear structure theory have led to the availability of several complementary
ab initio many-body techniques applicable to light and medium-mass nuclei as well as nuclear matter. After
successful benchmarks of different approaches, the focus is moving to the development of improved models
of nuclear Hamiltonians, currently representing the largest source of uncertainty in ab initio calculations of
nuclear systems. In particular, none of the existing two- plus three-body interactions is capable of satisfactorily
reproducing all the observables of interest in medium-mass nuclei.
Purpose: A novel parametrization of a Hamiltonian based on chiral effective field theory is introduced.
Specifically, three-nucleon operators at next-to-next-to-leading order are combined with an existing (and
successful) two-body interaction containing terms up to next-to-next-to-next-to-leading order. The resulting
potential is labeled NN+ 3N(lnl). The objective of the present work is to investigate the performance of this
new Hamiltonian across light and medium-mass nuclei.
Methods: Binding energies, nuclear radii, and excitation spectra are computed using state-of-the-art no-core
shell model and self-consistent Green’s function approaches. Calculations with NN+ 3N(lnl) are compared to
two other representative Hamiltonians currently in use, namely NNLOsat and the older NN+ 3N (400).
Results: Overall, the performance of the novel NN+ 3N(lnl) interaction is very encouraging. In light nuclei, total
energies are generally in good agreement with experimental data. Known spectra are also well reproduced with
a few notable exceptions. The good description of ground-state energies carries on to heavier nuclei, all the way
from oxygen to nickel isotopes. Except for those involving excitation processes across the N = 20 gap, which is
overestimated by the new interaction, spectra are of very good quality, in general superior to those obtained with
NNLOsat. Although largely improving on NN+ 3N (400) results, charge radii calculated with NN+ 3N(lnl) still
underestimate experimental values, as opposed to the ones computed with NNLOsat that successfully reproduce
available data on nickel.
Conclusions: The new two- plus three-nucleon Hamiltonian introduced in the present work represents a
promising alternative to existing nuclear interactions. In particular, it has the favorable features of (i) being
adjusted solely on A = 2, 3, 4 systems, thus complying with the ab initio strategy, (ii) yielding an excellent
reproduction of experimental energies all the way from light to medium-heavy nuclei, and (iii) behaving well
under similarity renormalization group transformations, with negligible four-nucleon forces being induced, thus
allowing large-scale calculations up to medium-heavy systems. The problem of the underestimation of nuclear
radii persists and will necessitate novel developments.
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I. INTRODUCTION

In the past decade, advances in many-body approaches and
internucleon interactions have enabled significant progress in
ab initio calculations of nuclear systems. At present, sev-
eral complementary methods to solve the (time-independent)
many-body Schrödinger equation are available, tailored to
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either light systems [1,2], medium-mass nuclei [3–8], or
extended nuclear matter [9–11]. New developments, which
promise to extend (most of) these methods to higher accuracy
and/or heavy nuclei, are being currently proposed [12,13].

Over the past few years, benchmark calculations have
allowed assessment of the systematic errors associated with
both the use of a necessarily finite-dimensional Hilbert space
and the truncation of the many-body expansion at play in each
of the formalisms of interest. In state-of-the-art implemen-
tations, these errors add up to at most 5%, much less than
the uncertainty attributable to the input nuclear Hamiltonian
[14–18]. As a result, ab initio calculations have also acquired
the role of diagnostic tools as the focus of the community
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promise to extend (most of) these methods to higher accuracy
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2 Ab Initio Description of p-Shell Hypernuclei
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9 We present the first ab initio calculations for p-shell single-Λ hypernuclei. For the solution of the many-
10 baryon problem, we develop two variants of the no-core shell model with explicit Λ and Σþ;Σ0;Σ−

11 hyperons including Λ-Σ conversion, optionally supplemented by a similarity renormalization group
12 transformation to accelerate model-space convergence. In addition to state-of-the-art chiral two- and three-
13 nucleon interactions, we use leading-order chiral hyperon-nucleon interactions and a recent meson-
14 exchange hyperon-nucleon interaction. We validate the approach for s-shell hypernuclei and apply it to
15 p-shell hypernuclei, in particular to 7

ΛLi,
9
ΛBe, and 13

Λ C. We show that the chiral hyperon-nucleon
16 interactions provide ground-state and excitation energies that generally agree with experimentation within
17 the cutoff dependence. At the same time we demonstrate that hypernuclear spectroscopy provides tight
18 constraints on the hyperon-nucleon interactions.

DOI:19 PACS numbers: 21.80.+a, 21.60.De, 13.75.Ev, 05.10.Cc

20 Over the past decades, the structure of hypernuclei has
21 been the focus of a number of experimental programs
22 worldwide, providing a wealth of high-precision data on
23 excitation spectra as well as binding energies [1–6]. These
24 experimental efforts continue and are intensified, e.g., in
25 several present and future experiments at international
26 facilities like J-PARC, JLab, and FAIR. Hypernuclear
27 structure theory has a rich history of phenomenological
28 models that have accompanied and driven the experiments,
29 most notably the shell model for p-and sd-shell hyper-
30 nuclei [7,8], cluster models [9–12], various mean-field
31 models [13–16], and recent Monte Carlo calculations with
32 simplified phenomenological interactions [17,18]. Ab initio
33 calculations based on realistic nucleonic and hyperonic
34 interactions were limited to systems of up to four nucleons
35 so far [19–22]. Nevertheless, these calculations established
36 a direct link between experimental observables and the
37 underlying interactions and helped to elucidate the role of
38 hyperons in matter. Advancing ab initio methods beyond
39 their current limits is highly desirable. It would allow us to
40 exploit the wealth of accurate experimental data, e.g., on
41 p-shell hypernuclei, for constraining and improving the
42 underlying interactions and to make predictions for yet
43 unobserved phenomena.
44 There are two main aspects that hindered ab initio
45 calculations for p-shell hypernuclei in the past. First, a
46 prerequisite is accurate ab initio calculations of the non-
47 strange parent nucleus. The approach has to be able to
48 provide converged results for the parent nucleus and
49 the nucleonic Hamiltonian has to yield a good description
50 of the experimental nuclear spectra. In the past few
51 years, ab initio methods using two-nucleon (NN) and

52three-nucleon (3N) interactions constructed in chiral effec-
53tive field theory (EFT) succeeded in providing a quanti-
54tative description of ground states and spectra of nuclei in
55the p shell and beyond [23,24]. This is facilitated by a
56multitude of developments on computational many-body
57methods that give access to an unprecedented range of
58nuclei [25–30].
59Second, the hyperon-nucleon (YN) interaction is ill
60constrained due to the scarce scattering data in the YN
61sector. Different models for the YN interaction, such as the
62widely used NSC and ESC models of the Nijmegen group
63[31,32], quark models [33], and the Jülich meson exchange
64models [34], already yield different results at the level of
65cross sections, rendering a meaningful ab initio description
66of hypernuclei difficult. In a new development, chiral EFT
67has been employed to derive YN interactions within the
68same conceptual framework as the nucleonic interactions.
69Leading-order (LO) and, very recently, next-to-leading-
70order (NLO) chiral YN interactions were developed by
71Polinder et al. [35] and Haidenbauer et al. [36], respec-
72tively, succeeding their earlier meson-exchange interactions
73like the Jülich04 model [34]. An exciting option for
74constraining YN interactions directly from QCD emerges
75from recent lattice QCD calculations [37,38], e.g., for YN
76phase shifts. In combination with the advances in ab initio
77many-body methods, this opens unique opportunities to
78learn about the structure of hypernuclei from first princi-
79ples. By confronting accurate calculations with precise
80hypernuclear data, one can characterize and constrain the
81YN interaction, which is still the main source of uncer-
82tainty, and assess the relevance of three-baryon interactions
83for hypernuclear structure. Quantitative knowledge of the
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194 consistent with Ref. [21]. The excitation energies of the 1þ

195 excited states, as shown in the lower plots, also agree very
196 well with previous few-body calculations and with exper-
197 imentation. Both NCSM approaches agree at the level of
198 1–5 keV in all model spaces accessible to both, thus
199 validating the implementations.
200 Application to p-shell hypernuclei.—The IT NCSM
201 enables ab initio calculations for all single-Λ hypernuclei
202 throughout the p-shell. Here we focus on a representative
203 subset, where precise experimental data on the spectros-
204 copy is available. We discuss 7

ΛLi as one of the best studied
205 p-shell hypernuclei in both experiment and phenomeno-
206 logical models, 9

ΛBe for which the first spin doublet is
207 degenerate posing a fine-tuning problem for the interaction,
208 and 13

Λ C representing the upper p shell. In comparison to the
209 well studied s-shell, hypernuclei in the p-shell probe higher
210 relative partial waves of the YN interaction and thus
211 enhance spin-orbit and tensor effects. Based on these
212 calculations we assess the performance of present YN
213 interactions, in particular, the Jülich04 and the LO

214chiral YN interactions for cutoff momenta 600 and
215700 MeV=c.
216We start with the discussion of 7

ΛLi in Fig. 2. Panel
217(a) shows the absolute energies and the excitation energies
218of the nonstrange parent nucleus 6Li obtained for the chiral
219NN þ 3N interaction with an SRG evolution to
220αN ¼ 0.08 fm4. Note that the converged energies are
221practically independent of αN in the lower p shell
222[23,24]. The good agreement of absolute and excitation
223energies with experimentation resulting from the chiral
224NN þ 3N Hamiltonian and the good convergence of the IT
225NCSM are evident and are a prerequisite for accurate
226hypernuclear calculations.
227When adding a hyperon to the nonstrange parent
228nucleus, in a simple picture, the weak attractive YN
229interaction leads to a lowering of the ground-state energy
230and to a splitting of each J > 0 level into a doublet with
231angular momenta J þ 1=2 and J − 1=2. The energy split-
232ting is directly controlled by and sensitive to the YN
233interaction. Both effects are evident in the IT NCSM results
234for 7

ΛLi in panels (b) and (c) of Fig. 2. Moreover, the
235differences between the YN interactions are evident. For
236the Jülich04 interaction employed in Fig. 2(c), the ground-
237state energy is in reasonable agreement with experimenta-
238tion, but the level ordering is wrong. The splitting of the

F1:1 FIG. 1 (color online).4 Ground-state energy of s-shell hyper-
F1:2 nuclei obtained with the LO chiral YN interaction with cutoff
F1:3 600 MeV=c.Solidsymbols representJNCSMresults, crossesshow
F1:4 IT NCSM results. Panel (a) shows the ground-state energies of 3ΛH
F1:5 for ℏΩ ¼ 20 MeV, αY ¼ 0 fm4 and αN ¼ 0 fm4 (▪) and αN ¼
F1:6 0.08 fm4 (•), with EFT-motivated extrapolations (colored bands)
F1:7 compared to the experimental value (gray band) and the result of a
F1:8 Faddeev calculation [21] (— see inset). Panels (b) and (c) show
F1:9 results for the0þ groundstates (▪)and1þ first excitedstates (•)of 4ΛH

F1:10 and 4
ΛHe, respectively, using αY ¼ αN ¼ 0 fm4 and

F1:11 ℏΩ ¼ 28 MeV. The upper plots show absolute energies, the lower
F1:12 plots excitation energies. The colored bands give the result of an
F1:13 exponential extrapolation of the ground-state energy and the solid
F1:14 lines represent results of previous few-body calculations [21].

F2:1FIG. 2 (color online). Absolute and excitation energies of the
F2:2first four states of 7

ΛLi for the LO chiral (b) and the Jülich04 YN
F2:3interaction (c) compared to the nonstrange parent nucleus 6Li (a).
F2:4For the LO chiral YN interaction in panel (b) we use the two
F2:5cutoff values 600 MeV=c (dash) and 700 MeV=c (double
F2:6square). Experimental data from Refs. [1,2,54]. All calculations
F2:7use αN ¼ 0.08 fm4, αY ¼ 0.0 fm4, and ℏΩ ¼ 20 MeV.
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We extend the no-core shell model (NCSM) methodology to incorporate strangeness degrees of freedom and
apply it to single-! hypernuclei. After discussing the transformation of the hyperon-nucleon (YN ) interaction into
the harmonic-oscillator (HO) basis and the similarity renormalization group transformation applied to it to improve
model-space convergence, we present two complementary formulations of the NCSM, one that uses relative Jacobi
coordinates and symmetry-adapted basis states to fully exploit the symmetries of the hypernuclear Hamiltonian
and one working in a Slater determinant basis of HO states where antisymmetrization and computation of matrix
elements is simple and to which an importance-truncation scheme can be applied. For the Jacobi-coordinate
formulation, we give an iterative procedure for the construction of the antisymmetric basis for arbitrary particle
number and present the formulas used to embed two- and three-baryon interactions into the many-body space. For
the Slater-determinant formulation, we discuss the conversion of the YN interaction matrix elements from relative
to single-particle coordinates, the importance-truncation scheme that tailors the model space to the description
of the low-lying spectrum, and the role of the redundant center-of-mass degrees of freedom. We conclude with
a validation of both formulations in the four-body system, giving converged ground-state energies for a chiral
Hamiltonian, and present a short survey of the A ! 7 hyperhelium isotopes.
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Strangeness impacts many fields of physics from heavy-ion
collisions to nuclear and neutron star structure. Of particular
interest are hypernuclei, which can be produced and studied in
the laboratory. Hypernuclei are many-body systems consisting
of nucleons and hyperons, baryons that carry strangeness, like
the !0, "0,±, and the #0,−. These hyperons are distinguishable
from the nucleons and can be used as probes for the interior
structure of the nucleonic core. Furthermore, hypernuclei ex-
tend the isospin SU(2), which is a good approximate symmetry
in nuclei, to flavor SU(3) that is broken by the significant mass
difference between the strange and the up and down quarks [1].
This breaking allows new types of baryon-baryon interactions
such as antisymmetric spin-orbit forces, which are forbidden
by isospin symmetry [2].

A variety of experiments were performed to study properties
of hypernuclei. From the early emulsion experiments (see, e.g.,
Ref. [3]) to modern accelerator-based experiments, a lot of
effort went into the measurement of not only ground-state prop-
erties [4–9], but also the determination of hypernuclear spectra
by γ -ray spectroscopy [10–14]. Even transition strengths are
experimentally accessible [15]. This effort was complemented
by various theory developments, e.g., Skyrme- and Brueckner-
Hartree-Fock models [16–18], the shell model [19–24], cluster
models [25–28], and few-body methods [29–33]. Recently,

*roland.wirth@physik.tu-darmstadt.de
†robert.roth@physik.tu-darmstadt.de

quantum Monte Carlo methods were developed that make
ground-state properties of a wide range of hypernuclei acces-
sible [34–36].

What was missing from this wealth of theoretical ap-
proaches was a method that provides systematically improv-
able calculations for both ground- and excited-state properties
of hypernuclei and is flexible in the choice of interactions
(unlike the quantum Monte Carlo methods which require local
ones). Such an ab initio many-body method is the cornerstone
for a description of p-shell hypernuclei with interactions
derived from chiral effective field theory framework, which
is rooted in the symmetries of quantum chromodynamics.
This was the original motivation for the development of the
hypernuclear shell model, which we presented recently [37].

In this paper, we describe the steps needed to perform
no-core shell-model (NCSM) calculations for single-! hy-
pernuclei. We start with the preparation of the harmonic-
oscillator (HO) matrix elements of the hyperon-nucleon (YN )
interaction, which are often provided in terms of spin-isospin
operators or—in our case—as momentum-space matrix ele-
ments (Sec. I). These matrix elements are optionally subject
to a similarity renormalization group (SRG) transformation
and converted to HO representation. We then present two
complementary formulations of the many-body method, one
using a basis with good angular momentum and isospin
quantum numbers employing translation-invariant Jacobi co-
ordinates (Sec. II) and one using a Slater determinant basis
of HO single-particle states (Sec. III). The Jacobi-coordinate

2469-9985/2018/97(6)/064315(16) 064315-1 ©2018 American Physical Society

Chiral N3LO NN+ N2LO 3N 

Jacobi-NCSM
vs.

Slater-Determinant
basis NCSM

0+

1+

0+
1+

SRG NN



14

§ Flexible approach capable performing exact calculations for few-nucleon 
systems and accurate calculations for nuclei & hypernuclei with A≤25 

NCSM calculations for light hypernuclei

14

1

2 Ab Initio Description of p-Shell Hypernuclei

3 Roland Wirth,1,* Daniel Gazda,2,3 Petr Navrátil,4 Angelo Calci,1 Joachim Langhammer,1 and Robert Roth1,†

4 1Institut für Kernphysik, Technische Universität Darmstadt, Schlossgartenstraße 2, 64289 Darmstadt, Germany
5 2ECT*, Villa Tambosi, 38123 Villazzano, Trento, Italy
6 3Nuclear Physics Institute, 25068 Řež, Czech Republic
7 4TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia V6T 2A3, Canada
8 (Received 12 March 2014)

9 We present the first ab initio calculations for p-shell single-Λ hypernuclei. For the solution of the many-
10 baryon problem, we develop two variants of the no-core shell model with explicit Λ and Σþ;Σ0;Σ−

11 hyperons including Λ-Σ conversion, optionally supplemented by a similarity renormalization group
12 transformation to accelerate model-space convergence. In addition to state-of-the-art chiral two- and three-
13 nucleon interactions, we use leading-order chiral hyperon-nucleon interactions and a recent meson-
14 exchange hyperon-nucleon interaction. We validate the approach for s-shell hypernuclei and apply it to
15 p-shell hypernuclei, in particular to 7

ΛLi,
9
ΛBe, and 13

Λ C. We show that the chiral hyperon-nucleon
16 interactions provide ground-state and excitation energies that generally agree with experimentation within
17 the cutoff dependence. At the same time we demonstrate that hypernuclear spectroscopy provides tight
18 constraints on the hyperon-nucleon interactions.
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20 Over the past decades, the structure of hypernuclei has
21 been the focus of a number of experimental programs
22 worldwide, providing a wealth of high-precision data on
23 excitation spectra as well as binding energies [1–6]. These
24 experimental efforts continue and are intensified, e.g., in
25 several present and future experiments at international
26 facilities like J-PARC, JLab, and FAIR. Hypernuclear
27 structure theory has a rich history of phenomenological
28 models that have accompanied and driven the experiments,
29 most notably the shell model for p-and sd-shell hyper-
30 nuclei [7,8], cluster models [9–12], various mean-field
31 models [13–16], and recent Monte Carlo calculations with
32 simplified phenomenological interactions [17,18]. Ab initio
33 calculations based on realistic nucleonic and hyperonic
34 interactions were limited to systems of up to four nucleons
35 so far [19–22]. Nevertheless, these calculations established
36 a direct link between experimental observables and the
37 underlying interactions and helped to elucidate the role of
38 hyperons in matter. Advancing ab initio methods beyond
39 their current limits is highly desirable. It would allow us to
40 exploit the wealth of accurate experimental data, e.g., on
41 p-shell hypernuclei, for constraining and improving the
42 underlying interactions and to make predictions for yet
43 unobserved phenomena.
44 There are two main aspects that hindered ab initio
45 calculations for p-shell hypernuclei in the past. First, a
46 prerequisite is accurate ab initio calculations of the non-
47 strange parent nucleus. The approach has to be able to
48 provide converged results for the parent nucleus and
49 the nucleonic Hamiltonian has to yield a good description
50 of the experimental nuclear spectra. In the past few
51 years, ab initio methods using two-nucleon (NN) and

52three-nucleon (3N) interactions constructed in chiral effec-
53tive field theory (EFT) succeeded in providing a quanti-
54tative description of ground states and spectra of nuclei in
55the p shell and beyond [23,24]. This is facilitated by a
56multitude of developments on computational many-body
57methods that give access to an unprecedented range of
58nuclei [25–30].
59Second, the hyperon-nucleon (YN) interaction is ill
60constrained due to the scarce scattering data in the YN
61sector. Different models for the YN interaction, such as the
62widely used NSC and ESC models of the Nijmegen group
63[31,32], quark models [33], and the Jülich meson exchange
64models [34], already yield different results at the level of
65cross sections, rendering a meaningful ab initio description
66of hypernuclei difficult. In a new development, chiral EFT
67has been employed to derive YN interactions within the
68same conceptual framework as the nucleonic interactions.
69Leading-order (LO) and, very recently, next-to-leading-
70order (NLO) chiral YN interactions were developed by
71Polinder et al. [35] and Haidenbauer et al. [36], respec-
72tively, succeeding their earlier meson-exchange interactions
73like the Jülich04 model [34]. An exciting option for
74constraining YN interactions directly from QCD emerges
75from recent lattice QCD calculations [37,38], e.g., for YN
76phase shifts. In combination with the advances in ab initio
77many-body methods, this opens unique opportunities to
78learn about the structure of hypernuclei from first princi-
79ples. By confronting accurate calculations with precise
80hypernuclear data, one can characterize and constrain the
81YN interaction, which is still the main source of uncer-
82tainty, and assess the relevance of three-baryon interactions
83for hypernuclear structure. Quantitative knowledge of the
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We extend the no-core shell model (NCSM) methodology to incorporate strangeness degrees of freedom and
apply it to single-! hypernuclei. After discussing the transformation of the hyperon-nucleon (YN ) interaction into
the harmonic-oscillator (HO) basis and the similarity renormalization group transformation applied to it to improve
model-space convergence, we present two complementary formulations of the NCSM, one that uses relative Jacobi
coordinates and symmetry-adapted basis states to fully exploit the symmetries of the hypernuclear Hamiltonian
and one working in a Slater determinant basis of HO states where antisymmetrization and computation of matrix
elements is simple and to which an importance-truncation scheme can be applied. For the Jacobi-coordinate
formulation, we give an iterative procedure for the construction of the antisymmetric basis for arbitrary particle
number and present the formulas used to embed two- and three-baryon interactions into the many-body space. For
the Slater-determinant formulation, we discuss the conversion of the YN interaction matrix elements from relative
to single-particle coordinates, the importance-truncation scheme that tailors the model space to the description
of the low-lying spectrum, and the role of the redundant center-of-mass degrees of freedom. We conclude with
a validation of both formulations in the four-body system, giving converged ground-state energies for a chiral
Hamiltonian, and present a short survey of the A ! 7 hyperhelium isotopes.
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Strangeness impacts many fields of physics from heavy-ion
collisions to nuclear and neutron star structure. Of particular
interest are hypernuclei, which can be produced and studied in
the laboratory. Hypernuclei are many-body systems consisting
of nucleons and hyperons, baryons that carry strangeness, like
the !0, "0,±, and the #0,−. These hyperons are distinguishable
from the nucleons and can be used as probes for the interior
structure of the nucleonic core. Furthermore, hypernuclei ex-
tend the isospin SU(2), which is a good approximate symmetry
in nuclei, to flavor SU(3) that is broken by the significant mass
difference between the strange and the up and down quarks [1].
This breaking allows new types of baryon-baryon interactions
such as antisymmetric spin-orbit forces, which are forbidden
by isospin symmetry [2].

A variety of experiments were performed to study properties
of hypernuclei. From the early emulsion experiments (see, e.g.,
Ref. [3]) to modern accelerator-based experiments, a lot of
effort went into the measurement of not only ground-state prop-
erties [4–9], but also the determination of hypernuclear spectra
by γ -ray spectroscopy [10–14]. Even transition strengths are
experimentally accessible [15]. This effort was complemented
by various theory developments, e.g., Skyrme- and Brueckner-
Hartree-Fock models [16–18], the shell model [19–24], cluster
models [25–28], and few-body methods [29–33]. Recently,
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quantum Monte Carlo methods were developed that make
ground-state properties of a wide range of hypernuclei acces-
sible [34–36].

What was missing from this wealth of theoretical ap-
proaches was a method that provides systematically improv-
able calculations for both ground- and excited-state properties
of hypernuclei and is flexible in the choice of interactions
(unlike the quantum Monte Carlo methods which require local
ones). Such an ab initio many-body method is the cornerstone
for a description of p-shell hypernuclei with interactions
derived from chiral effective field theory framework, which
is rooted in the symmetries of quantum chromodynamics.
This was the original motivation for the development of the
hypernuclear shell model, which we presented recently [37].

In this paper, we describe the steps needed to perform
no-core shell-model (NCSM) calculations for single-! hy-
pernuclei. We start with the preparation of the harmonic-
oscillator (HO) matrix elements of the hyperon-nucleon (YN )
interaction, which are often provided in terms of spin-isospin
operators or—in our case—as momentum-space matrix ele-
ments (Sec. I). These matrix elements are optionally subject
to a similarity renormalization group (SRG) transformation
and converted to HO representation. We then present two
complementary formulations of the many-body method, one
using a basis with good angular momentum and isospin
quantum numbers employing translation-invariant Jacobi co-
ordinates (Sec. II) and one using a Slater determinant basis
of HO single-particle states (Sec. III). The Jacobi-coordinate
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194 consistent with Ref. [21]. The excitation energies of the 1þ

195 excited states, as shown in the lower plots, also agree very
196 well with previous few-body calculations and with exper-
197 imentation. Both NCSM approaches agree at the level of
198 1–5 keV in all model spaces accessible to both, thus
199 validating the implementations.
200 Application to p-shell hypernuclei.—The IT NCSM
201 enables ab initio calculations for all single-Λ hypernuclei
202 throughout the p-shell. Here we focus on a representative
203 subset, where precise experimental data on the spectros-
204 copy is available. We discuss 7

ΛLi as one of the best studied
205 p-shell hypernuclei in both experiment and phenomeno-
206 logical models, 9

ΛBe for which the first spin doublet is
207 degenerate posing a fine-tuning problem for the interaction,
208 and 13

Λ C representing the upper p shell. In comparison to the
209 well studied s-shell, hypernuclei in the p-shell probe higher
210 relative partial waves of the YN interaction and thus
211 enhance spin-orbit and tensor effects. Based on these
212 calculations we assess the performance of present YN
213 interactions, in particular, the Jülich04 and the LO

214chiral YN interactions for cutoff momenta 600 and
215700 MeV=c.
216We start with the discussion of 7

ΛLi in Fig. 2. Panel
217(a) shows the absolute energies and the excitation energies
218of the nonstrange parent nucleus 6Li obtained for the chiral
219NN þ 3N interaction with an SRG evolution to
220αN ¼ 0.08 fm4. Note that the converged energies are
221practically independent of αN in the lower p shell
222[23,24]. The good agreement of absolute and excitation
223energies with experimentation resulting from the chiral
224NN þ 3N Hamiltonian and the good convergence of the IT
225NCSM are evident and are a prerequisite for accurate
226hypernuclear calculations.
227When adding a hyperon to the nonstrange parent
228nucleus, in a simple picture, the weak attractive YN
229interaction leads to a lowering of the ground-state energy
230and to a splitting of each J > 0 level into a doublet with
231angular momenta J þ 1=2 and J − 1=2. The energy split-
232ting is directly controlled by and sensitive to the YN
233interaction. Both effects are evident in the IT NCSM results
234for 7

ΛLi in panels (b) and (c) of Fig. 2. Moreover, the
235differences between the YN interactions are evident. For
236the Jülich04 interaction employed in Fig. 2(c), the ground-
237state energy is in reasonable agreement with experimenta-
238tion, but the level ordering is wrong. The splitting of the

F1:1 FIG. 1 (color online).4 Ground-state energy of s-shell hyper-
F1:2 nuclei obtained with the LO chiral YN interaction with cutoff
F1:3 600 MeV=c.Solidsymbols representJNCSMresults, crossesshow
F1:4 IT NCSM results. Panel (a) shows the ground-state energies of 3ΛH
F1:5 for ℏΩ ¼ 20 MeV, αY ¼ 0 fm4 and αN ¼ 0 fm4 (▪) and αN ¼
F1:6 0.08 fm4 (•), with EFT-motivated extrapolations (colored bands)
F1:7 compared to the experimental value (gray band) and the result of a
F1:8 Faddeev calculation [21] (— see inset). Panels (b) and (c) show
F1:9 results for the0þ groundstates (▪)and1þ first excitedstates (•)of 4ΛH

F1:10 and 4
ΛHe, respectively, using αY ¼ αN ¼ 0 fm4 and

F1:11 ℏΩ ¼ 28 MeV. The upper plots show absolute energies, the lower
F1:12 plots excitation energies. The colored bands give the result of an
F1:13 exponential extrapolation of the ground-state energy and the solid
F1:14 lines represent results of previous few-body calculations [21].

F2:1FIG. 2 (color online). Absolute and excitation energies of the
F2:2first four states of 7

ΛLi for the LO chiral (b) and the Jülich04 YN
F2:3interaction (c) compared to the nonstrange parent nucleus 6Li (a).
F2:4For the LO chiral YN interaction in panel (b) we use the two
F2:5cutoff values 600 MeV=c (dash) and 700 MeV=c (double
F2:6square). Experimental data from Refs. [1,2,54]. All calculations
F2:7use αN ¼ 0.08 fm4, αY ¼ 0.0 fm4, and ℏΩ ¼ 20 MeV.
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9 We present the first ab initio calculations for p-shell single-Λ hypernuclei. For the solution of the many-
10 baryon problem, we develop two variants of the no-core shell model with explicit Λ and Σþ;Σ0;Σ−

11 hyperons including Λ-Σ conversion, optionally supplemented by a similarity renormalization group
12 transformation to accelerate model-space convergence. In addition to state-of-the-art chiral two- and three-
13 nucleon interactions, we use leading-order chiral hyperon-nucleon interactions and a recent meson-
14 exchange hyperon-nucleon interaction. We validate the approach for s-shell hypernuclei and apply it to
15 p-shell hypernuclei, in particular to 7

ΛLi,
9
ΛBe, and 13

Λ C. We show that the chiral hyperon-nucleon
16 interactions provide ground-state and excitation energies that generally agree with experimentation within
17 the cutoff dependence. At the same time we demonstrate that hypernuclear spectroscopy provides tight
18 constraints on the hyperon-nucleon interactions.
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20 Over the past decades, the structure of hypernuclei has
21 been the focus of a number of experimental programs
22 worldwide, providing a wealth of high-precision data on
23 excitation spectra as well as binding energies [1–6]. These
24 experimental efforts continue and are intensified, e.g., in
25 several present and future experiments at international
26 facilities like J-PARC, JLab, and FAIR. Hypernuclear
27 structure theory has a rich history of phenomenological
28 models that have accompanied and driven the experiments,
29 most notably the shell model for p-and sd-shell hyper-
30 nuclei [7,8], cluster models [9–12], various mean-field
31 models [13–16], and recent Monte Carlo calculations with
32 simplified phenomenological interactions [17,18]. Ab initio
33 calculations based on realistic nucleonic and hyperonic
34 interactions were limited to systems of up to four nucleons
35 so far [19–22]. Nevertheless, these calculations established
36 a direct link between experimental observables and the
37 underlying interactions and helped to elucidate the role of
38 hyperons in matter. Advancing ab initio methods beyond
39 their current limits is highly desirable. It would allow us to
40 exploit the wealth of accurate experimental data, e.g., on
41 p-shell hypernuclei, for constraining and improving the
42 underlying interactions and to make predictions for yet
43 unobserved phenomena.
44 There are two main aspects that hindered ab initio
45 calculations for p-shell hypernuclei in the past. First, a
46 prerequisite is accurate ab initio calculations of the non-
47 strange parent nucleus. The approach has to be able to
48 provide converged results for the parent nucleus and
49 the nucleonic Hamiltonian has to yield a good description
50 of the experimental nuclear spectra. In the past few
51 years, ab initio methods using two-nucleon (NN) and

52three-nucleon (3N) interactions constructed in chiral effec-
53tive field theory (EFT) succeeded in providing a quanti-
54tative description of ground states and spectra of nuclei in
55the p shell and beyond [23,24]. This is facilitated by a
56multitude of developments on computational many-body
57methods that give access to an unprecedented range of
58nuclei [25–30].
59Second, the hyperon-nucleon (YN) interaction is ill
60constrained due to the scarce scattering data in the YN
61sector. Different models for the YN interaction, such as the
62widely used NSC and ESC models of the Nijmegen group
63[31,32], quark models [33], and the Jülich meson exchange
64models [34], already yield different results at the level of
65cross sections, rendering a meaningful ab initio description
66of hypernuclei difficult. In a new development, chiral EFT
67has been employed to derive YN interactions within the
68same conceptual framework as the nucleonic interactions.
69Leading-order (LO) and, very recently, next-to-leading-
70order (NLO) chiral YN interactions were developed by
71Polinder et al. [35] and Haidenbauer et al. [36], respec-
72tively, succeeding their earlier meson-exchange interactions
73like the Jülich04 model [34]. An exciting option for
74constraining YN interactions directly from QCD emerges
75from recent lattice QCD calculations [37,38], e.g., for YN
76phase shifts. In combination with the advances in ab initio
77many-body methods, this opens unique opportunities to
78learn about the structure of hypernuclei from first princi-
79ples. By confronting accurate calculations with precise
80hypernuclear data, one can characterize and constrain the
81YN interaction, which is still the main source of uncer-
82tainty, and assess the relevance of three-baryon interactions
83for hypernuclear structure. Quantitative knowledge of the

1

2

PHY S I CA L R EV I EW LE T T ER S

1 © 2014 American Physical Society

Testing chiral LO NY potentials
with Λ-Σ mixing included

…outperform the Julich ’04 
YN potential

A

p (uud): mp=938.3 MeV; n (udd): mn=939.6 MeV, Λ (uds): mΛ=1115.7 MeV; Σ (uus,uds,dds): mΣ=1189.4 MeV  

PHYSICAL REVIEW C 97, 064315 (2018)

Hypernuclear no-core shell model

Roland Wirth,1,* Daniel Gazda,2,3 Petr Navrátil,4 and Robert Roth1,†
1Institut für Kernphysik–Theoriezentrum, TU Darmstadt, Schlossgartenstrasse 2, 64289 Darmstadt, Germany

2Department of Physics, Chalmers University of Technology, SE-412 96 Göteborg, Sweden
3Nuclear Physics Institute, 25068 Řež, Czech Republic

4TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia, V6T 2A3, Canada

(Received 15 December 2017; published 21 June 2018)

We extend the no-core shell model (NCSM) methodology to incorporate strangeness degrees of freedom and
apply it to single-! hypernuclei. After discussing the transformation of the hyperon-nucleon (YN ) interaction into
the harmonic-oscillator (HO) basis and the similarity renormalization group transformation applied to it to improve
model-space convergence, we present two complementary formulations of the NCSM, one that uses relative Jacobi
coordinates and symmetry-adapted basis states to fully exploit the symmetries of the hypernuclear Hamiltonian
and one working in a Slater determinant basis of HO states where antisymmetrization and computation of matrix
elements is simple and to which an importance-truncation scheme can be applied. For the Jacobi-coordinate
formulation, we give an iterative procedure for the construction of the antisymmetric basis for arbitrary particle
number and present the formulas used to embed two- and three-baryon interactions into the many-body space. For
the Slater-determinant formulation, we discuss the conversion of the YN interaction matrix elements from relative
to single-particle coordinates, the importance-truncation scheme that tailors the model space to the description
of the low-lying spectrum, and the role of the redundant center-of-mass degrees of freedom. We conclude with
a validation of both formulations in the four-body system, giving converged ground-state energies for a chiral
Hamiltonian, and present a short survey of the A ! 7 hyperhelium isotopes.
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Strangeness impacts many fields of physics from heavy-ion
collisions to nuclear and neutron star structure. Of particular
interest are hypernuclei, which can be produced and studied in
the laboratory. Hypernuclei are many-body systems consisting
of nucleons and hyperons, baryons that carry strangeness, like
the !0, "0,±, and the #0,−. These hyperons are distinguishable
from the nucleons and can be used as probes for the interior
structure of the nucleonic core. Furthermore, hypernuclei ex-
tend the isospin SU(2), which is a good approximate symmetry
in nuclei, to flavor SU(3) that is broken by the significant mass
difference between the strange and the up and down quarks [1].
This breaking allows new types of baryon-baryon interactions
such as antisymmetric spin-orbit forces, which are forbidden
by isospin symmetry [2].

A variety of experiments were performed to study properties
of hypernuclei. From the early emulsion experiments (see, e.g.,
Ref. [3]) to modern accelerator-based experiments, a lot of
effort went into the measurement of not only ground-state prop-
erties [4–9], but also the determination of hypernuclear spectra
by γ -ray spectroscopy [10–14]. Even transition strengths are
experimentally accessible [15]. This effort was complemented
by various theory developments, e.g., Skyrme- and Brueckner-
Hartree-Fock models [16–18], the shell model [19–24], cluster
models [25–28], and few-body methods [29–33]. Recently,
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quantum Monte Carlo methods were developed that make
ground-state properties of a wide range of hypernuclei acces-
sible [34–36].

What was missing from this wealth of theoretical ap-
proaches was a method that provides systematically improv-
able calculations for both ground- and excited-state properties
of hypernuclei and is flexible in the choice of interactions
(unlike the quantum Monte Carlo methods which require local
ones). Such an ab initio many-body method is the cornerstone
for a description of p-shell hypernuclei with interactions
derived from chiral effective field theory framework, which
is rooted in the symmetries of quantum chromodynamics.
This was the original motivation for the development of the
hypernuclear shell model, which we presented recently [37].

In this paper, we describe the steps needed to perform
no-core shell-model (NCSM) calculations for single-! hy-
pernuclei. We start with the preparation of the harmonic-
oscillator (HO) matrix elements of the hyperon-nucleon (YN )
interaction, which are often provided in terms of spin-isospin
operators or—in our case—as momentum-space matrix ele-
ments (Sec. I). These matrix elements are optionally subject
to a similarity renormalization group (SRG) transformation
and converted to HO representation. We then present two
complementary formulations of the many-body method, one
using a basis with good angular momentum and isospin
quantum numbers employing translation-invariant Jacobi co-
ordinates (Sec. II) and one using a Slater determinant basis
of HO single-particle states (Sec. III). The Jacobi-coordinate
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239 spin doublet is significantly too large and has the wrong
240 sign, leading to a systematically reversed level ordering.
241 This deficiency is already visible for the excited states of
242 the A ¼ 4 hypernuclei [21].
243 The LO chiral YN interactions employed in Fig. 2(b)
244 provide a consistently better description of the spectra. The
245 ground-state energies obtained for cutoffs 600 and
246 700 MeV=c are slightly below and above the experiment,
247 respectively. The excitation energies exhibit a weaker
248 cutoff dependence, with the cutoff 600 MeV=c yielding
249 slightly lower excitation energies. If we interpret this
250 dependence on the YN cutoff as an estimator for the effects
251 of higher-order terms in the chiral expansion, then we can
252 state that the LO chiral YN interaction gives ground-state
253 and excitation energies that agree with experimentation
254 within the truncation uncertainties.
255 The IT NCSM also gives access to spectroscopic
256 observables such as transition strengths. As an example
257 we consider the BðE2Þ strength for the 5=2þ → 1=2þ

258 transition in 7
ΛLi, which has been experimentally deter-

259 mined to BðE2Þ ¼ 3.6þ0.5
−0.5ðstatÞ

þ0.5
−0.4ðsystÞe2 fm4 [55]. For

260 the LO chiral YN interaction with cutoff 600 MeV=c, we
261 obtain BðE2Þ ¼ 2.3ð1Þ and 2.4ð1Þe2fm4 forNmax ¼ 10 and
262 12, respectively, using ℏΩ ¼ 20 MeV. The numbers in
263 brackets indicate the uncertainties of the threshold extrapo-
264 lation [24]. Obviously, convergence of this long-range
265 observable is problematic and a systematic study exploiting
266 the frequency dependence to perform extrapolations is
267 needed. A simpler example is the BðM1Þ strength for
268 the spin-flip transition 3=2þ → 1=2þ. We obtain BðM1Þ ¼
269 0.31ð1Þ μ2N for Nmax ¼ 10 and 12, indicating good con-
270 vergence. This is in excellent agreement with a preliminary
271 experimental value reported in [56].
272 As a second case we discuss the spectrum of 9

ΛBe, as
273 depicted in Fig. 3. The nucleonic parent nucleus 8Be is
274 unbound with respect to decay into two α particles, but the
275 IT NCSM still provides a good description of the ground-
276 and excited-state energies in a bound-state approximation.
277 The addition of the hyperon binds the 9

ΛBe hypernucleus.
278 Again, the LO chiral YN interactions for cutoff 600 and
279 700 MeV=c yield different ground-state energies that
280 bracket the experimental value. A peculiarity of 9

ΛBe is
281 that the spin doublet resulting from the 2þ state in 8Be is
282 practically degenerate, with the higher-J state being at
283 slightly lower excitation energy experimentally, contrary to
284 the other light hypernuclei. The LO chiral YN interactions
285 reproduce the excitation energy of the doublet and the near
286 degeneracy within threshold extrapolation and convergence
287 uncertainties. In contrast, the Jülich04 interaction gives a
288 significant splitting of the spin doublet, in contradiction to
289 experimentation.
290 As a final example from the upper p shell, we discuss
291 13

Λ C in Fig. 4. The SRG-evolved chiral NN þ 3N inter-
292 action at αN ¼ 0.08 fm4 gives a ground-state energy of the
293 nucleonic parent 12C about 6 MeV below experimentation.

294This overbinding is related to the emergence of SRG-
295induced 4N interactions in the upper p shell that are not
296included in the present calculations (see Refs. [23,24]). The
297absolute energies of 13

Λ C inherit this overbinding; however,
298taking this into account, the chiral LO interactions are
299consistent with the experimental ground-state energies
300within the cutoff uncertainty. Also the excited spin doublet

F3:1FIG. 3 (color online). Same as Fig. 2, but for 9
ΛBe and 8Be.

F4:1FIG. 4 (color online). Same as Fig. 2, but for 13Λ C and 12C. Note
F4:2the change of scale in the lower panels.

5

6

PHY S I CA L R EV I EW LE T T ER S

4

Chiral N3LO NN+ N2LO 3N 

Slater-Determinant
basis NCSM

SRG NN+3N



16

§ Flexible approach capable performing exact calculations for few-nucleon 
systems and accurate calculations for nuclei & hypernuclei with A≤25 

NCSM calculations for light hypernuclei

16

1

2 Ab Initio Description of p-Shell Hypernuclei
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9 We present the first ab initio calculations for p-shell single-Λ hypernuclei. For the solution of the many-
10 baryon problem, we develop two variants of the no-core shell model with explicit Λ and Σþ;Σ0;Σ−

11 hyperons including Λ-Σ conversion, optionally supplemented by a similarity renormalization group
12 transformation to accelerate model-space convergence. In addition to state-of-the-art chiral two- and three-
13 nucleon interactions, we use leading-order chiral hyperon-nucleon interactions and a recent meson-
14 exchange hyperon-nucleon interaction. We validate the approach for s-shell hypernuclei and apply it to
15 p-shell hypernuclei, in particular to 7

ΛLi,
9
ΛBe, and 13

Λ C. We show that the chiral hyperon-nucleon
16 interactions provide ground-state and excitation energies that generally agree with experimentation within
17 the cutoff dependence. At the same time we demonstrate that hypernuclear spectroscopy provides tight
18 constraints on the hyperon-nucleon interactions.
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20 Over the past decades, the structure of hypernuclei has
21 been the focus of a number of experimental programs
22 worldwide, providing a wealth of high-precision data on
23 excitation spectra as well as binding energies [1–6]. These
24 experimental efforts continue and are intensified, e.g., in
25 several present and future experiments at international
26 facilities like J-PARC, JLab, and FAIR. Hypernuclear
27 structure theory has a rich history of phenomenological
28 models that have accompanied and driven the experiments,
29 most notably the shell model for p-and sd-shell hyper-
30 nuclei [7,8], cluster models [9–12], various mean-field
31 models [13–16], and recent Monte Carlo calculations with
32 simplified phenomenological interactions [17,18]. Ab initio
33 calculations based on realistic nucleonic and hyperonic
34 interactions were limited to systems of up to four nucleons
35 so far [19–22]. Nevertheless, these calculations established
36 a direct link between experimental observables and the
37 underlying interactions and helped to elucidate the role of
38 hyperons in matter. Advancing ab initio methods beyond
39 their current limits is highly desirable. It would allow us to
40 exploit the wealth of accurate experimental data, e.g., on
41 p-shell hypernuclei, for constraining and improving the
42 underlying interactions and to make predictions for yet
43 unobserved phenomena.
44 There are two main aspects that hindered ab initio
45 calculations for p-shell hypernuclei in the past. First, a
46 prerequisite is accurate ab initio calculations of the non-
47 strange parent nucleus. The approach has to be able to
48 provide converged results for the parent nucleus and
49 the nucleonic Hamiltonian has to yield a good description
50 of the experimental nuclear spectra. In the past few
51 years, ab initio methods using two-nucleon (NN) and

52three-nucleon (3N) interactions constructed in chiral effec-
53tive field theory (EFT) succeeded in providing a quanti-
54tative description of ground states and spectra of nuclei in
55the p shell and beyond [23,24]. This is facilitated by a
56multitude of developments on computational many-body
57methods that give access to an unprecedented range of
58nuclei [25–30].
59Second, the hyperon-nucleon (YN) interaction is ill
60constrained due to the scarce scattering data in the YN
61sector. Different models for the YN interaction, such as the
62widely used NSC and ESC models of the Nijmegen group
63[31,32], quark models [33], and the Jülich meson exchange
64models [34], already yield different results at the level of
65cross sections, rendering a meaningful ab initio description
66of hypernuclei difficult. In a new development, chiral EFT
67has been employed to derive YN interactions within the
68same conceptual framework as the nucleonic interactions.
69Leading-order (LO) and, very recently, next-to-leading-
70order (NLO) chiral YN interactions were developed by
71Polinder et al. [35] and Haidenbauer et al. [36], respec-
72tively, succeeding their earlier meson-exchange interactions
73like the Jülich04 model [34]. An exciting option for
74constraining YN interactions directly from QCD emerges
75from recent lattice QCD calculations [37,38], e.g., for YN
76phase shifts. In combination with the advances in ab initio
77many-body methods, this opens unique opportunities to
78learn about the structure of hypernuclei from first princi-
79ples. By confronting accurate calculations with precise
80hypernuclear data, one can characterize and constrain the
81YN interaction, which is still the main source of uncer-
82tainty, and assess the relevance of three-baryon interactions
83for hypernuclear structure. Quantitative knowledge of the
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We extend the no-core shell model (NCSM) methodology to incorporate strangeness degrees of freedom and
apply it to single-! hypernuclei. After discussing the transformation of the hyperon-nucleon (YN ) interaction into
the harmonic-oscillator (HO) basis and the similarity renormalization group transformation applied to it to improve
model-space convergence, we present two complementary formulations of the NCSM, one that uses relative Jacobi
coordinates and symmetry-adapted basis states to fully exploit the symmetries of the hypernuclear Hamiltonian
and one working in a Slater determinant basis of HO states where antisymmetrization and computation of matrix
elements is simple and to which an importance-truncation scheme can be applied. For the Jacobi-coordinate
formulation, we give an iterative procedure for the construction of the antisymmetric basis for arbitrary particle
number and present the formulas used to embed two- and three-baryon interactions into the many-body space. For
the Slater-determinant formulation, we discuss the conversion of the YN interaction matrix elements from relative
to single-particle coordinates, the importance-truncation scheme that tailors the model space to the description
of the low-lying spectrum, and the role of the redundant center-of-mass degrees of freedom. We conclude with
a validation of both formulations in the four-body system, giving converged ground-state energies for a chiral
Hamiltonian, and present a short survey of the A ! 7 hyperhelium isotopes.

DOI: 10.1103/PhysRevC.97.064315

Strangeness impacts many fields of physics from heavy-ion
collisions to nuclear and neutron star structure. Of particular
interest are hypernuclei, which can be produced and studied in
the laboratory. Hypernuclei are many-body systems consisting
of nucleons and hyperons, baryons that carry strangeness, like
the !0, "0,±, and the #0,−. These hyperons are distinguishable
from the nucleons and can be used as probes for the interior
structure of the nucleonic core. Furthermore, hypernuclei ex-
tend the isospin SU(2), which is a good approximate symmetry
in nuclei, to flavor SU(3) that is broken by the significant mass
difference between the strange and the up and down quarks [1].
This breaking allows new types of baryon-baryon interactions
such as antisymmetric spin-orbit forces, which are forbidden
by isospin symmetry [2].

A variety of experiments were performed to study properties
of hypernuclei. From the early emulsion experiments (see, e.g.,
Ref. [3]) to modern accelerator-based experiments, a lot of
effort went into the measurement of not only ground-state prop-
erties [4–9], but also the determination of hypernuclear spectra
by γ -ray spectroscopy [10–14]. Even transition strengths are
experimentally accessible [15]. This effort was complemented
by various theory developments, e.g., Skyrme- and Brueckner-
Hartree-Fock models [16–18], the shell model [19–24], cluster
models [25–28], and few-body methods [29–33]. Recently,
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quantum Monte Carlo methods were developed that make
ground-state properties of a wide range of hypernuclei acces-
sible [34–36].

What was missing from this wealth of theoretical ap-
proaches was a method that provides systematically improv-
able calculations for both ground- and excited-state properties
of hypernuclei and is flexible in the choice of interactions
(unlike the quantum Monte Carlo methods which require local
ones). Such an ab initio many-body method is the cornerstone
for a description of p-shell hypernuclei with interactions
derived from chiral effective field theory framework, which
is rooted in the symmetries of quantum chromodynamics.
This was the original motivation for the development of the
hypernuclear shell model, which we presented recently [37].

In this paper, we describe the steps needed to perform
no-core shell-model (NCSM) calculations for single-! hy-
pernuclei. We start with the preparation of the harmonic-
oscillator (HO) matrix elements of the hyperon-nucleon (YN )
interaction, which are often provided in terms of spin-isospin
operators or—in our case—as momentum-space matrix ele-
ments (Sec. I). These matrix elements are optionally subject
to a similarity renormalization group (SRG) transformation
and converted to HO representation. We then present two
complementary formulations of the many-body method, one
using a basis with good angular momentum and isospin
quantum numbers employing translation-invariant Jacobi co-
ordinates (Sec. II) and one using a Slater determinant basis
of HO single-particle states (Sec. III). The Jacobi-coordinate
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leading to a systematically reversed level ordering. This
deficiency is already visible for the excited states of the
A ¼ 4 hypernuclei [21].
The LO chiral YN interactions employed in Fig. 2(b)

provide a consistently better description of the spectra.
The ground-state energies obtained for cutoffs 600 and
700 MeV=c are slightly below and above experiment,
respectively. The excitation energies exhibit a weaker
cutoff dependence, with the cutoff 600 MeV=c yielding
slightly lower excitation energies. If we interpret this
dependence on the YN cutoff as an estimator for the
effects of higher-order terms in the chiral expansion, then
we can state that the LO chiral YN interaction gives
ground-state and excitation energies that agree with experi-
ment within the truncation uncertainties.
The IT-NCSM also gives access to spectroscopic observ-

ables such as transition strengths. As an example we
consider the BðE2Þ strength for the 5=2þ → 1=2þ tran-
sition in 7

ΛLi, which has been experimentally determined to
BðE2Þ ¼ 3.6þ0.5

−0.5ðstatÞ
þ0.5
−0.4ðsystÞe2 fm4 [55]. For the LO

chiral YN interaction with cutoff 600 MeV=c, we obtain
BðE2Þ ¼ 2.3ð1Þ and 2.4ð1Þe2fm4 for Nmax ¼ 10 and 12,
respectively, using ℏΩ ¼ 20 MeV. The numbers in brack-
ets indicate the uncertainties of the threshold extrapolation
[24]. Obviously, convergence of this long-range observable
is problematic and a systematic study exploiting the
frequency dependence to perform extrapolations is needed.
A simpler example is the BðM1Þ strength for the spin-flip
transition 3=2þ → 1=2þ. We obtain BðM1Þ ¼ 0.31ð1Þ μ2N
forNmax ¼ 10 and 12, indicating good convergence. This is
in excellent agreement with a preliminary experimental
value reported in [56].
As a second case we discuss the spectrum of 9

ΛBe, as
depicted in Fig. 3. The nucleonic parent nucleus 8Be is
unbound with respect to decay into two α particles, but the
IT-NCSM still provides a good description of the ground-
and excited-state energies in a bound-state approximation.
The addition of the hyperon binds the 9

ΛBe hypernucleus.
Again, the LO chiral YN interactions for cutoff 600 and
700 MeV=c yield different ground-state energies that
bracket the experimental value. A peculiarity of 9

ΛBe is
that the spin doublet resulting from the 2þ state in 8Be is
practically degenerate, with the higher-J state being at
slightly lower excitation energy experimentally, contrary to
the other light hypernuclei. The LO chiral YN interactions
reproduce the excitation energy of the doublet and the near
degeneracy within threshold extrapolation and convergence
uncertainties. In contrast, the Jülich’04 interaction gives a
significant splitting of the spin doublet, in contradiction to
experiment.
As a final example from the upper p shell, we discuss

13
ΛC in Fig. 4. The SRG-evolved chiral NNþ 3N inter-
action at αN ¼ 0.08 fm4 gives a ground-state energy of the
nucleonic parent 12C about 6 MeV below experiment. This
overbinding is related to the emergence of SRG-induced

4N interactions in the upper p shell that are not included in
the present calculations (see Refs. [23,24]). The absolute
energies of 13

ΛC inherit this overbinding; however, taking
this into account, the chiral LO interactions are consistent
with the experimental ground-state energies within the
cutoff uncertainty. Also the excited spin doublet appears at
a slightly too low excitation energy since the 2þ excited
state in 12C is already too low. The splitting of the spin

Jülich’04 YNchiral YN

FIG. 3 (color online). Same as Fig. 2, but for 9
ΛBe and 8Be.

Jülich’04 YNchiral YN

FIG. 4 (color online). Same as Fig. 2, but for 13ΛC and 12C. Note
the change of scale in the lower panels.
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We explore the systematics of ground-state and excitation energies in singly-strange hypernuclei 
throughout the helium and lithium isotopic chains — from 5

!He to 11
!He and from 7

!Li to 12
!Li — in the 

ab initio no-core shell model with importance truncation. All calculations are based on two- and three-
baryon interaction from chiral effective field theory and we employ a similarity renormalization group 
transformation consistently up to the three-baryon level to improve the model-space convergence. While 
the absolute energies of hypernuclear states show a systematic variation with the regulator cutoff of 
the hyperon–nucleon interaction, the resulting neutron separation energies are very stable and in good 
agreement with available data for both nucleonic parents and their daughter hypernuclei. We provide 
predictions for the neutron separation energies and the spectra of neutron-rich hypernuclei that have not 
yet been observed experimentally. Furthermore, we find that the neutron drip lines in the helium and 
lithium isotopic chains are not changed by the addition of a hyperon.

 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The exploration of the extremes of nuclear existence is one 
of the main drivers in low-energy nuclear physics today. Current 
and future experimental facilities, like FAIR, FRIB, JLab, J-Parc, or 
RIBF, strive for more and more neutron-rich nuclei, approaching 
the neutron drip line. The structure of nuclei with large neutron 
excess provides valuable information about less-constrained parts 
of the nuclear interaction and is a challenge for nuclear theory. 
Light neutron-rich nuclei are an ideal testing ground for exploring 
nuclear interactions at large neutron-to-proton ratios. At the same 
time, heavier neutron-rich nuclei play a crucial role in nucleosyn-
thesis processes in astrophysical environments, i.e., the r process 
responsible for the production of the majority of heavy elements 
in the universe [1]. Likewise, the strong interaction at the neutron-
rich extremes governs the structure and stability of neutron stars 
[2,3].

Strangeness in nuclei has also been a focus of experimental and 
theoretical activity [4]. A recent highlight are the mirror hypernu-
clei 4

!H and 4
!He, which exhibit a marked charge-symmetry break-

ing effect [5–8]. Beyond these very light systems, which can be 
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described theoretically with established ab initio few-body meth-
ods [9,10], a multitude of phenomenological models like mean-
field [11,12], Skyrme [13–15], cluster [16,17] or microscopic shell 
models [18,19] have been used to describe heavier hypernuclei. 
Also, quantum Monte Carlo methods have been developed [20,21], 
which can calculate ground-state energies throughout a large part 
of the hypernuclear chart but are limited to simplified interactions. 
Recently, we presented a powerful ab initio method suitable for 
p-shell hypernuclei: the importance-truncated no-core shell model 
(IT-NCSM) for hypernuclei [22]. With the IT-NCSM we can com-
pute not only ground, but also excited states including all relevant 
electromagnetic observables [23,24]. In order to accelerate the con-
vergence of the IT-NCSM we employ similarity renormalization 
group (SRG) transformations and we recently extended the SRG 
to hyperon–nucleon (Y N) and induced hyperon–nucleon–nucleon 
(Y N N) interactions [25].

In this work, we connect the worlds of neutron-rich nuclei and 
strangeness. We explore light neutron-rich hypernuclei and study 
the impact of the additional hyperon on their structure. In partic-
ular, we consider the helium and lithium isotopic chains and their 
hypernuclear analogs. Some of these hypernuclei have been stud-
ied in experiment [26–29], others can in principle be produced 
but have not been observed [30]. Some are not accessible in ex-
periments that produce hypernuclei off stable targets. However, 
the possibility of using heavy ion collisions to produce hypernuclei 

https://doi.org/10.1016/j.physletb.2018.02.021
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Fig. 1. Absolute energies of the low-lying spectrum of four helium hypernuclei for 
the Y N interaction with !Y = 700 MeV/c cutoff. The colors denote angular mo-
menta: blue for J = 0 (1/2), red for J = 1 (3/2), green for J = 2 (5/2) for even 
(odd) systems. The gray bands mark the envelope of the fit functions used to ex-
trapolate the energies to infinite model-space size. Note that the nuclei shown in 
(a) and (c) are particle-stable while those in (b) and (d) are not, according to the 
calculation. (For interpretation of the colors in the figure(s), the reader is referred 
to the web version of this article.)

tionally use p-wave N N scattering phase shifts to fix them. This 
introduces additional uncertainties, which is why we restrict our-
selves to the LO interaction, which can be constrained by Y N data 
alone.

Fig. 1 shows Nmax sequences for a set of helium hypernu-
clei. The ground state of 5

!He (panel a) is practically converged 
at Nmax = 12. The heavier system 9

!He (panel c) converges more 
slowly so that we resort to extrapolation for the infinite-model-
space result. Having noticed that IT-NCSM calculations often show 
more Gaussian than exponential convergence for basis frequen-
cies close to the variational minimum, we augment the simple 
exponential extrapolation used in, e.g., Refs. [38,54]: We fit three-
parameter exponentials and a four-parameter extension with an 
additional N2

max-term to five different subsets of the Nmax se-

quence consisting of four to six points. The mean and standard 
deviation of these ten fit results comprise the extrapolated value 
and its uncertainty. The envelope of the extrapolation functions for 
the ground state shows only little spread and allows for a reliable 
extraction of the converged energy for 9

!He. The excited states, as 
well as the ground states of 6

!He and 10
!He, show a slower conver-

gence. These states are particle-unbound, which manifests itself in 
the different convergence behavior.

The uncertainty due to the choice of basis frequency is on 
par with those due to threshold and model-space extrapolation. 
Using 7

!He as a representative, we get extrapolated ground-state 
energies of −35.43(7) MeV for h̄" = 16 MeV, −35.33(6) MeV for 
h̄" = 20 MeV, and −35.17(10) MeV for h̄" = 24 MeV.

In Fig. 2, we show extrapolated absolute energies of low-lying 
states of helium hypernuclei and their nucleonic parents. The nu-
cleonic calculation slightly underbinds the helium isotopes be-
yond 4He, but correctly reproduces the particle-instability of 5He 
and 7He. Experimental data on hyperon separation energies is only 
available for the isotopes up to 7

!He. The 700 MeV/c cutoff strongly 
overbinds 5

!He, which is a long-standing issue with Y N interac-
tions that reproduce the binding energies of the A = 4 system [9]. 
The overbinding in 6

!He and 7
!He is only a few hundred keV, 

but this is in part due to the nucleonic calculation underbinding 
the helium isotopes. The Y N interaction with 600 MeV/c cutoff 
overbinds all these isotopes by about 2 MeV.

The nonstrange helium isotopes show a marked odd-even stag-
gering that renders the odd isotopes unstable against neutron 
emission. The additional binding provided by the hyperon does not 
suffice to stabilize 6

!He, which is again an artifact of the overbind-
ing in 5

!He. The ground-state doublet of 8
!He is predicted to be 

at threshold within extrapolation uncertainties for the 700 MeV/c
cutoff. The 600 MeV/c cutoff puts the ground state 0.26(6) MeV
below the 7

!He + n threshold.
The staggering is also reflected in the neutron separation en-

ergies shown in Fig. 3. Our results agree with experiment at the 
level of a few hundred keV, only the separation energy in 5He is 
too low because the 3/2− resonance is predicted too high. Con-
versely, the separation energy in the daughter hypernucleus 6

!He is 
too low because the Hamiltonian overbinds 5

!He. Unlike the abso-
lute ground-state energies, the neutron separation energies of the 
hypernuclei are remarkably robust against variation of the regula-
tor cutoff of the Y N interaction.

The separation energies of the hypernuclei follow the trend 
of their nucleonic parents with a shift, as expected by the 
1 MeV-per-additional-nucleon increase of the hyperon separation 
energy. This behavior holds up to 9

!He, which has a neutron sep-

Fig. 2. Extrapolated energies of low-lying natural-parity states of hypernuclei along the helium chain. Shown are the nucleonic parents and the single-! hypernuclei for two 
values of the Y N interaction regulator !Y = 600 MeV/c (dashed lines) and !Y = 700 MeV/c (solid lines). Experimental values [26,43–47] are marked by triangles, vertical 
lines denote extrapolation uncertainties. The colors denote angular momenta: blue for J = 0 (1/2), red for J = 1 (3/2), and green for J = 2 (5/2) for even (odd) systems. 
Unknown angular momenta are marked by black symbols.
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Fig. 3. Neutron separation energies of helium (hyper-)isotopes. Shown are the sep-
aration energies calculated for the nucleonic parents (blue circles) and for their 
daughter hypernuclei using the !Y = 700 MeV/c (red squares) and !Y = 600 MeV/c
(green triangles) cutoffs. Experimental values are shown as black bars (crosses) for 
the (hyper-)nuclei. Vertical lines indicate extrapolation uncertainties.

aration energy of approx. 3.6 MeV, compared to 2.3 MeV in 8He. 
Surprisingly, the neutron separation energy of the next hyper-
nucleus along the chain, 10

!He, is essentially the same as the 
experimental value for 9He and well in the unbound region. At 
the N = 8 shell closure, 11

!He shows a similar behavior. The hy-
peron provides very little additional binding, if any, for these very 
neutron-rich systems and the neutron drip line is the same as for 
the nonstrange isotopes. From a mean-field perspective this may 
be interpreted as the hyperon lowering the ν0p3/2 orbit by 1 MeV
while leaving the energy of the ν0p1/2 unaffected.

The low-lying states of hypernuclei and their nucleonic parents 
along the lithium isotopic chain are shown in Fig. 4. Overall, the 
calculations for the nucleonic parents are well-converged for the 
lighter isotopes and we get agreement between the calculated and 
experimental binding energies to better than 1 MeV. The notable 
exception is 10Li, where we fail to reproduce the parity inversion 
and the lowest negative-parity state is predicted at an excitation 
energy of 1.2(5) MeV. For the heaviest isotope considered, 11Li, 
convergence is not complete at Nmax = 12, and the ground state 
is slightly overbound. The excited state is probably a resonance, 
which converges slowly in the IT-NCSM and, therefore, has larger 
extrapolation uncertainties. Given the halo nature of systems like 
9Li and 11Li, the level of agreement with experimental data is for-
tuitous.

The description of the hypernuclear states is similar in qual-
ity to the more symmetric hypernuclei that we considered previ-
ously [25]. The 700 MeV/c cutoff reproduces the spectrum of 7

!Li
and the known ground-state energies with a systematic overbind-
ing of 1 to 2 MeV. The 600 MeV/c cutoff overbinds more strongly 

Fig. 5. Same as Fig. 3, but for lithium (hyper-)isotopes.

by 2 to 3 MeV and produces smaller splittings among the hypernu-
clear doublet states.

The ground-state energies show a common trend with both 
cutoffs: the addition of a neutron to 7

!Li lowers the ground-state 
by approximately 8 MeV with 7 MeV originating from the addi-
tional binding of the nucleonic core. The remainder stems from 
the increase of the ! binding energy, which is in line with the 
commonly-observed value of 1 MeV per additional nucleon [26]. 
After the initial drop the ground-state energies continue to de-
crease more slowly with a slight odd-even staggering, following 
the trend of the nucleonic parents.

At 10
!Li, the energies start to saturate, indicating proximity to 

the neutron drip line. The core of 11
!Li, which is predicted to 

be particle unstable with respect to neutron emission, is stabi-
lized by the presence of the hyperon (cf. Fig. 5). Note that the 
doublets originating from the 1+ ground state and the very low-
lying 2+ excitation in 10Li completely overlap, forming an isolated 
3/2+ ground state and a nearly-degenerate triplet very close to the 
10
!Li + n threshold.

The nucleon separation energies, shown in Fig. 5, are less sen-
sitive to the Y N cutoff than the absolute binding energies. The 
nucleonic Hamiltonian reproduces the experimental values to a 
few hundred keV, except for 11Li, for which the separation en-
ergy is 1.5(4) MeV too high. As for the helium chain, the neutron 
separation energies of the hypernuclei are shifted to higher val-
ues compared to their nucleonic parents. The Y N interaction with 
600 MeV/c cutoff reproduces the experimentally known neutron 
separation energies of 8

!Li and 9
!Li almost within extrapolation 

uncertainties. The larger cutoff provides systematically smaller sep-
aration energies.

While the ground-state doublet of 12
!Li is particle-stable, the 

behavior of the neutron separation energies is different from the 
lighter isotopes: the nucleonic core has a neutron separation en-

Fig. 4. Like Fig. 2, but for the lithium chain. The colors denote angular momenta: blue for J = 0 (1/2), red for J = 1 (3/2), green for J = 2 (5/2) and light blue for J = 3
(7/2) for even (odd) systems. Unknown angular momenta are marked by black symbols. Experimental values are taken from [26,43–46,48].
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Similarity renormalization group transformation applied consistently 
up to the three-baryon level to improve the model-space convergence 

§ Neutron separation energies stable and in good agreement with available 
data for both nucleonic parents and their daughter hypernuclei

§ Neutron drip lines in the helium and lithium isotopic chains not changed  by 
the addition of a hyperon Chiral N3LO NN+ N2LO 3N + LO YN
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Unitary transformations of a Hamiltonian generally induce interaction terms beyond the particle rank present
in the untransformed Hamiltonian that have to be captured and included in a many-body calculation. In systems
with strangeness such as hypernuclei, the three-body terms induced by the hyperon-nucleon interaction are
strong, so their inclusion is crucial. We present in detail a procedure for computing hyperon-nucleon-nucleon
interaction terms that are induced during a similarity renormalization group (SRG) flow. The SRG is carried out
in a basis spanned by antisymmetric harmonic-oscillator states with respect to three-body Jacobi coordinates. We
discuss basis construction, antisymmetrization, numerical evaluation of the flow equations, and separation of the
genuine three-body terms. We then use the hypernuclear no-core shell model with SRG-evolved Hamiltonians,
addressing the sensitivity of hypernuclear states and hyperon separation energies to changes in the nucleonic
Hamiltonian by example of 7

!Li, 9
!Be, 11

! B, 13
! C, and the hyper-helium chain. We also present a survey of the

hyper-hydrogen chain, exploring the structure of hypernuclei with extreme neutron-proton asymmetries.

DOI: 10.1103/PhysRevC.100.044313

I. INTRODUCTION

The understanding of strangeness in finite and infinite
strongly interacting systems is key to not only gaining insight
into the low-energy limit of the strong interaction itself but
also to understanding the structure of neutron stars [1–4].
Recently, we developed the hypernuclear no-core shell model
(NCSM) [5,6], the first ab initio method able to calculate
hypernuclei beyond the s shell with nonlocal interactions,
such as those derived from chiral effective field theory [7,8].
With that, we have established a link between the low-energy
effective field theory of QCD and the phenomenology of
hypernuclei.

The NCSM and all other basis-expansion approaches to the
nuclear many-body problem rely on model spaces spanned by
finite basis sets. The convergence of many-body observables
with increasing model-space size contributes to the theoretical
uncertainties and eventually limits the range of ab initio cal-
culations in terms of mass number. Therefore, the acceleration
of convergence via unitary or similarity transformations of the
Hamiltonian and other relevant operators is a key ingredient
in ab initio nuclear and hypernuclear structure theory. The
similarity renormalization group (SRG) [9,10] has proven to
be a very versatile and effective tool to achieve this con-
vergence acceleration. The trade-off that comes with using
unitary transformations is that these transformations induce
many-body interactions beyond those that are present in the
initial Hamiltonian. Contrary to other methods, the SRG al-
lows for the explicit computation of induced many-body terms

*roland.wirth@physik.tu-darmstadt.de
†robert.roth@physik.tu-darmstadt.de

and of consistently transformed operators in a conceptually
straightforward manner.

In our previous works we have presented the first NCSM
calculations for p-shell hypernuclei with chiral two- and
three-baryon interactions [5,11] and we have demonstrated
that hyperon-nucleon-nucleon (YNN) terms induced by the
SRG transformation are strong and cannot be neglected when
working with transformed interactions [12]. The size of SRG-
induced YNN interactions is remarkable and highlights a
special feature of the hyperon-nucleon (YN) interactions, the
conversion of a ! to a " hyperon in an interaction process
with a nucleon. We have shown that the elimination of this
conversion, i.e., the decoupling of ! and " channels, through
an SRG evolution leads to strong repulsive !NN interactions
[12]. As a consequence, models for hyperons in matter that
only include the ! hyperon and omit the !-" conversion have
to include strong repulsive !NN forces. This has direct im-
pact on the hyperon puzzle in neutron-star physics [2,12,13].

In Refs. [11,12] we have focused on the applications and
the physics discussion of the hypernuclear SRG. In the present
paper we provide a detailed discussion of the formalism and,
particularly, the extension of the SRG to the YNN three-
baryon sector with all elements necessary for the practical
implementation. In addition we present new calculations for
light hypernuclei, including the hydrogen and helium isotopic
chains up to the driplines, and investigate the impact of the
nucleonic part of the Hamiltonian on hypernuclear spectra.

This paper is organized as follows: Section II considers
the necessary steps for computing the YNN terms induced
during the SRG evolution of a two-body Hamiltonian. We
give a short overview over the core ideas of the hypernu-
clear no-core shell model in Sec. III. In Sec. IV we present
NCSM calculations for a sample set of hypernuclei using

2469-9985/2019/100(4)/044313(13) 044313-1 ©2019 American Physical Society
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Stimulated by recent indications that the binding energy of the hypertriton could be significantly larger 
than so far assumed, requirements of a more strongly bound 3!H state for the hyperon-nucleon interaction 
and consequences for the binding energies of A = 4, 5 and 7 hypernuclei are investigated. As basis, 
a Y N potential derived at next-to-leading order in chiral effective field theory is employed. Faddeev 
and Yakubovsky equations are solved to obtain the corresponding 3- and 4-body binding energies, 
respectively, and the Jacobi no-core shell model is used for 5

!He and 7
!Li. It is found that the spin-singlet 

!p interaction would have to be much more attractive which can be, however, accommodated within 
the bounds set by the available !p scattering data. The binding energies of the 4

!He hypernucleus are 
predicted to be closer to the empirical values than for Y N interactions that produce a more weakly bound 
3
!H. The quality of the description of the separation energy and excitation spectrum for 7

!Li remains 
essentially unchanged.

 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Light hypernuclei play an essential role for testing our under-
standing of the hyperon-nucleon (Y N) interaction. Over the last 
three decades or so, techniques for treating few-body systems have 
matured to a level that a rigorous assessment of sophisticated 
two-body potentials, including the full complexity of Y N dynam-
ics like tensor forces or the important coupling between the !N
and "N channels, has become feasible. For example, binding ener-
gies of A = 3 and 4 hypernuclei can be obtained by solving “exact” 
Faddeev or Yakubovsky equations [1–3] based on such Y N inter-
actions. So-called ab initio methods like the no-core shell model 
allow one to perform rigorous calculations even for hypernuclei 
beyond the s shell [4–10] and, so far, studies for hypernuclei up to 
13
! C have been reported [8].

Of course, for solid conclusions it is mandatory that there is 
likewise solid experimental information on the binding energies of 
hypernuclei. Indeed, in recent times, some of the past values have 
been called into question and “critically revised” [11]. This con-
cerns also the binding energies of the A = 4 system where new 
measurements have been performed in an attempt to settle the 
long-standing issue of the large charge symmetry breaking (CSB) 
observed in the binding energies of the 4

!He and 4
!H hypernuclei 
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[12]. The new measurements, performed for the 4
!H (0+) state [13,

14] and the splitting between the 4
!He 0+ and 1+ levels [15] dif-

fer noticeably from the earlier values in the literature [16]. Another 
binding energy that has been challenged lately is that of the hy-
pertriton 3

!H. Here the value for the separation energy, accepted 
as benchmark for decades, is E! = 0.13 ± 0.05 MeV [17], while a 
new measurement by the STAR collaboration suggests a value of 
0.41 ± 0.12 MeV [18]. This is a quite dramatic increase. Actually, 
there is support for a more tightly bound 3

!H by recent measure-
ments of the 3

!H lifetime as well. Some of the experiments yield 
values well below that of a free ! [19–22] which could be a signal 
for a stronger binding of the hypertriton [23].

In the present work, we address the consequences of a po-
tentially more strongly bound hypertriton. The first question that 
arises is, of course, which modifications of the underlying Y N
forces are needed in order to achieve a larger binding energy. Af-
ter all, a correspondingly modified Y N interaction should still be 
realistic, i.e. it should still be in line with existing empirical in-
formation on !N and "N scattering. As a matter of fact, past 
calculations of the hypertriton within the Faddeev approach [2,3,
24–27] have revealed that only some of the Y N potentials in the 
literature lead to a bound hypertriton. For many of the interactions 
considered, it turned out that there was not sufficient attraction to 
support a !N N bound state [1,3].

The second interesting question is, what will be the implica-
tions for the A = 4 system and for heavier hypernuclei. Will these 

https://doi.org/10.1016/j.physletb.2019.135189
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Fig. 3. Energy spectrum in 7
!Li calculated with different SRG evolved Y N interac-

tions and compared to the spectrum of 6Li. The centroid energies of the first and 
second doublet are indicated by dashed lines. The gray bands show the dependence 
on the cutoff of the YN interaction. The interactions are defined in the text.

shown here, we again employ the semi-local momentum-space-
regularized N N interaction of Ref. [52] at order N4LO+ for a cutoff 
of ! = 450 MeV. The N N interaction is evolved to a SRG flow pa-
rameter of 1.6 fm−1. It is well known that the separation energies 
of hypernuclei strongly dependent on the SRG flow parameter of 
the Y N interaction [8]. However, we found recently that the results 
for different SRG flow parameters are strongly correlated. In partic-
ular, it turned out that results are in good agreement with the ones 
for the original interactions once the flow parameter has been cho-
sen such that one of the energies agrees with experiment [54]. We 
therefore choose the SRG parameter such that for each individual 
Y N interaction, the 5

!He separation energy is reproduced. For this 
choice of SRG parameter, we find the ! separation energies given 
in Table 3. We also give the values of the chosen SRG parameters 
and results for the lighter systems where we can compare to the 
values obtained with bare interactions shown in Table 2. For de-
tails of the calculations, we refer to Refs. [9,10]. We note in passing 
that, qualitatively, the weights of the contributions from the singlet 
and triplet S-wave !N interactions to the 5

!He binding energy are 
the same as for the !p cross section, see Eq. (12) of Ref. [27] or 
Sec. 5.2 of Ref. [47] for details.

By construction, we reproduce the separation energies for 5
!He. 

At the same time, we recover the predictions of the non-evolved 
interactions for 3

!H at least within the theoretical uncertainty esti-
mated by the cutoff variation. Also the changes of the A = 4 sep-
aration energies due to the SRG-evolved interaction are within the 
bounds given by our 3BF estimates from above. Interestingly, the 
predictions of NLO13 and NLO19 are more similar to each other 
after the forces have been SRG-evolved. Especially, this holds for 
the predictions of the 1+ state.

For 7
!Li, the separation energy predictions for NLO13 and 

NLO19 are in fair agreement with the experiments. However, the 
values obtained with emulsion and counter experiments are some-
what different and the cutoff dependence indicates 3BF contribu-
tions of approximately 300 keV.

When employing the illustrative fits A, B and C, we recover 
the increased binding of 3

!H and the 0+ state of 4
!He and the 

decreased binding for the 1+ state of 4
!He. Since the cutoff de-

pendence for these fits follows the trend of the original NLO19 
interaction for all light systems, we only calculated the separation 
energy for 7

!Li for one cutoff for the modified interactions in order 
to save a substantial amount of computational resources. Although 
we find a visible increase of the separation energy with an increas-
ing hypertriton energy, the overall changes are small compared to 
the expected 3BF contribution of 300 keV. The modified interac-

tions tend to overbind 7
!Li. Nevertheless, the deviation from exper-

iment is still comparable to possible 3BF contributions at least if 
one compares to the value of Ref. [46].

In Fig. 3, we summarize our results for the spectrum of 7
!Li. 

Note that we do not reproduce the excitation spectrum of the 6Li 
core nucleus very well, because we neglect three-nucleon interac-
tions in these calculations. Therefore, we focus our discussion on 
the relative positions of the levels of 7

!Li and the corresponding 6Li 
core state for experiment and our predictions.

Following Ref. [56], we introduce the centroid energy of a dou-
blet by

Ē = ( J N + 1)

2 J N + 1
E+ + J N

2 J N + 1
E− . (1)

E± are the excitation energies of the J N ± 1
2 state of the dou-

blet where J N is the angular momentum of the corresponding core 
state.

Shell-model studies show that, for states related to only one 
core state, Ē will be independent of the spin-spin, tensor and hy-
peron spin-orbit Y N interaction [56,57]. On the other side, the 
splitting of the two states will dependent on these contributions 
but will be insensitive to the nucleon spin orbit and the central 
Y N interaction. We expect that our J-NCSM calculations will re-
flect this behavior. These relations are not exact in our case since 
admixtures of the excited core states will always contribute.

Because of this, it is instructive to plot the levels relative to Ē of 
the first 1/2+-3/2+ doublet which is then at zero energy by con-
struction as indicated by the dashed line. Interestingly, we observe 
for the second 5/2+-7/2+ doublet that Ē = 2.83 MeV is indepen-
dent of the interaction chosen. The energy is shown as the second 
dashed line. The insensitivity of this energy to the chosen Y N in-
teraction indicates that the overall strength of the interactions is 
very similar. The different fits seem to be mostly different in their 
spin dependence. Therefore, we find that the doublet levels shift 
relative to the centroid energies and depend visibly on the interac-
tion. The gray bands indicate the dependence of the results on the 
cutoff in the Y N interaction. One observes that there is a sizable 
cutoff dependence for most of the levels shown, indicating that 
3BFs possibly affect the levels significantly. Also, NLO13 and NLO19 
lead to slightly different predictions, further reinforcing that 3BFs 
are non-negligible for the excitation energies.

Finally, we note that the P -wave interactions of all consid-
ered NLO forces are identical. We found that neglecting P - and 
higher partial waves in the interactions changes the energies only 
marginally, well within our cutoff dependence.

All of the considered interactions qualitatively reproduce the 
experimental spectrum. Quantitatively, however, none of the in-
teractions is able to describe the experiment. For example, we 
find that the predicted 5/2+ state of 7

!Li is located above the 3+

state of 6Li whereas the ordering is opposite for the experimen-
tal values. The splitting of the two lowest 7

!Li states is correctly 
described by NLO13 and NLO19. The illustrative fits A to C fur-
ther increase the splitting bringing it away from the experimental 
value. But the deviations are mild if one considers possible 3BF 
contributions. In any case the result show that changes of the sin-
glet scattering length also affect the spectra of p-shell hypernuclei. 
However, the changes are moderate and, therefore, the separation 
energy and spectrum remains qualitatively consistent with experi-
ment for the illustrative fits.

For completeness let us mention that in Ref. [8] one can find 
a NCSM calculation for 7

!Li based on the LO Y N interaction [31]
with cutoff ! = 700 MeV. Those results are qualitatively similar to 
our predictions for NLO13 and NLO19 as far as the level ordering 
and splitting is concerned. However, they also reveal that there is 

Chiral N4LO NN + NLO YN
SRG transformed at two-baryon level

Jacobi-coordinate NCSM

STAR collaboration -
larger 3HΛ binding energy (0.13 -> 0.41 MeV)

YN NLO19a,b,c fitted to obtain the larger value

4HeΛ(0+), 4HeΛ(1+) and 7LiΛ still well described
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§ Ab initio calculations of nuclear structure and reactions becoming feasible beyond the lightest nuclei
§ Make connections between the low-energy QCD, many-body systems, and nuclear astrophysics

§ Ab initio nuclear theory essential for precision applications such as tests of fundamental symmetries
§ Quenching of gA
§ Double beta decay matrix elements
§ Isospin mixing correction 𝛿!
§ …

§ Initial applications of ab initio methods to p-shell hypernuclei

§ It is feasible to extend the reach and precision of ab initio hypernuclei calculations in a near future 

In synergy with experiments, ab initio nuclear theory is the right approach to understand low-energy properties of atomic nuclei
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